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DISTA CE MEASUREFOR ORDI AL DATA 

The s1udy consider lhc problem of construt tion of similarity mcasurcs for ordinal data. 
Thc ord inal chamc1cr of thc data rcquircd thc app lication of a spccilic mcasurc of ihc ob
jcc t' s distancc. Walcsiak ( 199 , p. 44-45), givcs the p roposal o f a new mcasurc o fan ob
JCct's stmlłarily. \\h ich can be applicd in 1he it uation whcn variab ies dcscribing objccts arc 
mcJsurcd on lhc ordinal st:alc . This mcasu rc was uscd in order 10 cvalu a1c thc simil;, ri1ics ol 
objct:ts . whkh wen: bascd on numbers o r rcl ations "cqual 10·· . "grcmer 1han". and " mallcr 
1han". Thc dist.tncc mcasutl! l:tkcs c;,rc of variabies wi1h cqu::~l wcight .. We shall dcscribc a 
sltgh l gcncraltt.auon nr th" mea urc. also covcring diffcrcnt wcigh1s or variablcs. Thc 
trcnglhS untł we tkncsscs o rt he proposcel dis lance mcasurc arc di scusscd. 

l. INTRODUCTION 

Cla ification, multidimen s ionał scaling and linear ordering methods 
are importam and rrequcnt ły appl ied tools of multivariate statistical analysi . The 
app lication of thc:e method requirc formalisarion of the term "simiłarity of b
jects''. The use of a pat1icułar eon truction of similarity measure depends on the 
·cale on which the variabies <m:! measured. ln the measurement theory four basie 
scalcs arc di tingui hed: nomi nał , o rdinał , i ntcrva ł and ratio. Thesc werc introduced 
by Stevcns ( 1959). Among the four scales of measurement, the nominał is consid
ercd the weakest. lt is fo ll owcd by the ord inal scalc, the interval sca!c, and the ratio 
scale, wh ich i · thc strongest 

The choice of . imi lar it y measures is rather sirnp ł e when all the variab ies 
Je ·cribing examined objccts ar~.: mcasurcd on thc same scale. Literatu re presems 
plemy o!' different wa s of similarity mea urcmcnt which can be adopted w 
variabies rncasurcd on the scale: ratio, inrerval and (o r) ratio, nominal (includ
ing binary \'Uriables). A wide range of similarity measures has been gi ve in : 
Cormack (1971); Anderberg ( 1973); Everitt (1974); Kaufman and Rousseeuw 
( 1990); Cox and Cox ( 1994 p. 10-11 ); Wedel and Kamakura ( 1998, p. 47). 

Wa lcs iak ( 1993, p. 44-45), gives the propo. al of a new measure of ob-
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Walcsiak ( 1993. p. 4-+--+5 ), give t he p ropo al o f a ncw measure o f ob
je~.: t · ~imilarity, which can be applied in a situation when variablc de ·crib
in!! thos~; objects arc mea ·ured only on the ordinal scale (see: also Walesiak. 
Ozie hciarz and Bąk 1998, p. 656- 657). 

!f ' e have a set A of object dcscribed by m ordinal variable ·. rhen 
<.:ou nting of event i s th' on ly pos ible arithmetic operation. which can be 
performed on thc ·e objccts . The proposcd measureis gi en by the following 
formula: 

m m 11 
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j=l j = l /=1 

1'1-t,k 
d ,k = ~- - ----- -------------

rt v l'i 
w h er 

r l. 
a,,Jbkr, )= 1 O, 

l- l. 

1

• i 11
' ~ III •l ~ 11 IIJ 2 III 1; 2 j 

2]_a,·k ,+ ~ ~ a,i .. li_błr,J+ _ - b~lf 
J=l ' J= ! l ; l ;=! ;=! r=l 

._\ f-; t.k ./ \ 1 ~1.1.. ,/ 

ił' x, 1 >x"1 (xk 1 >xr1) 

if x,
1 

= x
1
,
1 

(xk1 =x,1 ) for p= k, l; r =i,/; 

j f .\'1 ! < .Y 1,1 (xk 1 <X r J) 

i. k. l= L ... n- number or objcct. 

J = l, .... 111- number o f ordi nal variable, 

x,, lXk
1
.x11 )- i- th (k- th , /- th) ob ·ervation onj-th ordinal variable, 

1/t III 1/ 

L;a,~ 1 +L L:a,~ 1 
r=l J=i l =! 

/-.d 

number o f relations ''greater than" and 

·'smal lcr tllan" observcd for objcct i , 

number of rclations"greater than ·and 

.. ~mali er tlum" obser cd for objcct k. 

l ) 

Example l. Application of cli · tance (l) to compule Lh c distances of ob
jccts from the pallern ( idea! point). The outpul rcsult is vector of di tance .. 
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Table l 

Data 

o. l Notebook Efftciency Equipmcm Qualny l &goo~a l Document· 
ation 

Cali fonu:~ Acces 6200 62 76 3 JS 6 
2 Cali f om ta Acccss 7000 JOO 119 6 35 8 

Clcvo Mi1su P-96-JR 90 87 5 38 7 

" Clevo Milsu P-98R 80 168 s 40 10 
j Compaq Anrulda 1590DT 66 92 s 42 7 
6 Ocli Lnutude CP 166ST 103 107 6 47 8 
7 DigitullhNoic VI> 735 122 130 s 48 7 
8 Dig1Lnl liiNote Uhrn 2000 87 112 s 51 8 
9 EUI·ocorn 500 124 1.54 5 32 7 
i O Fujusu ufcBook 67~~CDT 116 146 5 58 s 
11 FuJIISu I.JfeBook 76:'\xTl'DT 98 147 5 42 s 
12 rujusu UfcBool. 9l!SxCDT 125 177 6 38 7 
13 GcrlCom OwrdO$C hnp1rc 851XlT III 110 s 33 7 
l~ H>'UIIdai HN-5000 93 133 '2 39 7 
15 IBM 11tinkPad W380l:.D 87 94 4 52 9 
16 Pablo 1800 114 l 53 7 35 7 
17 Tosh1ba Satclhte Pro 480CDT 102 122 7 40 10 
18 Tosh1bn Tccrn 7SODVD III 141 5 43 lO 
19 Tu h p Mouon Une db 5/166 77 104 5 42 5 
20 Twinhcad Ansto 1-1-9000 DSC 166 63 69 5 34 8 
21 Twinhcad Ans1o Ff.'X)(l() TFT 2lXI 9 1 93 5 38 8 
'1 T1-1mhcad Aris1o FT-931XlT 12 147 5 39 7 
23 Vobts HS LcBook r\dv;mcc l 66 DSC 64 86 4 40 7 
2~ Vobts lIS LcBook Advancc 200 TFT 78 131 s 40 7 

Paucm 125 177 7 58 lO 
Wetghts l l 

Sot•rcc: CHIP 1998. no. 4. 

Tnb l~ 2 

o f objecLS fromthe paLtem (ideal point) 

PoSIIHlll No1cbook Position Notebook D i stance ( l ) 

IX .J58383 13 I I .485130 
2 12 .274336 14 15 .500000 
3 17 .279340 15 24 .567301 
~ 6 . O-ł632 16 21 .579721 
5 7 .347172 17 ]) .607502 
6 16 .350934 18 14 .6 19053 
7 4 .355505 19 5 .654434 
!! JO J62639 20 19 .677514 
9 :!2 .3750-ll 21 3 .695617 
lU s . .J 15738 22 20 .746548 
II c .429903 23 23 .789940 
12 () .449091 2~ l .906303 

Sourcc: 01-111 rescarcłl. 
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2. MODIFlCATION OF DISTA CE MEASURE d;k 

Thc dislance measure ( l ) takes care of variabies with equal weights. We 
. hall de ·cribe a slight generalization of this measure. also covering differem 
weights of variable . Suppo e variable weight w

1 
U= l, ... , m) satisfy condi-

tions: 
lir 

w 
1 

E (0: m), L w
1 

=m. 
j•l 

(2) 

Three major methods of variable weighting have been developed: a priori 
ba ed on cxper! opinions, procedure ba ·cd on information included in the dara 
and combinat io n of the e two methods. Grabi11ski ( 1992), Milligan ( 1989), 
Abraharnowicz and Zając ( 1986) and Borys (1984) discuss the prob lem of vari
able weighting in multivariate statistical analysis . 

The problem of whether or not to weight variable ha caused controversy. W i 1-
liam says (see: Aldenderfer and Blashfield, 1984, p. 21) that weighting is simply 
the manipulation of a value of a variable. Sneath and Sokal ( 1973) suggest that the 
appropriatc way to measure similarity is to give all variabies equal weight. 

l f variable weights ar' not uniform then dislance measure i defined as (3) . 

,,.,,k 
(3) 

Wh n all ariabl wcights arc equal then formula (3) becomes dislance 
mea ·u re ( l). 

Example 2. pplication of dislance (3) to compute the distances of objects 
rrom the pattern (ideał poi nt). Thc output resu ll is vector of distanccs. 

Tablc 3 

Wcigh t~ for \'Oriabh.:s bascd on CH IP cxpcn opinion 

Vanablc 

Efli~l~lll')· l F..q111pmcnt l Quulity l Ergonomics l Documentation 

Wc1ghts 1.5-l 1.15 0.385 1.54 0.385 

Soun:c: IIIP l <J<J8, no. 4. 
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Table4 

fhc diStances Of ObJCCtS from the pattern {idcal point) 

Posllion D1~tanco.: (3! Position Notebook Distancc (3) 

lO .34')586 D 16 .515041 
2 IK .37::! 148 14 .522391:< 
3 7 395476 15 2 .52::!56: 
-l l~ . 99222 16 14 .522562 
5 6 .432806 17 5 .522730 
6 2:! .4JR462 18 21 .522730 
7 Ił .446563 19 19 .5:!:!730 
l) -l .454197 lO 13 .530083 
Q li 462396 21 3 .ó06071 
lO 17 .477099 ~2 :!3 .66794 
11 ~-1 :ooooo 23 20 .813573 
12 l~ .'iOOOOO 24 l .1!62357 

Sou rcc: uwn rc\cm.:h 

3. THE STRENGTH AND WEAKNESSES OF THE Dl TAN E 
MEASURE d,k 

D i tance measUJ·e d •k : 
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- can be app1ied in a ~ituati n when variable describing objects are mcasurcd 
only on the ordinal scale, 

- necds at kast one pair of non-identical objccts in A not ro have zero in the de
nominator. 

- Kendall 's idea of correlali n cocfficient r for ordinal variabies was used for 
t he m asure d ,4 construction tsec: Kcndall l 955, p. 19), 

- dislance c/,4 assumes values from rhe [O; l] interval. Valuc O indicates that 

for the compared objccts i. /.: bctween corrcsponding obscrvations of ordinal vari
abies only relations '"cqual to" take place. Valuc l indieale that for lhc compared 
objcct. i, /.: betwcen corn.::-ponding ob crvati ns on ordinal variables, relations 
"greatcr thnn" lal\c place or relalions "greater than" and relation. "equalto", i f thcy 
arc held for olhcr objccts (i.c. objecrs nurnbcred l= l, ... , n; where l '1= i. k), 

- distance d,k smislics conditions: d,k ~O, d" = O, d,4 = dk, (for alf i. k = 
l ..... ll). 

- · imułalion ;.mały i · prove: lhat dislance d,k not always sali fies the triangle 
im:quality, 

- transfonnation of ordi nal data by any strictly increasing func tion does not 
changc the va luc of d,k di ·tancc. 
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4. CONCLUDING REMARKS 

The use of variabl s measured on the ordinal scaJe is relatively rare in the 
literature . pecific analytical tools are needed for such information. The pro
posed disrance measurc (l) and (3) are appropriate in such situations. 

When all variable weights are equal formula (3) becemes clistance measure (1). 
The additionał re ult of !hi study is a compU[er program, which allows 

computing clistance between object (see: Appendix). 

APPENDIX 

The computer code iJ1 the C++ łanguage computing the value of measure (3) of 
the clistance eon idered i s avaiłable at Wrocław University of Economics in the De
partmem of Econometrics and Computer Science (e-mail: abak@keii.ae.jgora.pl). 

This version of the program allows to compute distances betwccn object 
(lhe outpul is symmetric clistance matrix) and al o calculation of the di -
tance of object from the model or ideał point (the output is vector of dis
tances). 

This matrix may be used in the hierarchical agglomerative methods of the 
classification for the division of a et of objects into classe . This matrix can 
al o be used for further computation in the SPSS for Windows package . 
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