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Abstract: This paper analyzes the distribution of internal forces and displacements of embedded retaining wall in Quaternary de-
posits and Tertiary clays. Calculations have been based on the Subgrade Reaction Method (SRM) for two different types of earth
pressure behind the wall (active, at-rest) in order to show the differences resulting from adopting the limit values. An algorithm for
calculation of “cantilever wall” using the Mathematica program was proposed.
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1. INTRODUCTION

Proper analysis of retaining wall, used to sup-
port deep excavations, is one of the main geotech-
nical problems to solve during the process of foun-
dation in urbanized areas [11], [12]. The following
approaches are most often used to calculate the
internal forces and displacements of embedded re-
taining walls:
• classical methods (CM),
• Subgrade Reaction Method (SRM),
• Finite Element Method (FEM),
all of which are mentioned in the relevant literature
[6], [12], [15].

The Subgrade Reaction Method is often used for
structural calculation of embedded walls. This is re-
flected by the availability on the market of numerical
programs, such as GEO5 Sheeting Check, DEEPXCAV,
GGU-RETAIN, K-REA, D-SHEET PILING.

In order to show computational procedure for
beam on elastic foundation, working as an embedded
retaining wall, the following operations have been
performed:
• elaboration of a model cross-section for the calcu-

lation purposes and defining geometrical dimen-
sions of the construction,

• determination of earth pressure on the retaining
wall construction,

• analysis of internal forces and displacement for
two variants of earth pressure using the Mathe-

matica [13]. The results obtained were compared
to GEO5 Sheeting Check [4].
The main problem reported by engineers in using

this method is to select a correct coefficient of hori-
zontal subgrade reaction kh. This, however, is not the
only problem, which will be presented in our paper.

2. EXAMPLE OF CALCULATIONS

A model cross-section of a deep excavation shor-
ing in the form of diaphragm walls for the project
implemented at Tamka street in Warsaw (Fig. 1) has
been used as an example for calculating internal
forces and displacement. The results of ground inves-
tigation and the selected ground parameters needed to
carry out the calculations for Warsaw subway and
other structures in Warsaw are outlined in papers [1],
[5], [7], [14] prepared by the Department of Geotech-
nical Engineering of Warsaw University of Life Sci-
ences and presented in Fig. 1.

A static diagram shown in Fig. 5, will consist of
a beam in the form of a diaphragm wall at the
“cantilever phase” loaded by the resultant earth pres-
sure and supported with “Winkler’s springs”.

The earth pressure load on retaining structure (Fig. 4)
has been determined by means of the GEO5 Sheeting
Check program so that the values obtained may be
compared with the Mathematica analytical calcula-
tions. The pressure was determined for active and
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passive state, respectively, based on Coulomb’s and
Caquot–Kerisel’s theory described in [2], [4], [8].

3. CALCULATION METHOD

The Subgrade Reaction Method allows the inter-
action between the embedded retaining structure
and the retained earth to be expressed in mathe-
matical terms, while assuming that the structure
model has been conceived as a beam supported with
a single-parameter Winkler’s ground. A scheme of
Winkler’s model and definition of its basic pa-
rameters are shown in Fig. 2. Differential equations
of the Winkler’s model are described similarly to
a regular beam (Euler–Bernoulli equation), except
for the continuous load which should be supple-

mented with a term resulting from the subgrade
reaction r(x):

Euler–Bernoulli equation

),()(
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xq
dx

xwdEJ o= (1)

Winkler equation
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xwdEJ o −= (2)

),(B)( xwkxr h ⋅⋅= (3)

where EJ is the beam stiffness, B is the beam width, kh
is the coefficient of horizontal subgrade reaction,
while w(x) and qo(x) are deflection of the beam and
load functions, respectively.

In order to determine the internal forces, the fol-
lowing equations must be taken into consideration

a) b)

Fig. 1. Cross-section A-A used for calculations of wall construction:
(a) – location of drilling and geotechnical tests [7], (b) – geotechnical layers and material properties

Fig. 2. Winkler’s model and basic definition of coefficient k, where p stands for stress and δ stands for displacement [6]
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where M(x) is the bending moment and T(x) is the
shearing force.

In order to apply the Winkler model in the context
of embedded retaining wall it is crucial to assume that
in the range of the state – from active to passive – in
accordance with the earth pressure theories, the
ground behaves as an elastic material, and after hav-
ing gone past the critical value it moves into the range
of plasticity (Fig. 3a).

The curve illustrating the dependence between
earth pressure and displacement is approximated by
a straight line, which is described by the horizontal
coefficient of subgrade reaction kh (Fig. 3b).

In our case, the value of kh was calculated according
to the Chadeisson proposal presented in equation (6)
and publications [3], [7], [12]
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a) b)

Fig. 3. Variation of the magnitude of lateral earth pressure with wall displacement:
(a) – real dependence [10], (b) – dependence applied to SRM

a) b)

Fig. 4. Pressure exerted on the analyzed retaining wall structure:
(a) – active load behind the structure, (b) – at-rest load behind the structure
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where
γ – specific gravity of soil,
Kp – passive pressure coefficient,
Ko – pressure coefficient at-rest,
c′ – effective cohesion,
Ap – coefficient allowing for soil cohesion,
EJ – beam stiffness.
For the purpose of calculations, it is necessary to

determine a load to the beam by summing the figures
of earth pressure on both sides of the wall (Fig. 4).

To get results of internal forces and displacements
of the analyzed diaphragm wall, it is necessary to
determine the scope of the plasticity range of the soil
from the side of the excavation. This is done with an
initial assumption that in front of the wall the earth
pressure behaves elastically from the at-rest state to
the passive one, on the whole length of the wall (see
Fig. 5, INITIAL STEP).

Next, we move onto the algorithm with the re-
quired static scheme and we determine the Winkler
reaction r(x) from the dependence of equation 2 or
equation 3, see Fig. 4. The point of intersection of the
curves of the Winkler reaction r(x) with the passive
earth pressure determines the approximated range of
plasticity.

In the next attempt, we repeat the whole algorithm,
increasing the zone of plasticity up to the point where,
on the boundary between the zone of plasticity and

elasticity, the value of the function 4

4 )(
dx

xwdEJ  on the

left side will be the same as on the right side (there is
“no jump of the function”), see Fig. 10 FINAL, where
on the depth of 3.63 m the graph of the function has
one value.

It has been assumed that active earth pressure acts
behind the wall. At-rest earth pressure acts in front of

the wall, and on the section of the range of plasticity
the load passive earth pressure is accepted as the
maximum pressure that can be exerted by the soil (see
Fig. 4), where the springs of Winkler do not exist. Fig. 5
FINAL STEP.

For comparison, calculations for at-rest earth
pressure behind the wall have been made. Figs. 11
–15.

The calculations using the Mathematica program
have been performed based on the following steps:
• The beam was divided into elements;
• The pressure process was approximated using, for

example, Legendre polynomials so as to obtain
load function qo(x) in the intervals;

• The polynomials were inserted in the Euler–Ber-
noulli and Winkler’s supplemented equations, and
solved;

• The constants of integration were determined – for
this a system of equations was built based on
boundary and continuity conditions;

• The constants of integration were inserted to the
general solutions of deflection equations w(x) for
each section and then the equations were inte-
grated;

• The internal forces and the diaphragm wall dis-
placements were determined using the equations
(2), (4), (5).

4. CALCULATION RESULTS

Figures 6–15 show results of calculations for in-
ternal forces and displacements. Each plot shows two
distributions of a given value. The first is from the
authors’ own calculations in Mathematica program

a) b)

Fig. 5. Static diagram of analyzed retaining wall construction: (a) – initial step, (b) – final step
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(line), the second – readings from GEO5 Sheeting
Check program (dots – point data).

Calculations were made for two types of earth
pressure behind the wall, namely: active Figs. 6–10
and for at-rest Figs. 11–15. Thus, the differences,
which resulted from applying the extreme values of
earth pressure behind the wall, have been shown.

As we can see, the graphs from Mathematica
and GEO5 Sheeting Check programs are the same
at Figs. 6–10 FINAL STEP, therefore, the calculation
approach used is proven correct.

5. CONCLUSIONS

The subgrade reaction method is rather more compli-
cated than it seems at first. The designer should be aware
of the difficulties encountered at each step of calcula-
tions, such as ground investigation, measurement or
determination of the soil parameters, kh coefficient(s) →
calculation of the load based on the selection of relevant
pressure theories in relation to the ground type and
structure statics → assumptions of the subgrade reaction
method → result → checking, verification. Each of the
stages mentioned affects the final result.

Measurements of results in real conditions as well
as calculations and adjustment of parameters using
back analysis are vital for model verification, because
only then a given calculation process may be consid-
ered correct, depending on compliance with the meas-
urements in real cases.

According to the authors, the inaccuracy of the
subgrade reaction method results from:
• The coefficient of horizontal subgrade reaction kh

– not only does it result from the difficulty in se-
lecting the proper value assumed throughout the
calculations but also from the assumption that it is
linear when in reality the dependence between
earth pressure and displacement has a non-linear
character (Fig. 3).

• The earth pressure assumed for calculations that
undergoes redistribution depending on the way the
wall is displaced.

In the following sections, the authors make the
program code available to allow the reader to check
the model assumptions and to follow the calculation
procedure. This provides background for discussion,
improvement and further exploration, or even devel-
opment of the SRM.

To simplify the understanding of the code in Table 1
the symbols used in the algorithm have been ex-
plained, and in Table 2 the division of beam into ele-
ments has been presented.

Table 1. Main designation symbols in algorithm

Symbols Description
d0045 point data in 0–0.45 interval
q0045 function made from point data in 0–0.45 interval
dataQ earth pressure point data for whole beam
q load function for whole beam
w1 overall displacement function in first element
ww1 special displacement function for first element
dataW displacement point data for whole beam
ww displacement function for whole beam
for1 shearing force function for first element
for shearing force function for whole beam
dataF shearing force point data for whole beam
mom1 bending moment function for first element
mom bending moment function for whole beam
dataM bending moment point data for whole beam
pre1 pressure function for first element
pre pressure function for whole beam
dataP pressure point data for whole beam

Table 2. Intervals of beam used in algorithm

Intervals Overall displacement functions
for each elements of the beam

d 0– 0.45
d 0.45–1
d 1–2.3
d 2.3–2.8
d 2.8–3.5
d 3.5–4
d 4–4.1
d 4.1–7.1
d 7.1–11

w1
w2
w3
w4
w5
w6
w7
w8
w9
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6. APPENDIX – MATHEMATICA CODE
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