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Focusing properties of the radially polarized Bessel–Gauss beam with a sine-azimuthal variation
wavefront was investigated by the vector diffraction theory. The wavefront distribution is the sine
function of the azimuthal angle with one phase parameter that indicates the phase change frequency.
Results show that the focal pattern can be altered by the phase parameter, and many novel focal
patterns may occur, such as multiple dark-foci focal pattern, crescent shape, and wheel shape. For
case of a higher phase beam, the whole focal pattern turns on a symmetric wheel shape with multiple
reduplicate intensity elements. When the phase parameter is an odd number, the number of redu-
plicate elements equals the phase parameter, while when the phase parameter is an even number,
the number of reduplicate elements is two times the phase parameter. In addition, the effect of
the phase parameter on the focal pattern is more considerable than that of the beam parameter
under low numerical aperture. Under higher numerical aperture, the effect of the beam parameter
on the focal pattern gets stronger.

Keywords: Bessel–Gauss beam, wavefront modulation, vector diffraction theory. 

1. Introduction
Since DURNIN introduced Bessel beams in 1987, this kind of beams has attracted much
attention for many potential applications [1–4]. However, ideal Bessel beams are not
physically realizable because they carry infinite energy through any cross-section
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normal to their propagation direction [5]. In order to break through this physical
difficulty, GORI et al. introduced the Bessel–Gauss beams that are characterized by
a Bessel function with a Gaussian envelope [6]. Since then, the Bessel–Gauss beam
has become the focus of many studies and received considerable attention [7–12].
ITO and co-workers generated the higher order modes of vector Bessel–Gauss beams
by using a spot defect mirror in an Nd:YAG laser cavity [13]. WANG et al. created
the needle of longitudinally polarized light in vacuum using binary optics with incident
vector Bessel–Gauss beams [14]. And then the design of the diffractive optical element
for generating this kind of a needle was also proposed [15]. YEW and SHEPPARD exam-
ined the effect of tightly focusing a radially polarized beam with uniform, Gaussian,
and Bessel–Gauss pupil functions, and found that the resulting FWHM (full-width
half-maximum) is the smallest for the case of a uniform amplitude profile, while
the Bessel–Gauss beam results in the largest FWHM. In addition, the Bessel–Gauss
beam benefits the most from the use of an annulus [16]. HUANG et al. investigated
the intensity profiles in the focal plane of vector-vortex beams that are focused by
a high numerical aperture lens obeying the Helmholtz condition [17]. 

On the other hand, the wavefront modulation of beams has also attracted much
attention [18–22]. For instance, wavefront modulation was proposed to extend focal
depth [19]. However, to the best of our knowledge, the focusing of radially polarized
Bessel–Gauss beams with a sine-azimuthal variation wavefront has not been studied
so far. The present paper is aimed at investigating numerically the focal pattern of
the radially polarized Bessel–Gauss beam with a sine-azimuthal variation wavefront
by the vector diffraction theory. The principle of the focusing radially polarized
Bessel–Gauss beam is given in Section 2. Section 3 shows the simulation results and
discussions. The conclusions are summarized in Section 4.

2. Principle of focusing the radially polarized Bessel–Gauss beam
with wavefront modulation 

In the focusing system we investigated, the focusing beam is a radially polarized
Bessel–Gauss beam whose amplitude of a transverse optical field is the same as that
of the scalar Bessel–Gauss [14, 16], and its wavefront is the function of an azimuthal
angle. Therefore, in the cylindrical coordinate systems (r, ϕ, 0), the field distribution
E(r, ϕ, 0) of the radially polarized Bessel–Gauss beam in the incident pupil plane is
written as,

E(r, ϕ, 0) = E0(r, ϕ, 0)·nr (1)

where nr is the radial unit vector of polarized direction. Wavefront phase distribution
is chosen as the sine function of an azimuthal angle, namely φ = –πsin(mϕ ). Term
E0(r, ϕ, 0) is the optical field value distribution and can be written in the form [14, 16],
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(2)

where β1 and β2 are the beam parameters of Bessel–Gauss beams, and β1 is called
the Bessel beam parameter due to its relation to the Bessel function in this article.
Parameter α  is the half-angle of the convergence angle of the focusing optical system.
Parameter m is the phase parameter that indicates the phase change frequency.
According to the vector diffraction theory, the electric field in the focal region of
the radially polarized Bessel–Gauss beam is [16, 23],

E0(ρ, φ, z) = Eρeρ + Eφ eφ  + Ezez (3)

where eρ , eφ , and ez are the unit vectors in the radial, azimuthal, and propagating
directions, respectively. To indicate the position in image space, cylindrical coordi-
nates (ρ, φ, z) with the origin ρ = z = 0 located at the paraxial focus position are em-
ployed. Eρ , Eφ , and Ez are the amplitudes of the three orthogonal components and can
be expressed as [23, 24]

(4)

(5)

(6)

where θ denotes the tangential angle with respect to the z axis, A is one constant,
ϕ is the azimuthal angle with respect to the x axis, and k is the wave number. In order
to make focusing properties clear and simplify the calculation process, after simple
derivation, Eq. (2) can be rewritten as,
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where NA = sin(α ) under condition that the refractive index in the focal region is unit.
By substituting Eq. (7) into Eqs. (4)–(6), we can obtain,

(8)

(9)

(10)

The optical intensity in the focal region is proportional to the modulus square of
Eq. (3). It should be noted that when the phase parameter m = 0, namely, E0 is not
the function of the azimuthal angle ϕ, Eq. (5) and Eq. (9) are equal to zero. Basing on
the above equations, focusing properties of radially polarized Bessel–Gauss beams can
be investigated theoretically in detail.

3. Numerical results and discussions

Without loss of validity and generality, the beam parameter β2 that relates to
the Gaussian pupil distribution is chosen as a unit. The beam parameter β1 that
relates to the Bessel function is studied intensively because this parameter can alter
the amplitude field very considerably. In order to explain the results of this article more
clearly, we firstly show the wavefront distributions under condition of different phase
parameters. Figure 1 illustrates wavefront distributions of the incident radially polar-
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ized Bessel–Gauss beam with a sine-azimuthal variation wavefront on the increasing
phase parameter m. The polar coordinates are chosen in two dimensions, the azimuthal
angle is in degrees, and the radial coordinate is the phase radian. 

Now the focal patterns were studied in detail. Firstly, the intensity distributions in
the focal plane under condition of β1 = 1, NA = 0.5, and different phase parameters m
were studied. It should be noted that the distance unit in all figures is the wavelength
of an incident beam in vacuum. There is only one annular focus with minimum center
intensity for m = 0, namely there is no wavefront phase modulation, which is
corresponding to the focal pattern of radially polarized beams under condition of  lower
numerical aperture. On increasing the phase parameter, the focal pattern changes very
considerably. The annular focal pattern evolves into one crescent shape when the phase
parameter increases from zero to unit, as shown in Fig. 2b. The focal pattern turns on
a very symmetric focal pattern with five dark hollow foci with four outward Y-shape
intensity spots under condition of m = 2, as shown in Fig. 2c. When m increases to 3,

Fig. 1. Wavefront distributions of the incident radially polarized
Bessel–Gauss beam with a sine-azimuthal variation wavefront
under condition of m = 1 (a), m = 2 (b), m = 3 (c), m = 4 (d),
m = 5 (e), m = 6 (f ), and m = 7 (g). 
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Fig. 2. Intensity distributions for β1 = 1, NA = 0.5, and m = 0 (a), m = 1 (b), m = 2 (c), m = 3 (d).

Fig. 3. Intensity distributions for β1 = 1, NA = 0.5, and m = 4 (a), m = 5 (b), m = 6 (c), m = 7 (d).
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the focal pattern extends and changes into three V-shape intensity peaks with angles
pointing to the center, which leads to the whole triangle focal pattern. 

When m increases continuously, the whole focal pattern becomes more and more
symmetric, and is very similar to a wheel consisting of multiple intensity peaks. There
are eight Y-shape intensity peaks outside the center annular focal spot, which leads to
the appearance of a wheel shape focal pattern, as shown in Fig. 3a. When the phase
parameter m is equal to five, the whole focal pattern changes into a pentagon, and each
angle of the whole focal pattern consists of two main parallel intensity lines, as shown
in Fig. 3b. For case of m = 6, the whole focal pattern changes into the wheel shape and
the focal pattern consists of twelve Y-shape intensity peaks outside the center annular
focal spot. And under condition of m = 7, the whole focal pattern changes into a seven
angle shape, and each angle consists of two parallel intensity lines, as shown in Fig. 3d.
From the above focal pattern evolution, we can see that the focal patterns can be altered
considerably by a phase parameter, and many novel focal patterns have come into
being. In addition, we also can see that when the phase parameter is an odd number,
the focal pattern evolution on increasing phase parameter changes in a similar way,
the angle number of the whole symmetric focal pattern is equal to the phase parameter,
and each angle of the whole focal pattern consists of two parallel intensity lines.
However, when the phase parameter is an even number, the angle number of the whole
symmetric focal pattern is twice the phase parameter, and each angle of the whole focal
pattern consists of one V-shape intensity peak. The above focal patterns may find
applications in laser micro-machining and microscopy. It was usually deemed that in
the optical trapping system, the forces exerted on the particle in the light field consist
of two kinds of forces, one is the optical gradient force, which plays a crucial role in
constructing an optical trap and its intensity is proportional to the optical intensity
gradient; the other kind of force is scattering force, which usually has complex forms
because this kind of force is related to the properties of trapped particles, and whose
intensity is proportional to the optical intensity [25]. So, the peculiar intensity
distribution in the focal region means that the controllable optical trap may occur.
Though this paper is aiming at investigating the focusing of the radially polarized
Bessel–Gauss beam, and shows that some peculiar intensity distributions may find
application in optical trapping, we also think whether there are any other specific
effects apart from the peculiar intensity distribution. What is more interesting and
important, some other optical characteristics may also affect optical trapping, for
example orbital angular momentum and optical field singularity, which is also
encouraging us to get deep insight into the effect of the peculiar optical field, though
now we do not obtain corresponding results. In addition, the focal patterns obtained
in this paper may also be developed as one of the methods of measuring phase
parameters of the kind of wavefront.

Here, the Bessel beam parameter is chosen as β1 = 2, Figs. 4 and 5 illustrate
the intensity distributions in the focal plane under condition of low numerical aperture
NA = 0.5 and different phase parameters m. By comparing the focal patterns for case
of β1 = 2 with those for β1 = 1, we can see that entire focal patterns extend considerably
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Fig. 4. Intensity distributions for β1 = 2, NA = 0.5, and m = 0 (a), m = 1 (b), m = 2 (c), m = 3 (d).

Fig. 5. Intensity distributions for β1 = 2, NA = 0.5, and m = 4 (a), m = 5 (b), m = 6 (c), m = 7 (d).
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for a higher Bessel beam parameter. The focal patterns for β1 = 0.2 were also inves-
tigated and were shown in Figs. 6 and 7. The focal patterns evolution principle on
increasing phase parameters m and focal patterns for the same m is very similar to
those under condition of β1 = 2 and β1 = 1. Therefore, it can be seen that the effect of
a phase parameter on the focal pattern is more considerable than the effect of the Bessel
beam parameter β1 under condition of the same low numerical aperture NA = 0.5.

Now we investigate the focal pattern evolution on an increasing phase parameter
under condition of higher numerical aperture. Figures 8 and 9 illustrate the intensity
distributions under condition of β1 = 1, NA = 0.95, and different phase parameters m.
There is only one intensity peak for m = 0, namely without any phase modulation,
there is one spot in the focal region of the radially polarized Bessel–Gauss beam for
higher numerical aperture, which is very familiar to those researchers who studied
the focusing and application of radially polarized vector beams. When the phase
parameter is one, the focal spot shifts along the y coordinate, as shown in Fig. 8b.
Under condition of m = 2, there are four main intensity peaks with four weak intensity
peaks between them. When the phase parameter increases to 3, the whole focal pattern
turns on a triangle shape where each reduplicate intensity element is dendritic, as
shown in Fig. 8d. When the phase parameter m increases continuously, the focal pat-
tern changes considerably. Figure 9a shows the focal pattern for case of m = 4; there
are eight reduplicate intensity elements, which construct a peak wheel. There are five
reduplicate intensity elements under condition of m = 5, which leads to the focal

Fig. 6. Intensity distributions for β1 = 0.2, NA = 0.5, and m = 0 (a), m = 1 (b), m = 2 (c), m = 3 (d).
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Fig. 7. Intensity distributions for β1 = 0.2, NA = 0.5, and m = 4 (a), m = 5 (b), m = 6 (c), m = 7 (d).

Fig. 8. Intensity distributions for β1 = 1, NA = 0.95, and m = 0 (a), m = 1 (b), m = 2 (c), m = 3 (d).
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pentagon pattern, as shown in Fig. 9b. Moreover, each reduplicate intensity element
consists of multiple intensity peaks. For a higher phase parameter, the whole focal
pattern turns on an intensity peak wheel, which is very symmetric. From the above
focal pattern evolution process it can be seen that when the phase parameter is an odd
number, the number of reduplicate intensity elements is equal to the phase parameter.
However, when the phase parameter is an even number, the number of reduplicate
intensity elements is twice the phase parameter. Therefore, there is a clear relation
between the focal pattern and the phase parameter. 

When the Bessel beam parameter increases as β1 = 2 under condition of NA = 0.95,
the focal pattern evolution on an increasing phase parameter is also studied. Figures 10
and 11 give the focal patterns for β1 = 2, NA = 0.95, and different phase parame-
ters m. By comparing Figs. 10 with 8, it can be seen that the effect of β1 on the focal
pattern is very considerable. Without any wavefront phase modulation, the focal spot
extends remarkably under condition β1 = 2. And the focal spot changes into one
crescent shape for m = 1, as shown in Fig. 10b. For case of m = 2, there are four
overlapping intensity peaks with five weak dark hollow foci, as illustrated in Fig. 10c,
which differs remarkably from the focal pattern under condition of β1 = 1 that is
shown in Fig. 8c. When m increases to 3, the reduplicate intensity element changes
very considerably though the whole focal pattern turns on a triangle shape by compar-
ing Figs. 10d with 8d. From the above focal pattern evolution process, we can see that
the effect of the Bessel beam parameter on the focal pattern is very remarkable under

Fig. 9. Intensity distributions for β1 = 1, NA = 0.95, and m = 4 (a), m = 5 (b), m = 6 (c), m = 7 (d).
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Fig. 10. Intensity distributions for β1 = 2, NA = 0.95, and m = 0 (a), m = 1 (b), m = 2 (c), m = 3 (d).

Fig. 11. Intensity distributions for β1 = 2, NA = 0.95, and m = 4 (a), m = 5 (b), m = 6 (c), m = 7 (d).
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the condition of a higher numerical system, which is different from that for case of
low numerical aperture. By comparing Figs. 11 with 9, we can also see that the effect
of the Bessel beam parameter on the focal pattern lies in the shape of a reduplicate
intensity element. In fact, the symmetry properties of the whole focal pattern do not
change, i.e., the relation of the number of reduplicate intensity elements and phase
parameters is the same. Namely, for a higher phase parameter, the whole focal pattern
turns on an intensity peak wheel, which is very symmetric, and when the phase
parameter is an odd number, the number of reduplicate intensity elements is equal
to the phase parameter. However, when the phase parameter is an even number,
the number of reduplicate intensity elements is twice the phase parameter.

Though this manuscript is aiming at investigating theoretically the focusing
properties of the radially polarized Bessel–Gauss beam with a sine-azimuthal variation
wavefront, we want to show some description of the realization of the proposed
concept. There are two main aspects related to the experiment. Firstly, the radially
polarized Bessel–Gauss beam with a sine-azimuthal variation wavefront should be
obtained experimentally. In fact, many methods have been proposed to generate a vec-
tor beam, including radially polarized beams, which may be classified as intra-cavity
methods and external conversion methods [26–28]. The intra-cavity method is carried
out by placing designed optical elements inside the laser cavity or designing a special
cavity. For instance, AHMED et al. reported on the highly efficient intra-cavity
generation of beams with radial polarization in an Yb:YAG thin-disk laser, in which
an intra-cavity circular resonant waveguide grating was used as a polarization selective
mirror inside the laser cavity [29]. In addition, a photonic crystal mirror with
polarization selectivity was also used for the generation of radially polarized beams
from an Nd:YAG laser cavity [30, 31]. The external conversion method uses polari-
zation converters outside the laser cavity. Setups with a radial analyzer made either of
birefringent materials [32] or of dichroic materials [33] can be used to generate
the cylindrical vector beam. Another kind of method for generating cylindrical vector
beams is based on a liquid crystal spatial light modulator or diffractive phase element
[34, 35]. Some external conversion methods use interference optical systems [36, 37].
We plan to construct a radially polarized beam by an interference optical system, where
the amplitude and wavefront phase distributions for generating the radially polarized
Bessel–Gauss beam with a sine-azimuthal variation wavefront will be obtained by
the amplitude and phase spatial light modulators. We have bought these two kinds of
spatial light modulators from Holoeye Inc. for experimental researches. The second
aspect related to the experiment is to measure intensity distribution in the focal region
with nanometer resolution. The test principle in a scanning near-field optical micro-
scope can be employed here. A single mode optical fiber probe can be used for scanning
the optical field with three-dimensional nanometer resolution, and the optical signal
is transformed to the electric signal simultaneously, so that intensity distribution can
be obtained even when the numerical aperture is very high. Experimental researches
of focusing properties of many novel beams are our next step stage; we are preparing
to construct the experimental system.



580 XIUMIN GAO et al.

4. Conclusions
Focusing of the radially polarized Bessel–Gauss beam with a sine-azimuthal variation
wavefront was investigated by the vector diffraction theory. Wavefront distribution
is the sine function of the azimuthal angle with one phase parameter that indicates
the phase change frequency. It was found that the focal pattern can be altered by
the phase parameter remarkably, and many novel focal patterns may occur. For case
of a higher phase beam, the whole focal pattern turns on a symmetric wheel shape with
multiple reduplicate intensity elements. And there is a clear relation between the focal
pattern and the phase parameter. When the phase parameter is an odd number, the num-
ber of reduplicate elements is equal to the phase parameter. However, when the phase
parameter is an even number, the number of reduplicate elements is twice the phase
parameter. What is more interesting, the effect of a phase parameter on the focal pattern
is more considerable than that of a beam parameter under low numerical aperture.
Under higher numerical aperture, the effect of a beam parameter on the focal pattern
gets stronger. The focal pattern evolution of this kind of the radially polarized
Bessel–Gauss beam may find applications in many domains, such as optical machin-
ing, optical tweezers, and multifoci microscopy.
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