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Fabry—Perot bistability
with nonlinear absorption and dispersion
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Calculations of light interaction with medium exhibiting both nonlinear absorption and dispersion 
based on one plane-wave and slowly varying envelope approximations are presented. A two level 
model of atoms (molecules) has been assumed as a basis for the nonlinear susceptibility which was 
then determined without expanding it in a series of the electric field. General formulae for the 
intensity of the transmitted wave are derived and some numerical calculations are performed. It has 
been shown that under this model the optical bistability is possible and some conditions for its 
onset have been established.

1. Formulation of the problem and theoretical background
This paper deals mainly with the optical bistability which still belongs to the most 
important optical nonlinear effects. There exists a huge literature on this subject, 
concerning its theoretical, experimental and practical aspects. Excellent reviews of 
this field may be found in many monographs and textbooks (see, for instance, 
[1] — [3]), where the reader is referred to for more details.

The main effects of optical nonlinearities on the propagation of a monochromatic 
light beam are modifications of the refractive index and absorption coefficient by the 
addition of terms that depend on the optical intensity. The light beam itself changes 
the properties of the material through which it propagates to produce several kinds 
of self-inflicted alterations of its propagation characteristics. The changes of both the 
refractive index and absorption coefficient provide mechanisms for optical bistability 
[4], [5]. Usually, they are considered separately, leading to two classes of bistability 
— dispersive and absorptive ones.

Purely dispersive bistability is described, for instance, in [4] —[6]. The model 
used therein is, however, limited to Kerr-like media, e.g., those with linear absorption 
and quadratic (with respect to electric field) refractive index. On the other hand, 
purely absorptive bistability was analysed in [4], [5], [7] on the basis of two-level 
model.

Optical properties are usually analysed in terms of susceptibility tensor *. The 
linear relation between field and polarization is generalised for large fields to an 
expression of the form

P =  £o{x(1)+Z(2)+X(3)£+ ...}
where xl2\  x(3), etc., are components of nonlinear susceptibility. For materials with
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the centrosymmetric structure only odd-order terms survive. Then the above 
expressions is essentially an expansion in powers of the beam intensity. An example 
of such media are glassy polymers, which are model materials for our later 
calculations.

For two-level saturable systems, one cen derive [8] a closed formula for x of the 
form

Z(l-Ep) = Xj+'X. = g^ + >|l|2 (!)

where a is the linear absorption coefficient, Ia — saturation intensity. The quantity

A = (co-  (d0)t = 2n 0  ·- (2)

(t — relaxation time) is a measure of the difference between the incoming frequency 
a) and the resonant frequency to0 of the system. The real part of this tensor is 
responsible for the dispersion and the imaginary part — for the absorption of the 
material. The magnetic permeability is taken to be 1.

Fig. 1. Geometrical relations in the system considered

Now we consider a monochromatic plane wave propagating along the Oz axis 
(Fig. 1) whose (one) electric component has the following form:

E{z,t) = E +(z)eii(at- kz) + E_(z)ei(tot+kz\  (3)

Here we have one wave propagating forwards (with the amplitude E +) and one 
going backwards (with the amplitude E_).

The electric field fulfils the standard wave equation

V2E -  Ho |U o .E + PL) = Ho (4)

We now use the slow-varying amplitude approximation:
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d2E +t f « 2 k dE+(z) d2E_(z)
s s  ir. dE.(z)

dz2 dz P dz2
LK

dz

After some algebra we get the following equation for the (complex) amplitudes: 

«'"'* ̂  ~  2ik^ ~  ~  k2£+(z)+ W o 1“>2E +(z)^

+ e**^2 i k — k2E_(z) + h0e0co2E _ (z)^ =

____________ MoCQ2oi(A + i)(E+(z)e-ikz + E_(z)eikz)___________
1 + JM  l£+(z)l2+l£_(z)l2+ £ +(z) £ - ( ^ ~ 2ito+ ^ ( ^ - ( ^ 2ifcz' U

Let us now introduce the following abbreviations:

a = ^ - kt b = ^  c = l  + A2, (7)

E+(z)

VT,
E+(z), (8)

The amplitudes E+(z) and £_(z) may be further written ?s products of real 
amplitudes p and phase factors according to the formulas:

£ +(z)= p +(zy*w ,
£ - ( 2) =  p_(z)e*»-W, (9)

(<p+(z), </>_(z) — phases).
Averaging over space and separating real and imaginary parts lead to four new 

equations:

din (pi) 
dz

(c + p2 +p2-) + î + b  = 0, (10a)

2 ^ ( c + p i + p i ) + a ( c + p ^ + 2 p ! ) - 2 p ! ^ j - + bA = 0, (10b)

(10a)

- 2 ^ { c + p 2 + p2)+a(c+p2 +  2p2_)+2p2+ = 0.
dz dz

(10b)

The squared (real) amplitudes may be thought of as intensities of the corresponding 
waves:

J+ =  P+, I - = P 2-  (ID
From Eqs. (10) we obtain the following relations for the above intensities:
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- ^ % + / + + / - ) + " ; + h =  o, (12a)

T (— > d,d +z +b = 0·
(12b)

By substracting them we get immediately

^ [ ln ( /_ /+) - ln ( c + /++ /_ )] =  0. (13)

In this way we obtain a conservation low

(14)

Now we make use of the boundary conditions which are formulated in the 
following way:

J +(0) =  77o+RJ_(0),
U L )  =RI+(0),
I T =  TI+(L) (15)

where I0 is the incident intensity, I T — transmitted intensity. These relations allow 
us to express backward waves by forward ones:

. R /2+(L)(c+/t (z))
(z)(c+ / +(i.)(l+ Ji)) -  (i.)’

dl_(z) RI+(L)(c+J+(L))(c +  I+(dl_(z)
dz “  (cl+(z)—I+(L)R +  / +(L)7+(z) + RI  +(L)/+(z))2 dz '

(16)

(17)

The equation for forward intensities takes the form

f 1 J?Jj(L)(C+/t(z)) \
1 *y I +(z)(c+I+(L)l\+ R))-RI\(L))

Jtfl(L)(c+7+(L))(c+RML)) } d l+(z) | , =
+ ( /+(r)(c+ /+(i)(l +  fl))-R n(L ))2J dz

The integration of this equation leads to the general formula
IAL) = I,IR

J  A h ) d h  =  - b L
I+(0)=r/0+ */_«»

which gives the relation between two unknowns I0, I T 

F(I0, I T) + bL= 0.

(18)

(19)

(20)

The bistable state of the system is determined by the values of the following 
parameters:
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R — reflection coefficient of the mirror (R e [0,1]),
c = 1 + A2 — parameter describing the detuning of frequencies (c =  1 in the case 

of perfect resonance), 
the factor bL, where:
L — the length of the Fabry —Perot cavity, 

b = — low-intensity absorption coefficient of the material.
AC

The above equations are the basis for the numerical analysis of the bistable 
effects.

2. Analysis of histeresis loops

Figures 2—4 show the results obtained for different values of parameters R and bL. 
We have divided them into three groups:

1. c =  1.1, R  =  0.95, bL varies in the range from 0.1 to 3.1 (Fig. 2).
2. c = 1, bL= 5, R oc 0.5-0.9 (Fig. 3).
3. bL = 5, R =  0.95, c oc 1 -1 0  (Fig. 4).

Fig. 2. Dependence of transmitted power on incident one for different values of the parameter bL. Both 
quantities are related to the saturation power of the cavity (R =  0.95, c =  1.1)

Figure 2 corresponds to the optimal situation for appearing of the bistability: 
c = 1.1 (the system close to the resonance) and R = 0.95. It is easy to see that the 
critical value of bL, leading to the bistability, is bL «  1. For lower values this effect is 
impossible independently of the intensity of incident wave.
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Fig. 4. Influence of c on the shape of bistable curves
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Figure 3 corresponds to c =  1 (resonance) and bL = 5 (large absorption) 
A critical curve appears already for R = 0.5. By increasing this parameter up to 
R = 0.9, the size of the histeresis loop also increases. The jump is relatively high 
— almost two times for R =  0.9.

Figure 4 reflects the tendency to diminishing bistable effects with increasing c. 
It influences mainly the shape of central parts of the curves.

3. Optical bistability in the polymer SINC

In the paper [9], the results of experimental investigations of optical bistability in 
a glassy polymer named SINC are reported. It belongs to the noncentrosymmetric 
materials, thus exhibiting the nonlinearity of the third order, as in our model. The 
material was placed in the Fabry-Perot cavity (Fig. 1).

The authors of [5] used the following values of physical parameters: 
Is = 4.4 x 109 W/m2, bL = 1.4, resonant wavelength X0 = 810 nm, laser wavelength 
X =  811 nm, hence c~  1.

Coefficient R  was not given and will be treated here as a parameter (typically it 
equals to 0.95 for standard Fabry —Perot cavity).

In Figure 5, we present a number of curves I T(I0) for R  oc 0.55—0.9, which are 
solutions of Eq. (20) with respect to J0 (with 7r oc0—50).

These results confirm the possibility of bistability in such material, provided that 
R > 0.7. Above this value loops grow and the jump gets higher. For the critical 
curve, I0 =  1.32 x 1011 W/m2.
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4. Conclusions
Theoretical considerations and numerical calculations based on them show that the 
optical intensity bistability is possible in systems described by two-level atoms 
model. Crucial role is played here by such parameters as the difference of frequencies 
of the resonant and of the incident waves, reflection coefficient of the Fabry —Perot 
cavity, absorption coefficient and the length of the cavity. In organic materials the 
values of these parameters may be properly suited in order to create the bistable 
effects.

Using the approximation of a two-level system may at first seem unreasonable 
for such a complex entity as a molecule containing many atoms. In practice, it is 
often the case that one of the molecular excited states has a dominant contribution 
to the nonlinearity. This state usually corresponds to a major n —n* transition, 
involving a redistribution of the delocalized electrons of the conjugated electron 
chain. Using this model, principal optical parameters have been successfully 
calculated (see, for instance, [10]).

In our considerations, we have in fact taken into account two mechanisms of 
nonlinearity — the dispersion together with the absorption. They may act indepen
dently but there is also a contribution arising from their interaction. It seems that 
our model is more realistic than others discussed in the literature.
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