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Propagation of polarized light
through optical nanosuperlattices
KAROL TARNOWSKI, WŁODZIMIERZ SALEJDA, MICHAŁ H. TYC
Institute of Physics, Wrocław University of Technology, Wybrzeże Wyspiańskiego 27,
50-370 Wrocław, Poland
We investigate numerically transmittance of polarized electromagnetic wave through periodic
and aperiodic binary multilayered nanostructures made of left- and right-handed materials.
The transmittance is calculated as a function of light wavelength and incidence angle as well
as ordering, refractive indices and thicknesses of superlattice layers. Thanks to extension of
the transfer matrix formalism over the case of complex refraction angles, such effects as tunnelling,
absorption and strong dispersion in left-handed metamaterials are taken into account. We find
that these effects cannot be neglected and cause new transmission bands to appear in the areas
where total internal reflection in a single metamaterial layer occurs.
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1. Introduction
Recently, the wave transmission properties of: (1) spatially ordered systems [1–3],
also with defined type of randomness [4], and (2) random systems [5–9], were the
subject of intensive studies. In papers [10–16], we have developed and applied transfer
matrix formalism which allows for computing transmittance, reflectance and
absorption of polarized electromagnetic waves in any multilayered system, the layers
of which are arranged by defined spatial order (i.e., periodic, Fibonaccian and
non-Fibonaccian superlattices). The random quasi-one-dimensional structures require
a completely different approach for studying properties of light propagation.
Recent advances in the field of negative refraction metamaterials [17, 18]
(so-called left-handed materials, LHM) give hopes for fabrication of structures
exhibiting novel properties in the visible light range. We have focused our attention
on binary systems (i.e., containing two types of layers, denoted as A and B). The main
purpose of our study is to investigate the properties of multilayered systems containing
very thin slabs of LHMs and RHMs (right-handed materials). In such superlattices
light tunneling can be observed.
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2. The model of dispersion and absorption in metamaterials
We apply an approximation of homogeneous metamaterial. The optical properties of
metamaterial layers are determined by their relative permittivity εr and permeability
µr. The frequency dependences of both are given by the following Lorentz formulas:
2

ω pe

ε r (ω ) = 1 + ------------------------------------------2
2
ω 0e – ω – i γ e ω

µ r (ω ) = 1 +

(1)

2
ω pm
--------------------------------------------2
2
ω 0m – ω – i γ m ω

The applied formalism allows calculation to be performed in the case of ωpe ≠ ωpm
and ω0e ≠ ω0m. For simplicity, we have assumed ωpe = ωpm = ωp, ω0e = ω0m = ω0 and
γm = γe = γ. As a result, εr(ω ) = µr(ω ), and there is no difference between s and p
polarizations. The refractive index is determined by the formula
n(ω ) =

ε r ( ω ) µr ( ω )

1⁄2

In our calculations, we have assumed the following values of dispersion
parameters [18]: resonant frequency ωp = 2.22 × 1015 Hz was set in the middle of
the optical range (λ = 550 nm) in order to give Re (n) = –1 for λ = 500 nm, and γ was
taken as 10–3ωp. The dispersion curve obtained is presented in Fig. 1.

3. The characteristic matrix approach
The binary multilayered systems under study (Fig. 2) are composed of J isotropic
and homogeneous layers with refractive indices nj determined by their relative
permittivities µj , permeabilities εj and thicknesses dj , where the index j denotes
the j-th layer and takes values from 0 to J + 1 ( j = 0 for the external medium “in” and
j = J + 1 for the external medium “out”). In a binary system, only two values of
refractive index (nA, nB) and thickness (dA, dB) are possible.
The propagation of plane electromagnetic wave is investigated using the matrix
formulation [10–16, 19]. The parameters are: wavelength λ, polarization (s or p), and
incidence angle θ. This formulation relates the amplitudes of electric field vector of
+
incident ( E in+ ), transmitted ( E out
) and reflected ( E in– ) waves.
E in+, E in–

T

= D in, 1 P 1 D 1, 2 …PJ DJ, out E J++ 1, E J–+ 1

T

= Γ E J++ 1, E J–+ 1

T

(2)

–
= 0, and Γ is the 2 × 2 characteristic matrix of the layered system.
where E out
The propagation matrices Pj are diagonal, (Pj)11 = ( P j ) *22 = exp(iφj), where
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Fig. 1. Real and imaginary parts of refractive index assumed for LHM in calculations. Wavelength range
where Re (n) < 0 is marked in grey.

Fig. 2. Multilayered structure under study (for description, see the text).

φj = dj nj (2π/λ)cosθj. The matrix Dj, j+1, called the transmission matrix from the j-th to
the ( j + 1)-th medium, takes the form:
1
( D j, j + 1 ) 11 = ( D j, j + 1 ) 22 = ---------------t j, j+1
r j, j+1
( D j, j + 1 ) 12 = ( D j, j + 1 ) 21 = ---------------t j, j+1
where the Fresnel coefficients of transmission tj, j+1 and reflection rj, j+1 for s and p
waves are
2
s
t j, j +1 = -------------------------------------------------------------------1⁄2
cos θ j+1  ε j+1 µ j 
1 + ---------------------- ------------------
cos θ j  ε j µ j +1 
2
p
t j, j +1 = ----------------------------------------------------------------1⁄2
cos θ j+1
 ε j+1 µ j 
---------------------- + ------------------
cos θ j
 ε j µ j +1 

390

K. TARNOWSKI, W. SALEJDA, M.H. TYC
1⁄2

s

r j, j +1

cos θ j+1  ε j+1 µ j 
1 – ---------------------- ------------------
cos θ j  ε j µ j +1 
= -------------------------------------------------------------------1⁄2
cos θ j +1  ε j+1 µ j 
1 + ---------------------- ------------------
cos θ j  ε j µ j +1 
1⁄2

p

r j, j +1

cos θ j+1  ε j+1 µ j 
---------------------- – ------------------
cos θ j
 ε j µ j +1 
= ----------------------------------------------------------------1⁄2
cos θ j+1
 ε j+1 µ j 
---------------------- + ------------------
cos θ j
 ε j µ j +1 
1/2

in our case, ( ε j + 1 µ j ) ⁄ ( ε j µ j + 1 )
= 1 and the coefficients for both polarizations are
identical.
The transmittance T and reflectance R of the whole structure can be expressed in
terms of elements of characteristic matrix:
1 2 detΓ
T = ---------Γ
-

Γ 11

Γ
Γ 11

21
R = ----------

2

where Γ is computed by multiplying the propagation and transmission matrices of
the system, as defined in Eq. (2). In the case of lossless layers, transmittance and
reflectance sum up to one, otherwise absorption can be expressed as A = 1 – (T + R).

4. Results
Transmittance, reflectance and absorption are calculated numerically and presented in
greyscale maps. In all the maps, black points correspond to a value of zero and white
points to one.
Single LHM layer. In the first step of our investigation, we have calculated
transmitting properties of single LHM layer. Dispersion is given by Eq. (1).
The layer is placed in air and its thickness d = 40 nm (Fig. 3) and d = 1000 nm
(Fig. 4). Wavelength λ varies from 400 nm to 700 nm and incidence angle θ ranges
from 0 to π/2.
Effect of the ordering of layers for selected binary superlattices. We have
investigated different multilayered superlattices. In this paper, we focus on periodic
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Fig. 3. Transmittance, reflectance and absorption for a single LHM nanolayer (d = 40 nm) placed in air.

Fig. 4. Transmittance, reflectance and absorption for a single thick LHM layer (d = 1000 nm) placed
in air.

Fig. 5. Difference between transmittances for thin (d = 40 nm)
and thick (d = 1000 nm) single metamaterial layers. The effect
of tunneling appears.

(Fig. 5) and Fibonaccian (Fig. 6) structures. The parameters of superlattices include:
the number of periods for periodic structures, and generation number for Fibonaccian
ones. For clarity, the explicit ordering of layers is given in descriptions of the figures.
The letter A stands for metamaterial layer and B for dielectric layer.
Effect of layer thickness. The influence of the thicknesses of layers on transmission
and reflection properties is presented in Fig. 7 (in comparison with Fig. 5).
Effect of environment refractive index. Figure 8 presents results for a structure
placed in an environment with refractive index not equal to 1. As could be expected,
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Fig. 6. Top: transmittance, reflectance and absorption for superlattice with ten periods (ABABABABABABABABABAB), placed in air; dA = dB = 40 nm. Bottom: a fragment of the map, magnified.

Fig. 7. Top: transmittance, reflectance and absorption for Fibonaccian superlattice (7-th generation,
ABAABABAABAABABAABABA), placed in air; dA = dB = 40 nm. Bottom: a fragment of the map,
magnified.
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Fig. 8. Transmittance, reflectance and absorption for superlattice with ten periods, placed in air.
The thicknesses of A and B layers are different: dA = 60 nm, dB = 40 nm.

there occurs total internal reflection on the interface between the external medium
and the structure under study for sufficiently large incidence angles. Moreover,
low transmission in different wavelength ranges is either due to strong reflection
(λ ≈ 450 nm) or to significant absorption (λ ≈ 550 nm).

5. Conclusions and remarks
Based on the results, the following conclusions can be drawn:
1. The phenomenon of total internal reflection occurs for a single LHM layer for
the wavelength values, where absolute value of refractive index is lower than one.
However, for a sufficiently thin layer, tunnelling appears, which can be seen by
comparing Figs. 3 and 4, with details being presented in Fig. 5.
2. In multilayered structures, transmission bands appear inside “V-shaped” total
reflection area (Fig. 6), which is an interesting and new result.
3. An increase of metamaterial layer thickness results in an increase of absorption
values and by the broadening of absorption bands. Simultaneously, transmission and
reflection bands become narrower and more numerous (Figs. 3 and 4).
4. The position of transmission bands depends on layer ordering (Figs. 6 and 7),
their thicknesses (Figs. 6 and 8), as well as on the value of the refractive index of
the environment. However, describing the character of those dependences qualitatively
would demand additional calculations.
5. The unexpected “V-shaped” absorption bands appear on borderlines between
transmission and reflection bands (the last maps in Figs. 3, 6 and 7).
Let us discuss briefly the first and the last conclusion. The light tunneling plays
a significant role in very thin films (thickness about 50 nm). In the left part of Fig. 3
(thin metamaterial film) there is noticeable transmittance in the wavelength range of
400–500 nm and incidence angle range of 0.16π–0.36π, while transmittance is absent
in Fig. 4 (thick metamaterial slab). Moreover, the light tunneling manifests itself
by fuzzy borderlines between high transmittance and high reflectance areas in Fig. 3.
In Figure 4, analogous borderlines are very sharp, which is the effect of the total
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Fig. 9. Transmittance, reflectance and absorption for superlattice with ten periods, placed in an
environment with nin = nout = 2; dA = dB = 40 nm.

Fig. 10. Cross-section of T, R, A maps, from
Fig. 4, λ = 480 nm.

internal reflection. In order to show this phenomenon, Fig. 9 presents difference in
transmittance, between maps from Figs. 3 and 4, in the range of 400–500 nm.
The appearance of “V-shaped” absorption bands, mentioned in point 5, is
connected with the absorption in LHM slab and the total internal reflection. The effect
of strong absorption is observed on maps for the values of λ and incidence angle θ
lying in the immediate neighborhood of the regions of plane (λ, θ ) corresponding to
the total internal reflection.
We have studied dependences of T(λ, θ ), R(λ, θ ) and A(λ, θ ) for λ = const. In
Figure 10, we present T(λ, θ ), R(λ, θ ) and A(λ, θ ) for λ = 480 nm. With decreasing
values of incidence angle we observe subsequently:
– total internal reflection for θ > θcr(λ),
– for θ close to θcr (λ) the wave penetrates a single LHM layer and we observe
relatively strong absorption,
– when θ comes close to 0 transmission increases to maximum, however, some
absorption is still observed and A tends to constant value.
We comment qualitatively this dependence of absorption on incidence angle.
Our analysis based on the approach of complex wave vectors [20] allows us to state
the following. For normal incidence angle the wave penetrates metamaterial layer and
is partially absorbed. With an increase of incidence angle the absorption grows as long
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Fig. 11. Cross-sections of T, R, A maps, from Fig. 5 (left) and Fig. 6 (right), λ = 464 nm.

as θ < θcr(λ). Beyond this limit, the total internal reflection does not allow the wave
to propagate in metamaterial slab and A drops rapidly (Fig. 10).
Similar tendencies can be observed for multilayered structures (Fig. 11). The local
maxima of reflectance, connected with constructive interference, coincide with the
local minima of absorption.
In this paper we have presented preliminary numerical results, which need further
investigation (both numerical and analytical).
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