
Optica Applicata, Vol. XXXIII, No. 2-3, 2003

Exact N-envelope-soliton solutions of the Hirota equation

Jian-Jun Shu

School o f Mechanical and Production Engineering, Nanyang Technological University, 
50 Nanyang Avenue, Singapore 639798.

We discuss some properties of the soliton equations of the type d u /d t  =  S[u, u], where S is a 
nonlinear operator differential in x, and present the additivity theorems of the class of the soliton 
equations. On using the theorems, we can construct a new soliton equation through two soliton 
equations with similar properties. Meanwhile, exact A-envelope-soliton solutions of the Hirota 
equation are derived through the trace method.
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The trace method, which has been applied to the Korteweg-de Vries equation [1], 
modified Korteweg-de Vries equation [2], Kadomtsev-Petviashvili equation [3], 
sine-Gordon equation [4], [5] and Gz Tu equation [6], is useful for understanding these 
equations. The V-soliton solutions and some other results of these equations [7] have 
been derived through the trace method.

The present paper deals with an application of the trace method to the nonlinear 
partial differential equation as follows:
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where:

L m  = l a t T 7 u '
k = 0 dx

N, Nk
N :(u, u) = £  f t  [  j

(  m N rm, k

k = 1 m = dx
u

/  >
d m _u

k



540 J.-J. Shu

where ah βΙι are complex constants, r m k, sm k are nonnegative integers,

Γ* = Σ Ν̂ 0 Γ" · “ ’ f * = 1 N, U S·» ·* ·  r l =  r 2 = -
and d  = r  + s > 2 ;  r , s  satisfy one of the relations:

• = r N2 = r; s x =  s 2 = ... =  s N l  =  s

s > 1 for r = s + 1, (i)

s  = 0 for r  >  2 . (ii)

Substituting the formal series

(2)

into Eq. (1), we obtain a set of equations for n((</ 1)rt+ (η = 0, 1, 2,...):

M((d -l)n + l)
N  N

Σ  -Σ
l\ “ 1 *(d- l)n + l= *

,2 -2 -2 2
χ Ί,ΙιΚ · ·Κ - η . < > Ι>)ητ,(ί/- l)n + Γ

Id -I)»• Λ (d- l)n+ Γ

(3)

® + l ; i«((,- ,)" + 1) = y  ... y  , p ,  >dt x)  L j  v M l2 *(r- l)n '(r - I)/i + 17
= 1 V- 1 )n + 1= 1

/V

,2 .2 .2 .2 
X φ, <p, ...<p, ip·' 1 ~‘2 T‘(r-l)nr ,(r-l)n + (4)

where Eqs. (3) and (4) correspond to relations (i) and (ii), respectively, 

φ^χ, ί)  = Ak(0)exp(Pkx -  Qkt), Qk = ^Lp(2Pk),

N

LP(x) = Σ  a ‘ ·*4’
It = 0

Ak{0) and P* are complex constants (k = 1,2, .. . ,  TV), and C (0) = 0.
We can obtain the solutions for Eqs. (3) and (4) in the following form:

( ( d - l ) n + l )  _
N N

-  Σ ··· Σ (5)
/. -  1 /(d- l)n+ Γ



Letter to the Editor 541

N N
((r -  1 )m + 1) ν η  («) ,2 .2 ,2 ,2

w 7 = > ... > η Φι <Pi ...ώ, Φ.' M '2 ' V-l)n ' ( Γ -  1)« + 1
;1 = 1 (̂r- l)n + l" *

where π (0) = 1 and

*<"> = C<n)/[L /)(2Pli + 2?/2 + ... + 2?/w_lw + 2P|(J_l)i(l)

-  V 2 P If) -1 ,( 2 ? , ,)  -  ... -  M 2 / V  -  1 ,(2  V
or

π<η) “  CW / [ V 2 P ii + 2 P i 2 + . . . + 2 V ,)n + 2 P v  .......)

-  V 2 / V  -  Lp(2P ,2) -  ... -  P, ) -  L ' V P ,  )].

(6)

(7)

(8)

Theorem 1. Let

+ = Nx{u, δ ), = Λ£(ιι, m)

be two arbitrary equations that are defined by Eq. (1). If r' = r", s' = s ", π'(π) = π',(η) 
(η = 0, 1,2,. . .) ,  then, for equation

! ?  + £ >  = N'x(u, U)

(where L* = aLx + bL”, N*(m, m) = aNx(u, u) + bNx(u, it), and a, b are two 
arbitrary real numbers), we have π*(η) = π'(π) = π"(η) (η = 0, 1,2,. . .) .

Proof. We consider the case (ii) by mathematical induction. Obviously π*(0) = π'(0) 
= ;r"(0) = 1. Assume π*(η) = π'(Λ) = π ' * η) ( η  = 0 ,1 , 2 , ..., λ). When η = /: + 1, from Eq. (4), 
C*{k+ 1} = aC'(*+ 1} + 6C"(*+ υ , and from Eq. (8)

π * ( * + ΐ )  =  c * ( * + i ) /

<(* + 1)

/  (r -  1 )/i + 1 \

*·;

( r -  1 )n + 1

- Σ
- \ m = 1 > m = 1 -

/  \ / \
(r -  1)h + 1 (r -  l)n + 1

a L P 2  Σ +  * l ; 2 Σ
_ v m = 1 y \ m ·  1 y

(r -  1 )π + 1 (r -  1 )/i + 1

-» Σ w.>-* Σ l;<2/v
im = 1 m = 1

=  71 — 71 .

For the case (i), we can prove it in the same manner.
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We introduce two NxN  matrices B and D whose elements are given respectively 
by Bmn = [1 l(Pm + Ρ„)]φ,„(χ, 1)φ„(χ, t), Dmn = \ \KP„, + Ρη)]φ„,(χ, φ„(χ,

Theorem 2. Let

+ L'xu = N'x(u, m), ^  + L'xu = Nx(u, u) 

be two arbitrary equations that are defined by Eq. (1). If they have respective solutions 

u -  T r[Bxf{D 'D))  ( o r T r [ 5 ^ ( 5 ') ] ) ,

u" = T r[Bxf(D"D")] (0TTr[Bxg(B")])

where/ ,  g are arbitrarily derivable functions in the neighbourhood of zero, then, for 
equation

^  + L*u = N*(u, u) 
ot

(where L* = aLx + bL x , N*(u, u) =aN'x(u, u) + bN'x(u, u), and a, b are two 
arbitrary real numbers), we have solution

= Tr[B*f(D*D*)] (or T i[B*xg(B*)]).

Proof. Since f  g are arbitrarily derivable functions in the neighbourhood of zero, 
f  g can be expanded into power series in convergence region. Correspondingly, u',u" 
can be expanded into power series. Comparing the coefficients, we have r' = r", 
s' = s", π '(Λ) = (η = 0, 1, 2, ...). From Theorem 1, we obtain

u = T r[B*f(D*D*)] ( o rT r[B*xg(B*)]).

On using Theorems 1 and 2, we can construct a new soliton equation through two 
soliton equations with similar properties. As an example, we use the trace method to 
solve the Hirota equation [8] as follows:

iif/t + ΐ3 α \ψ \2ψχ + ρ ψ χχ + ΐσ ψ χχχ+ δ \ψ \2ψ = 0 (9)

where a, p, a a n d  δ are positive real constants with the relation α / σ -  δ/ρ = λ. In one 
limit of a  = σ  = 0, the equation becomes the nonlinear Schrodinger equation [9] that 
describes a plane self-focusing and one-dimensional self-modulation of waves in 
nonlinear dispersive media

ΐ ψ ι  +  Ρ Ψ ΧΧ +  δ \ ψ \ 2 ψ  =  0 . ( 10)
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In another limit of p  = δ  = 0 the equation for real ψ,  becomes the modified 
Korteweg-de Vries equation [10], [11]

ψ, + 3 α ψ  Ψχ + σ ψ χχχ = 0. (Π )

Hence, the present solutions reveal the close relation between classical solitons and 
envelope solitons. Substituting the formal series

ψ  =  +  . . .  +  ψ^2η+ +  . . .  (1 2 )

into Eq. (9), we obtain a set of equations for (k = 0, 1,2, ...):

<>,<1) + ριψχ l ) + io'Ψx'xl  = 0, (13)

+  ρ ψ ™  + ί σ ψ χ11 = - ΐ 3 α φ 11) i / ' 1 ψ (ι) ψ 0) ψ (>), (14)

. (2/1+1) (2/i+i)
' Ψ,  +  Ρ Ψχ χ

. (2/1+1)  
ι σ Ψχχχ

η -  I -  1

Σ (2/ + Π ~  (2/ζι + 1)
Ψ ψ

{2η -  21 -  2m -  1) 
ψχ

ηι = 0

η -  1

- δ Σ
ι = ο

n - l -  1

Σ *{21 + 1)- (2ζ/ι + 1) (2η - 21 - 2/ζι - 1)
Ψ (15)

We can solve the set of equations iteratively:

N

ψ{1) = o.
/. = 1

(16)

Ψ
(3) _ λ

8 ^

N N N

-- v Σ Σ
/, = 1 /, = 1 /, = 1 M

1 2 - 2  2
----------- ------- --------------  φ,  (x,  ί ) φ ι  (x,  ί ) φ ,  ( λ:, t )
(P, + P, )(P, + P L) 11 2K J

(17)

where φ^χ, t) = Λ^(0)εχρ(Ρ^^ -  Qkt), Qk = -2ipP\ + 4 σΡ\, Ak{0) and Pk are complex 
constants relating respectively to the amplitude and phase of the k-th soliton
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(k = 1, 2 , AO- We introduce two NxN  matrices B and D whose elements are given 
respectively by:

B mn ~ T 7 " l {’■Λ*· ΟΦΛχ·0 . o mn = Γ ‘ Φ„(χ,ι)ψ„(χ,ι).
r nJ L" m +  r nJ

With matrices B and D, and ψ {7>) are expressed as:

- Λ . +

Ψ(l> = T r [ B J , (18)

Ψ0) = -gT r[S ,(D D )].

In general, we can prove that

Ψ12η+Ι) = ( - 1)" - n Tr [n = 0, 1, 2,... 
8

satisfies Eq. (15).
With the definitions of matrices B and D

(19)

(20)

Ψ
( 2n+  1)

„ ,2 “2 “2 2 = f_n” V V ______  ______
1 2/i + I

(21)

Here and in the following we simplify the expressions by writing 1 , 2 , 2n + 1 instead 
of /h l2, / 2„ + i- There should be no confusion about this. We have

. (2/i+ 1) , (2/i+ 1) . . (2/i+ 1)ιψ) ’ + ρ ψ (χχ ’ + ι σ ψ \xx ’

= Σ- Σ {4ίσ[(,Ρι + Ρ2 + ...+„ + P2„ + , ) 3

1 2« + 1

-  (/>? + p \  + ... + + pin*  l) ]  + 2p[(P l + P 2 + ... + P2n + )2

-(P?-p2 +...-?L + P2„+l)]}
φ]φ2···φ2ηφ2η + 1

(8 , + P 2){P2 + 83) · · -(P2n- l + )
(22)

Substituting two identities
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(*i + k2 + ... + k2n + k2n+l)3 ~(k]  + k\ + ... + k\n + k\n + l )

η -  1 n -  l -  1

=  3 Σ  Σ  [ (*1 +  + k 2 l + 0 ( k 2 l + l + k 2l + l ) ( k 2l + 2m + 2 + k 2l + 2m + 3)
1=0 m = 0

+  ( k 2 / +  1 +  k 2l + 2 ) ( k 2l + 2m + 2 +  k 2l + 2m + 3 ) ( k 2l + 2m + 3 +  ■■· +  k 2n + l ) ] »  (2 ^ )

(*1 + k 2 +  · ”  +  *2n +  *2n + i ) 2 “  (*1 ~  *2 +  ■·· ~  k 2n +  ^2n + 1)

η -  1 n -  / -  1

“  2Σ Σ ί ^ 2 / +  1 +  k 2l + 2 ^ ( k 2l + 2m + 2 + k 2l + 2m + 3 ^
1=0 m=0

into Eq. (22) and using Eq. (20) for ψ(2* + (k < n), we obtain

(24)

. (2n +1) (2n + 1) . . (2n + 1)
'Ψϊ  +ΡΨΧΧ + <σψχχχ

η -  1 η -  l -  l (2 /+ 1 ) - (2w + 1) (2w -21 - 2m -  1)
= - s £  Σ  r  ’ r  ‘V

l = 0 m = 0

-  Ί « Σ  " Σ ' + “ c <2' + 1V 2" “ 21 ■2n ’ V
/ = 0 m = 0

Therefore we obtain the N-envelope-soliton solution for Eq. (9) in the following 
form:

ψ = Tr Σ ( - 0 *  - kV*ADD)k] 
8

k = 0

= T r[* ,(l + f D f l ) -1] (25)

where ||DD|| < 8/Λ in a certain region. In particular, for N = 1, we obtain the 
one-envelope-soliton solution
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Λ , (0) _ _
ψ ( χ , ί )  = — l- —  sech[(P j + Ρ ι ) χ - ( Ω { + Ω \ ) ί  + η]

x e x p tiP j -  Ρ ι) * ~  ( Ω ι - Ω \ ) ί -  η]

where

η = 1
2 1η

Λ Α |Α ,(0 )|4 s

+ ? i ) V

(26)
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