
M A  T H  E  M  A T I  C A L     E C O  N O M I  C S 

No. 14(21) 2018 

 
Katarzyna Ostasiewicz Achille Vernizzi 

Wrocław University of Economics University of Milan 
e-mail: katarzyna.ostasiewicz@ue.wroc.pl e-mail: achille.vernizz@unimi.it 
ORCID: 0000-0002-0115-3696 ORCID: 0000-0002-1641-5003 

 
 

DECOMPOSITION OF THE GINI INDEX 
IN THE PRESENCE OF OBSERVATIONS 

WITH NEGATIVE VALUES 
 

Katarzyna Ostasiewicz, Achille Vernizzi 
 
 
Abstract. The problem of calculating the Gini index in the presence of negative inputs may 
be overcome by decomposing the quantity at stake into “positive” and “negative” parts, 
which, by definition, include only non-negative values. For such constructed sources, con-
centration indexes may be calculated and their influence on the overall inequality evaluated. 
In the paper we present the methodology of such an assessment and illustrate it with the 
example of Italian income data. 
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1. Introduction 

One of the aims of decomposing the overall inequality into different 
sources is to estimate the impact of the given source on the total inequality. 
The issue is very important in view of implementing the proper policy with 
desirable consequences. On the other hand, in the presence of negative obser-
vations, the Gini index loses its property of being scaled within the interval 
<0,1>, thus becoming more difficult to interpret. A common practice in such 
situations is either to neglect the negative observations or to turn them into 
zeros. Both these methods obviously lower inequality, however in most cases, 
if the share of negative observations is low, the error introduced is not high. 
On the other hand, if one wants to deal with the decomposition, there might 
appear some sources with many – or even most of – negative observations 
(e.g. taxes). In such a case the above-mentioned treatments, neglecting or 
turning into zeros, would on no account be acceptable. In such a situation, by 
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decomposing the overall quantity into “positive” and “negative” components, 
each consisting of non-negative values, one neither introduces non-acceptable 
errors nor loses the useful property of the Gini index of being scaled. 

In this paper we present the methodology of decomposition of the Gini 
index proposed by Podder [1993]. Then we define the decomposition of 
sources into “positive” and “negative” parts and show how to interpret their 
impact on the overall inequality based both on Podder’s formulae and the  
Lorenz curve. Finally, the methodology is illustrated with data from the Bank 
of Italy. 

2. The Gini index 

In general, the Gini index is not easily decomposable, moreover the rank-
ings of incomes from particular sources are generally different. The most 
widely known decomposition of the Gini index, into within-group, between-
group and residual part, was disseminated by C. Dagum (see e.g. [Dagum 
1998]). Podder [1993] proposed a slightly different decomposition which al-
lows to evaluate the impacts of each source on the overall inequality. A short 
derivation of the Podder decomposition is given as follows. 

The Gini index may be expressed in terms of covariation between the 
variable 𝑥𝑥 on whose inequality is measured and the vector of normalized 
ranks, that is, ranks divided by 𝑁𝑁, such as to obtain ranks between 1

𝑁𝑁
 and 1: 

𝑟𝑟
𝑁𝑁

= �1
𝑁𝑁

, 2
𝑁𝑁

, … ,1�: 

 𝐺𝐺 = 2
𝜇𝜇

Cov �𝑥𝑥, 𝑟𝑟
𝑁𝑁
�, (1) 

where 𝑥𝑥 = (𝑥𝑥1, … , 𝑥𝑥𝑁𝑁), 𝑥𝑥𝑖𝑖 ≤ 𝑥𝑥𝑖𝑖+1, and 𝜇𝜇 denotes the average value 
𝜇𝜇 = 1

𝑁𝑁
∑ 𝑥𝑥𝑖𝑖𝑁𝑁
𝑖𝑖=1 . 

If each 𝑥𝑥𝑖𝑖 is the sum of 𝑘𝑘 sources or components, then, in order to get 
𝑥𝑥𝑖𝑖 = ∑ 𝑥𝑥𝑖𝑖𝑖𝑖𝑘𝑘

𝑖𝑖=1 , (and 𝑥𝑥 = ∑ 𝑥𝑥𝑖𝑖𝑘𝑘
𝑖𝑖=1 ), the 𝑥𝑥𝑖𝑖 parades have to be aligned according 

to the overall ranking of x: let us denote the sources aligned according to the 
x ranking as 𝑥𝑥𝑖𝑖|𝑥𝑥 (s=1, 2, ….k). 

Let us now define 
 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) ≡ 2

𝜇𝜇𝑠𝑠
Cov �𝑥𝑥𝑖𝑖|𝑥𝑥, 𝑟𝑟

𝑁𝑁
�,  (2) 

where 𝜇𝜇𝑖𝑖 is the average of the sth source (𝑠𝑠 = 1,2, … ,𝑘𝑘). (2) is the expression 
of the pseudo-Gini index (or of the concentration index), when the ordering 
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is given by x. Note that 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) ≡ 𝐺𝐺(𝑥𝑥𝑖𝑖) only if the ranking of 𝑥𝑥𝑖𝑖 is the same 
as that of 𝑥𝑥𝑖𝑖|𝑥𝑥. 

Expression (1) can be re-written as the sum: 
 𝐺𝐺 = ∑ 𝜇𝜇𝑠𝑠

𝜇𝜇
𝑘𝑘
𝑖𝑖=1 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥). (3) 

Analogously to the Lorenz curve, a concentration curve can be drawn for 
each source: on the x-axis the percentile of the population up to the 𝑟𝑟th ob-
servation as usually reported, whilst the y-axis reports 1

𝑁𝑁𝜇𝜇𝑠𝑠
∑ 𝑥𝑥𝑖𝑖𝑖𝑖|𝑥𝑥𝑖𝑖𝑟𝑟
𝑖𝑖=1 . 

Note that the concentration curve does not need to be non-decreasing, 
like the Lorenz curve. The latter is a special case of the concentration curve – 
in the case of having 𝑥𝑥𝑖𝑖 ordered according to 𝑟𝑟. 

Podder’s idea of estimating the impact of the s-th source on the total in-
equality is based upon observing that: 

 𝐺𝐺 = ∑ 𝜇𝜇𝑠𝑠
𝜇𝜇

𝑘𝑘
𝑖𝑖=1 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥), (4) 

and using: 
 𝐺𝐺 = ∑ 𝜇𝜇𝑠𝑠

𝜇𝜇
𝑘𝑘
𝑖𝑖=1 𝐺𝐺, (5) 

one may write: 
 0 = ∑ 𝜇𝜇𝑠𝑠

𝜇𝜇
𝑘𝑘
𝑖𝑖=1 [𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) − 𝐺𝐺]. (6) 

As Podder explains, the 𝑥𝑥𝑖𝑖’s for which 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) > 𝐺𝐺 are considered to 
increase the overall inequality, while the ones for which 𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) < 𝐺𝐺 are 
considered to decrease the overall inequality. 

An important property of such an interpretation is that all increments and 
all decrements add up to zero. On the contrary, when comparing 𝐺𝐺 and 𝐶𝐶𝑖𝑖 to 
decide whether source 𝑥𝑥𝑖𝑖 decreases or increases the total inequality, it may 
appear that all sources increase inequality and none decreases – which seems 
unintuitive. For example, let us consider the following distribution: (0,2,4). If 
the two underlying sources are (0,2,0) and (0,0,4), the Gini indexes for both 
sources (𝐺𝐺1 = 𝐺𝐺2 = 0.67) are greater than the Gini index for the total distri-
bution (𝐺𝐺 = 0.44): thus both sources would be interpreted to increase the total 
inequality. However, according to Podder’s analysis, the first of the sources 
decreases (𝐶𝐶1 = 0) while the second one increases (𝐶𝐶2 = 0.67) the total in-
equality, the two effects exactly compensating each other. 

Podder [1993] lists other possible ways of estimating the influence of 
a given source on the total inequality, also suffering the weakness of all  
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influences not being added to zero (e.g. all increasing inequality or all de-
creasing). On the other hand, Podder’s method also may produce some coun-
terintuitive results. Let us say, we have the distribution: (0,0,0,1,1,1), for 
which 𝐺𝐺 = 0.5, and let us assume that there are three different sources gen-
erating this distributions: (0,0,0,0,0,1); (0,0,0,0,1,0) and (0,0,0,1,0,0). For 
each source 𝐺𝐺𝑖𝑖 = 0.833. Comparing 𝐶𝐶𝑖𝑖 (𝑠𝑠 = 1,2,3) and 𝐺𝐺 yields to the un-
reasonable conclusion that the total inequality is increased by the first source 
(𝐶𝐶1 = 0.833), remains unaltered by the second (𝐶𝐶2 = 0.5) and is decreased 
by the third one (𝐶𝐶3 = 0.167).Yet the role of all three sources is perfectly 
exchangeable, so this difference in influences has no justification (violating, 
in some sense, the anonymity rule). 

However, the issues with Podder’s interpretation emerge virtually only 
in some very sophisticated and artificial situations, and the method has been 
adopted by many authors and is also chosen in this paper. 

It is employed here within the specific context of sources with negative 
inputs. In general, with such sources the issue arises that in the presence of 
negative inputs, the Gini index is no longer restricted to the interval 
〈0,1〉).Some methods of overcoming this difficulty have been proposed (see 
e.g. [Berrebi, Silber 1985; Raffinetti et al. 2015; Ostasiewicz, Vernizzi 2017]). 
Podder’s methodology allows in a natural way to divide a source with both 
positive and negative inputs, and to deal with them as the composition of two 
different sources – separately estimating their contributions to the total in-
equality. 

Let us have 𝑘𝑘 different sources, 𝑥𝑥𝑖𝑖, 𝑠𝑠 = 1, … ,𝑘𝑘, ∑ 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑘𝑘
𝑖𝑖=1 , each of 

which may have (in general) in addition to positive and zero values, also some 
negative inputs. Then, let us split each of these sources into two series: the 
former including only the non-negative values, and the latter including only 
the original non-positive values, having turned the negative signs into posi-
tive: 
 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑝𝑝𝑖𝑖 − 𝑥𝑥𝑛𝑛𝑖𝑖, for 𝑠𝑠 = 1, … ,𝑘𝑘. (7) 

Formula (6) may be adopted thus as: 

 0 = ∑ 𝜇𝜇𝑝𝑝𝑠𝑠
𝜇𝜇

𝑘𝑘
𝑖𝑖=1 �𝐶𝐶�𝑥𝑥𝑝𝑝𝑖𝑖|𝑥𝑥� − 𝐺𝐺� − ∑ 𝜇𝜇𝑛𝑛𝑠𝑠

𝜇𝜇
𝑘𝑘
𝑖𝑖=1 [𝐶𝐶(𝑥𝑥𝑛𝑛𝑖𝑖|𝑥𝑥) − 𝐺𝐺]. (8) 

Moreover, the geometrical interpretation of the Gini index as (twice) the 
area between the Lorenz curve and the line of equal distribution can be ex-
tended, accordingly, to the concentration index being equal to twice the area 
between the concentration curve and the line of equal distribution. Therefore, 
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the negative or positive inputs to the total inequality from different sources 
may be represented in a plot, as the differences between the Lorenz curve for 
the total quantity and the given concentration curves. Let us consider, for in-
stance, the total quantity 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥6) = (5,5,5,5,5,20) and one of the 
sources 𝑥𝑥𝑖𝑖 = (𝑥𝑥𝑖𝑖1, 𝑥𝑥𝑖𝑖2, … , 𝑥𝑥𝑖𝑖6) = (0,1,5,0,9,5.4). As 𝐺𝐺 = 0.278 and 
𝐶𝐶(𝑥𝑥𝑖𝑖|𝑥𝑥) = 0.278, it turns out that this source has neither a negative nor pos-
itive impact on the total inequality. However, examining the Lorenz and the 
concentration curve presented in Figure 1, reveals a more detailed picture. 

 

 

Fig. 1. Lorenz and concentration curves for 
𝑥𝑥 = (5,5,5,5,5,20) and for 𝑥𝑥𝑖𝑖 = (0,1,5,0,9,5.4) 

Source: own elaboration.  

It may be noticed that although the overall impact of this source on the 
total inequality is null, it increases inequality in the lower part of the distribu-
tion and decreases it in the upper part – these two effects perfectly canceling 
each other. However, in many cases, e.g. considering taxes, we are particu-
larly interested in the influence of some policies on some specific parts of the 
distribution. Thus, plotting the Lorenz curve versus the concentration curve 
of particular sources seems to be potentially of great importance. 
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3. The data 

We now consider the data set collected by the Bank of Italy’s 2016 Sur-
vey of Household Income and Wealth (SHIW). The SHIW began in the 1960s 
with the aim of gathering data on the incomes and savings of Italian house-
holds. The 2016 survey covered 7,421 households scattered over approxi-
mately 300 Italian municipalities. In particular, we consider households’ in-
comes: the overall household income is split into six sources which are de-
scribed in Table 1.  

We have applied the so-called Carbonaro equivalence scale [Carbonaro 
1985], which in its simplified version is 𝑛𝑛𝑒𝑒𝑒𝑒 = 𝑛𝑛0.669, with 𝑛𝑛 being the com-
ponents of each household. Table 1 reports the main summary statistics. 

Table 1. Summary statistics of data 

Name Description Average  
per equivalent unit 

Number of records 
with negative values 

Y Total 18 465 10 
YL dependent workers’ wages 6 230.67 0 

YTP pensions 6 578.21 0 
YTA money transfers 9.90 778 
YM net self-employment income 1 767.06 17 

YCA capital gains (rentals etc.) 3 883.89 0 
YCF financial capital gains -4.77 1 482 

Source: own calculation based on [Banca d’Italia]. 

As we can see in Table 1, some sources reveal no negative values, others 
only a few, whilst financial capital gains and money transfers have many neg-
ative values. One of the sources, YCF, even has a negative average value. 
Thus omitting negative values while decomposing the overall quantity into 
these sources would not be acceptable. 

The sources having negative and positive values are split into two parts, 
𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑝𝑝𝑖𝑖 − 𝑥𝑥𝑛𝑛𝑖𝑖. The positive part is labelled “p” in addition to the label of the 
source s and consists of the following sequence of values: if the source as-
sumes a non-negative value, it is just this value itself. If the source assumes 
a negative value, it is replaced by zero. The second part is called a “negative” 
part (and is labelled by an “n”) and consists of the absolute values of negative 
inputs, while the positive values are replaced by zeros. 
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4. Results 

Table 2 summarizes the results for the total inequality, decomposed into 
inputs from different sources. 

It can be observed that the greatest negative impact comes from YL, 
while the greatest positive is due to YM(p). 

Table 2. Shares of particular sources into total inequality as measured by the Gini index 

Name Weight, 𝑤𝑤𝑋𝑋 𝐶𝐶𝑋𝑋/𝑌𝑌 − 𝐺𝐺𝑌𝑌 𝑤𝑤𝑋𝑋�𝐶𝐶𝑋𝑋/𝑌𝑌 − 𝐺𝐺𝑌𝑌� 
Share 

(including sign) 
YL 0.33743 -0.06190 -0.02089 -0.02089 

YTP 0.35625 -0.006419 -0.00228 -0.00228 
YTA(p) 0.00875 -0.43958 -0.00385 -0.00385 
YTA(n) 0.00821 -0.06702 -0.00055 0.00055 
YM(p) 0.09577 0.19609 0.01878 0.01878 
YM(n) 7.248*10-5 -0.11024 -7.99*10-6 7.99*10-6 

YCA 0.21034 0.02759 0.00580 0.00580 
YCF(p) 0.00513 0.31504 0.00162 0.00162 
YCF(n) 0.00539 -0.04795 -0.00026 0.00026 

   Sum 0 

Source: own calculations based on [Banca d’Italia]. 

 
Fig. 2. Cumulative curve for YL (dependent workers’ wages)  

together with the Lorenz curve for the total income 
Source: own calculations based on [Banca d’Italia]. 
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Let us investigate the impact of each particular source in detail. Figure 2 
and Figure 3b present 𝐺𝐺𝑌𝑌 and 𝐶𝐶𝑋𝑋/𝑌𝑌. Note that for the Lorenz/concentration 
curves, the higher the curve the lower the inequality. However, if there is 
a negative part at stake where the absolute are the values taken into account, 
the lower concentration curve corresponds to lowering inequality. The doubled 
area between the Lorenz and the concentration curve is equal to the quantity 
in the last column of Table 2. Notice that for the Lorenz curve placed above 
the concentration curve, an area enters with the negative sign, and that for the 
“negative” parts of sources the total value has to change the sign. 

It seems that dependent workers’ wages contribute to lower concentra-
tion except at the very initial part of the distribution (of the overall incomes). 
The contrast to overall concentration is most remarkable at the highest per-
centiles, which means that at the final part of the distribution there is a strong 
counter-graduation of wages in respect of the overall income. 

 
Fig. 3. Cumulative curve for YTP (pensions) 

together with the Lorenz curve for the total income  

Source: own calculations based on [Banca d’Italia]. 

Pensions contribute positively to inequality up to the median (in the over-
all income ranking). After the median, pensions reflect inequality. Analo-
gously to wages, at the end of the pensions distribution they strongly reflect 
inequality, even if they do not show the strong counter-graduation which we 
noticed for wages. 
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Fig. 4. Cumulative curve for YTA(p) (positive part of money transfers)  

together with the Lorenz curve for the total income  

Source: own calculations based on [Banca d’Italia]. 

 
Fig. 5. Cumulative curve for YTA(n) (negative part of money transfers) 

together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 
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The positive and negative transfers tell two different stories: they are 
plotted in Figure 4 and in Figure 5, respectively. Positive transfers (i.e. money 
received due to transfers) clearly contrast the overall inequality especially in 
the lower cumulated relative frequencies (the maximum distance between the 
two curves is around p = 0.38 (or between the twentieth and the fortieth per-
centile). On the other hand, negative transfers (bearing in mind that now 
a concentration curve closer to the line of equal distribution means increasing 
inequality), contribute to inequality nearly up to p = 0.70. This means that, 
although money transfers produce an overall decrease in total inequality 
(-0.00385+0.00055<0), they may be viewed as not being completely fair as the 
pattern of taking money favours the richest at the cost of those below the 7th  
decile. 

 
Fig. 6. Cumulative curve for YM(p) (positive part of net self-employment income)  

together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 
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Fig. 7. Cumulative curve for YM(n) (negative part of net self-employment income) 

together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 

 
Fig. 8. Cumulative curve for YCA (capital gains)  

together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 
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The non-positive values, although presented in Figure 5, are irrelevant 
here (only 17 inputs) and not worth considering. Where it concerns the non-
negative values, they surely contribute to inequality: Figure 5 shows a strong 
increase in inequality, especially due to income units in the upper part of the 
distribution. 

When considering capital gains (mainly rentals and virtual property 
house rentals) in Figure 8, they slightly decrease inequality for the poorest 
15%. This is due to the fact that there are persons who just pay a rent or a vir-
tual rent (depending on house ownership of where they live), often sharing it 
with other persons (mainly the spouse). For the higher part of the distribution 
of total income, capital gains have an apparent positive effect on inequality, 
increasing it. 

 
Fig. 9. Cumulative curve for YCF(p) (positive part of financial capital gains)  

together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

0 0,2 0,4 0,6 0,8 1

L,
 C

(Y
CF

p/
Y)

p

L(p) C(YCFp/Y)(p)



 Decomposition of the Gini index in the presence of observations… 49 
 
 

 

Fig. 10. Cumulative curve for YCF(n) (negative part of financial capital gains) 
together with the Lorenz curve for the total income 

Source: own calculations based on [Banca d’Italia]. 

While capital gains coming from rentals have only positive values, finan-
cial gains have many negative inputs. Not surprisingly, positive gains increase 
inequality in the whole range of the distribution, as we can see in Figure 9. 
A more interesting picture comes from the results on negative gains. As may 
be seen in Figure 10, for almost all the range of total income the concentration 
curve lies above the Lorenz curve. Dealing with negative values, this means 
an increase of inequality for almost the whole range, apart from the top 5% 
of the distribution. The interpretation of the increasing gap between the Lo-
renz and the concentration curve, in Figure 9, might be explained by the ob-
servation that the richer the persons, the more skilled they are in investing 
their money thus obtaining greater profits. On the other hand, it is not neces-
sary to suppose that poorer persons are worse investors, to explain the in-
crease of inequality due to financial losses. If financial losses were distributed 
uniformly, they would increase inequality (the Gini index increases if we sub-
tract the same positive value from each value of the distribution, that is, it 
decreases under a uniform translation to the lower values). The final crossing 
of the curves, in Figure 10, could be explained by the fact that persons with 
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overall high incomes could risk and lose more financial resources. However, 
the decrease of inequality due to the losses of the richest cannot overcome the 
total increase of inequality caused by financial losses in the whole population. 

5. Conclusion 

Calculating the Gini index for distributions with negative inputs, is some-
what troublesome, as the index is not more scaled within the range <0;1> and 
thus difficult to interpret. However, when decomposing overall incomes into 
sources, the problem of negative values can be overcome by splitting series 
having negative values into “positive” and “negative” parts. In doing so, we 
extend Podder’s approach which originally considers just non-negative series, 
and we can yield further interesting pieces of information which concerns the 
contribution of each source to the overall inequality. 
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