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ON THE PRICE HARTWICK'S TASK AND ITS INVERSE
IN ADYNAMIC MODEL OF AN ECONOMY
WITH EXHAUSTIBLE RESOURCES

ANTON DEKRET
Cikkerova 11, 974 01 Banska Bystrica, Slovakia

RUDOLF ZIMKA
Matej Bel University, Faculty of Economics, Department of Quantitative Methods and Information
Systems, Tajovského 10, 975 90 Banska Bystrica, Slovakia
email: Rudolf.zimka@umb.sk

Abstract

Price and generalized price forms of Hartwick's rule play an important role at finding
conditions for intergenerational equity with respect to constant consumptions in economies
with exhaustible resources. In the paper these price forms of Hartwick's rule are investigated
with respect to prices satisfying a special model, which is the price (cotangent) prolongation
of the Dasgupta-Heal-Solow-Stiglitz model in the space of price variables. These so called
canonical prices enable to solve the price Hartwick's task and its inverse with respect to price
equity (the zero value of the price evaluation of the consumption functions change rates),
which generalizes the requirement for constant consumptions over time. An example
illustrates reached results.

Key words: intergenerational equity, exhaustible resource model, price prolonged model,
canonical prices, price Hartwick's task, inverse price Hartwick’s task.

DOI: 10.15611/amse.2014.17.05

1. Introduction

Economies all over the world cannot exist without utilizing precious exhaustible resources.
Scientists have been trying to find conditions under which the intergeneration equity can be
secured with respect to constant consumption or with respect to constant utility consumption
function. The basic result in this domain was gained by Hartwick (1977). He investigated so
called the Dasgupta-Heal-Solow-Stiglitz model (the DHSS model; see Dasgupta and Heal
(1974), Solow (1974), Stiglitz (1974))

k = f(k,r) —c=F(k,r,c)
S=-r,

with n variables k = (ky, ..., k,) € K, € R} of the renewable capitals in n renewable capital
sectors and m variables s = (s, ..., sp) € S © RY of the exhaustible resources, m parameters r =
(ry, .., 1) € Uy © RT of the extraction rates of the exhaustible resources and n parameters ¢ =
(ci, ., Cn) € U, c R} of the consumptions in the renewable capital sectors, where k; = %, §; =
de
ar

. Hartwick showed that if on a path satisfying the Hotelling rule all the rent from the
46
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exhaustible resource s is used for the accumulation of the renewable capital k, then the
consumption c(t) is constant over time. This assertion is known as Hartwick’s result and its
premise as Hartwick's rule. A path 2(¢t) = (k (), s(t),7(t), c(t)) satisfying the DHSS model we
call an economic path. Dixit, Hammond and Hoel (1980) expressed the idea of Hartwick’s
rule by means of the prices £ and W of the renewable capital k and the exhaustible resource s,
respectively. They considered multi-dimensional economy with n renewable capitals k =
(k4, ..., k), m exhaustible resources s = (sy,..,s,), m extraction rates r = (r,..,7r,), and n
consumptions ¢ = (cy, ..., c,). Dixit et all. derived conditions under which the expression &k +
ys = E, E-constant, guarantees constant utility consumption function over time. The
expression &k + Us = E, E-constant, we call the generalized price Hartwick rule (a GPH path).
If E is zero, then we call this expression the price Hartwick rule (a PH path). It has come out
that Hartwick's rules play an important role in a wider class of problems dealing with the
reasonable utilization of exhaustible resources. This can be seen, for example, in the works of
Dasgupta and Mitra (1983), Withagen and Asheim(1998), Cairns and Yang (2000), Asheim,
Buchholz and Withagen (2003), and Jur¢a (2010)). The results in these papers put forward
a question, what real place Hartwick’s rule has in this domain. It follows from the result of
Hartwick (1977), that the Hartwick rule is sufficient condition for constant consumption,
supposing that Hotelling rule is satisfied. A natural question immediately arises: Is the
Hartwick rule also necessary condition for receiving constant consumption? Buchholz,
Dasgupta and Mitra (2005) tackled this question, investigating a model with one renewable
capital good and one exhaustible resource. They found conditions under which an economic
path with constant consumption satisfying the Hotelling rule implicates the Hartwick rule.

The aim of this paper is to contribute to the question what is a real significance of the
Hartwick rule in this domain. In the paper we suggest other possibility of expressing the idea
of the intergenerational equity in multi-dimensional case. There is introduced a notion of a
price equitable path, which is expressed by the requirement, that the price evaluation of the
consumption function change rates along an economic path has zero value at each point of
time. This notion generalizes the requirement for constant consumptions over time. Besides
the notion of the price equitableness there is also introduced a notion of a weak
competitiveness This notion represent a weaker form of the notion of the Hotelling rule. The
main achieved result is formulated in Theorem. It gives mutual equivalence results among the
price equitableness, the generalized Hartwick rule and the weak competitiveness.

2. Analysis of the Dasgupta-Heal-Solow-Stiglitz model in a multi-dimensional case

In our considerations we use the Dasgupta-Heal-Solow-Stiglitz model, which we arrange
into the form of the following dynamic control system

k; = fitk,7) — D(ki)—cl- =Fi(k,rc),

sj=-1, i=1..,n j=1,..,m, (D

with n variables k = (ky, ..., k,) € K, € R? of the renewable capitals in n renewable capital
sectors and m variables s = (sy, ..., sp,) € S © RY of the exhaustible resources, m parameters r =

(ry, .., 1) € Uy © R of the extraction rates of the exhaustible resources and n parameters ¢ =
(c1, -, ¢y) € U, < R} of the consumptions in the renewable capital sectors, where k; = ‘Z’? § =

%. The variables k and s are called state variables and the variables r and ¢ are called control

variables. Denote the set of all such (k,r,c¢) by the symbol M. The function fi(k,7)is
47
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production function and the function D;(k;) is amortization function in the i** renewable
capital sector, i = 1,..,n. We assume that all functions in system (1) are differentiable up to
the second order on the set M, the production functions fi(k,r) are increasing and concave on M
with respect to k and r, fi(0,r) = fi(k,0) = 0, f'(k,r) > 0 for k > 0,r > 0. Further we assume that
to each function fi(k,r) there exists a variable r,,p € {1,..,m}, such that fi(kr,,..r,_;,r, =
0,Tps1, -, Tm ) = 0,i = 1,...,n, (this means that the resource r, is important in production), and
rj <SPfort =0, j=1,..,m, - the quantity of the j** exhaustible resource at the beginning,
S0 =(S9,...,52).

In our further considerations we will work only with the open sets K, S,,, Uy, Uy, while the
sets Sp, Uy, Uy, are bounded in their corresponding spaces. Let r(t) = (1,.(t), ..., n.(t)) be an
arbitrary path in U,, satisfying the condition that ["rj(t) dt <SP (then lim ry(¢) = 0; therefore
gxgr]-(t) =0.), and c(¢t) = (¢1(6), ..., c,(t)) be an arbitrary path in U,. A curve e(t) = (r(t),c(v)) is
called a control path. Let w(t) = (k(t) >0,s(t) >0) be the solution of the system (1)
corresponding to the control path £(t) and to the initial values k(0) = k, > 0, s(0) =s, > 0. The
path Q(t) = (w(t),e(t)) is called an economic path.

Consider now the cotangent prolongation of the system (1)

. ; 0H . 0H
ki:F(k'r'C)=6_E-' Ei=—£, i=1,..,n
1 1
. oH . oH )
=715 = Gy b=-5 i=lem @

where H=H(ks,r,c,§y) =Ek+ s =T, &F'(kr,0) — X2, ¢jr; is Hamiltonian of the system
(1) (we refer our readers to Yano and Ishihara (1973) for details). We see that formally
Hamiltonian has the form of the left-hand side of the price forms of the Hartwick rule.
Therefore we can look at the co-variables & = (&, ...,€,), ¥ = (Uy, ..., ¥,) as the prices of the
renewable capitals k = (ky, ..., k,) and the exhaustible resources s = (sy, ..,s,,), respectively.
Therefore we can call this cotangent prolongation as the price prolongation of the Dasgupta-
Heal-Solow-Stiglitz model.

Consider an economic path Q(t) = (w(t),e(t)) and an arbitrary pair of prices
(€, ¥(®), £ > 0,P(®) >0,¢ > 0. A vector function Q7(¢t) = (w(v), &), E(D), Y(t)) we call a price
economic path. If these prices (§(t), ¢(v)),&(®) > 0,y(t) > 0,t > 0, satisfy system (2), then a
vector function (w(t), (t),§(t), w(v)) we call a price canonical economic path and denote it by
the symbol QP (¢).The formal equivalence between Hamiltonian and the left-hand side of the
price forms of Hartwick’s rule enable us to define the notions of a generalized price Hartwick
path and a price Hartwick path, which were established in Introduction, also for Hamiltonian.

Definition 1. We say that a price economic path Q(t) is a generalized price Hartwick path
(aGpH path), if Hamiltonian has along Q(¢) the property H(Q4(t)) = H,, Hy-constant. If H, =
0 then we say that Q4(t) is a price Hartwick path (a PH path).

Definition 2. Consider an economic path a(t) = (k (t),s(t),7(t),c(t)). We say that 2(t) is
equitable path, if ¢;(t) = c¢?-constant, ¢ >0, t >0, i=1,..n.
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Definition 3. Consider a price economic path Qi(t). We say that Qi(¢) is price equitable, if
=18i¢i =0,

Remark 1. The notion a price equitable path generalizes the notion an equitable path. It
seems that the notion a price equitable path can better describe changing ideas of persons or
generations about what kinds of products and services bring them the feeling of a good
satisfaction, maintaining at the same time the level of satisfaction approximately at constant
value over time. For example a young person receives a greater satisfaction from buying
fashion clothes, sport cars, etc., meanwhile an older person utilizes an allocated budget for
buying health food, medicine, etc.

Let us differentiate Hamiltonian H(k,s,r,c,&y) = XL, §Fi(k,r,¢) — X2, yyr; with respect to
time on a price canonical economic path Q7 (t). Utilizing system (2) we get

dH(Qp(t)) Zm 6H. Zn oH 3
j=101; i=10c;

» i 2
As H@&O) _sn o % —;, and M —¢, we receive from (3)
Jj l

0[‘]'
dH Qp(t) . "o
D) Z(Z G 5 J)rj— R )

Remark 2. If the prices gy are not canonical, then the expression @ is essentially
different from that in (4).

Definition 4. Consider a path Q4(t) which need not be canonical. If w =0,j=1,..,m, We
Tj

aH(Q4 (1))
ar;

say that the path q(t) is resource stationary (r-stationary). If =constant, j=1,..,m

we say that the path Q4(t) is resource equisloped (r-equisloped). If 37, w =0, We say
J
that the path Q4(t) is resource stabilized (r-stabilized).

Remark 3.
1. We see that if a path d(t) is r-stationary, then it is also r-stabilized. In the case

m = 1, and i = 0, there holds that if Qd(t) is r-stabilized then it is also r-stationary.
2. A path a(v) is r-stationary if and only if it satisfies the condition

i

n 6 '
Zizliig— Yi=0,j=1,..,m, )

]

i.e. if and only if the price of the unit of the j-source is equal to the evaluation of the
production increments provided by the unit of j -source, j = 1, ...m. It gives the system of linear
equations with respect to &;,i = 1, ...,n, supposing that ¢;,j = 1, ...,m, are given. Its solution need
not be canonical, i.e. it need not be a solution of system (2). Since Qi(t) = (Q(©), (0, Y(©)) is
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a price economic path (Q(t) = (w(t), e(t)) satisfies system (1)), we can look at relation (5) as on
the task to find to given Q(t) such prices £(t), y(t) to get resource stationary Qa(t).

From relation (4) there immediately follows

Theorem. If a price canonical economic path Qr(t) has any two of the following three
properties:

a) it is generalized price Hartwick path,

b) it is price equitable,

c) it is resource stabilized,

then it has also the remaining property.

Consequence of Theorem. If a price canonical economic path QP (t) is resource stabilized,
then it is generalized price Hartwick path if and only if it is price equitable.

This means that in the case of a price canonical economic path Qr(t) the property ,,QP(t) is
resource stabilized is a sufficient condition for a generalized price Harwick path to be price
equitable and also for its inverse.

We see that Theorem gives a sufficient condition for a price canonical economic path QP (t)
along which the property to be the generalized price Harwick path is necessary and sufficient
for to be price equitable. If we want to receive similar result with respect to the property of a
price canonical economic path QP (t) to be the price Harwick path we need to derive conditions
under which a generalized price Harwick path is a price Harwick path. The following two
propositions give answer to this task.

Definition 5. We say that aprice economic path Qdi(t) has the property 0, if
inf Y& FIU®) =9 > 0.

If a path Q9(t) has the property 0, then Hamiltonian H(k,s,r,c, W) can be expressed on the path
Q4(¢t) in the form

n(@10) = Y gt |1 - 2SO LIRS )

& (D + ) + X
IR & '

P(t) =

We see that if a path Q7(t) has the property 6 and P(Q9(¢)) > 1, or P(Q%(¢t)) < 1, or P(Q1()) = 1,

then H(Q7(¢)) < 0, or H(Q9(¢t)) > 0, or H(Q9(¢)) = 0, respectively.

Proposition 1. Let qi(t) be a GPH path with the property 6. If a)inf P(QI(t)) =1 Or
Q4(t)

b) supH(k,s, &, r,c) =1 oOr C) there exists ¢; such that P(Qi(¢,)) =1, then H(QI(t)) = H, = 0,

Q4(t)
i.e. Q4(t) is a PH path.
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Proof. a) According to the assumption of Proposition 1 there is P(Q4(¢)) > 1, and consequently
H(Q%(t)) = H, < 0. From this assumption it also follows that there does not exist > 0 such

that P(Qa(r)) pE 15‘“’2;”);31 1% > 146 for ¢>0. From this we have ym & Dy +¢)+
1

TRl = & e X & £, and from this - XM G 2T & - YR & (D + ) —
Z] 1L|J] i =

H(Q4(r)). We see that there does not exist £ > 0 such that — e 372, & fi > H(Q?(¢)). Thus we get
H(QI(6)) < —e0, as Q4(t) has the property 6. We see that there does not exist a number a = 9 >
0 such that H(Q(t)) < — a. This means that there cannot be H(Q?(t)) < 0. As H(Q%(¢)) < 0, we
get H(Q?(t)) = H, = 0. The case b) can be proved analogously. The case c) is evident. O

Definition 6. We say that a price economic path Qi(¢t) has the property Z, if there exists j e
afL

{1,..,m} and ¢ > 0 such that on the path Q4(t) there i

Consider K(t) = E©)k(t) +p()s(t) = X, &k + XL, ¥js;. By our assumptions K(t) = 0,

E> 0,i,p=1,. The following considerations were inspired by Jurca

(2010, PhD Thesis, The section 4.4).

Lemma 1. Suppose that the amortization b; = 0,i = 1, ...,n. If @ price canonical economic path
QP(t) is a GPH path, then H(QP(t)) = H, = 0.

Proof. Suppose that H, < 0. Differentiating K (t) with respect to time, we receive

WO = ke + gk + s + s = 1flk + 37 1¢3F1 "X =t XL ik

From this, utilizing that & = -5 = 33, £, % ,we get X0 = py——3n,¥n 6, ki <0.
Therefore k(t) is decreasing, and tlimdli—(t) <H0 <0. ThIS means that there exists t1 such that
K(t) < 0 for t > t;. This contradicts the assumption that k(¢t) > 0. Therefore H, > 0. O

Lemma 2. Let a path Q4(¢) be an r-stationary GPH path with the property z. If H(Q%(¢)) =0,

then H(Q4()) = 0, i.e. QI(¢) is a PH path.

Proof. By the assumption there is H(Q(t)) = H, = 0. We show that it cannot be H, > 0. Let

Hy, > 0. Then by the property > and r-stationarity there is w, L=yn & Z’; 2’ yrL&fi=
1@ (kg + Di(ki) + ) = Sy & ey = Ho + Xy 7 = H, . From thls we have ”’;J > H, >0, and

7= ™ 2 Hy >0, 8 ¥; = ,; > 0. This contradicts the assumption that f0°° r(t)dt < . Therefore

Hy=0. O

Proposition 2. Let a price canonical economic path a?(t) be an r-stationary GpH path with
the property = without amortization. Then H(Q?(¢)) = 0, i.e. QP (¢) is a PH path.

Proof. By Lemma 1 there is H, = 0. Then by Lemma 2 thereis H, =0. &
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Example. Consider system (1) for the case n = 1,m = 1 with Cobb-Douglas function f(k,r) =
yk®rf and D(k) =0, a>0, >0,y >0, a+p <1. Take a control path e(t) = (r(t),c(t)) with
r(t) = v(ky + ut) #, c(t) = ¢, — constant, k, > 0,u > 0,v > 0. By direct calculation it can be found
that the functions w(t) = (k(t),s(t)), k(¢) = ko + ut, s(t) = s — fot v(k, + ut) 8 dt are the solutions
of system (1) with the initial values k,, s,, corresponding to given control path (t) if and only
if the values u, v, ¢, and the parameters g,y are joined together by the relation u = yv# — c,. This
means that Q(t) = (w(t), (1)) is economic path of system (1).
The price prolongation of system (1) is

J0H . 0H

.=—= aﬁ_ —_—— = — a—lﬁ
k T yk%r Co» 13 K Eayk®'r
. _OH Lo oH_ o )
T b=-5=0 (6)

where H = H(k,s, &y, 1, ) = &k + s = §(yk%rP — ¢,) — yr. Solutions g(e), y(¢) of (6),
corresponding to the economic path Q(t) are given by the equations

. oH .
&= ok —Zay (ko + ut)* wh (ko + ut)™* = —EayvP (ko + ut) ™4, P =0.

Their solutions, which are determined by the initial values &,, ¢, have the form

ava B

§(t) =&k, (ko + ut) , (@) =Y.

Then the path Q7 (t) = (w(t), £(t), §(1), W(B)) With k() = ko + ut,s(t) = s, — fot v(ky + u‘t)_% dr,
[e4 UB
r(t) = v(ky + ut)” 5 ,C(t) = ¢y, §(1) = &k, g (ko +ut)” VB . U(t) =W, ,u=yvP —c, is the price
canonical economic path.
Let us investigate some properties of this price canonical economic path Q7 (¢).
a) The property 0 (Definition 5): inf Z?;l &fi(QP@®) =9 > 0.
ayvP B B ayvP va
There is 1nf Eok v (ko + ut) “u y(ky + ut)® (v(ko + ut) 5) = 1nf Eoyvﬁk v (ko +ut)” =0.

This means that the path 7 (¢) does not have the property 0.
6f‘

Bfl

— = B > 0, the path Q7 (t) has the property .

Let us flnd conditions under which the considered path o (t) will be r-stabilized ¢pH path.
According to Definition 4 the path ar(t) will be resource stabilized if along this path

Tl%:@ =0, I.e. w = 0. Supposing r = 0, the path o7 () will be resource stabilized
if and only if "H(“ ©) _ o, that is if and only if it is -stationary. This gives &gk«rf~1 —y = 0,
and
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ayvﬁ ayvﬁ a B-1
foky (ko +ut)™ % yB o +ut) (vlkeo +un) F) =

ava a ayvﬁ

From this we have gk, * yBvF1(k, +ut)? « =, This will be satisfied if and only |f = —
ayvﬁ

=0, &k, * yBvF~' = y,. We have found that the price canonical economic path o (t) is r-
stationary and also r-stabilized if and only if the following conditions are satisfied:

ayvh

ayvB
=0, Soky YBvP™1 = . ™)

a ayvf
u=yvf —c, ——

15 u

As c(t) = c,, the path QP (t) is price equitable. According to Theorem the path QP (t) is the GPH
path, if conditions (7) are satisfied. Because Q?(t) has the property » and D(k) = 0, we get in
the power of Proposition 2 that Q7 (¢) is also the pH path. This assertion can be confirmed by
direct calculation too. We have

ava UB
H(QP(D) = &(vk“rP —co) —Yr =&k * (ko +ut)”

a\ B
(y(k0 + ut)® <v(k0 + ut)_E) - co) —Yov(ky + ut)_F =

a ayvﬁ a ava

(ko +ut) Pk, ¥ (ko +ut)P ¥ (yvf —cp) — Wov(ky + ut) ﬁ

and from this

a UB a «a vﬁ
H(QP(®)) = (ko +ut) F (Eo . (ko + ut)E_yT(VUB —¢) = lIJOV)-

ava a ay VB

Utilizing conditions (7), we get &k, * (ko +ut)f * (yvf —cy) —Wov =0, what means that
H(QP (1)) = 0, i.e. QP(¢) is the PH path.

3. Conclusion

Scientists have been trying to clear up what real role Hartwick s rules play in the domain
of finding conditions which would guarantee the intergenerational equity in economies with
exhaustible resources. So far under the intergenerational equity there has been understood
constant consumption or constant utility consumption function over time. In this paper there is
introduced a new look on the intergenerational equity expressed by the notion of price equity
(Definition 3). This notion generalizes the notion of constant consumption. Besides this
notion there are also introduced the notions of the generalized price Hartwick rule and the
price Hartwick rule (Definition 1), and the notion of resource stability (Definition 4). The
main achieved result is formulated in Theorem. It gives mutual equivalence results among the
price equitableness, the generalized Hartwick rule and the resource stability. The assertion of
Theorem contributes to clearing what is a real significance of Hartwick’s rules as it contains
in itself also the result that if a price canonical economic path is resource stabilized, then its
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property to be the generalized price Hartwick path is necessary and sufficient for being the
price equitable path. Propositions 1 and 2 give sufficient conditions under which the assertion
of Theorem is valid with respect to the price Hartwick path. Example in the end illustrates the
reached results.
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