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ON THE PRICE HARTWICK´S TASK AND ITS INVERSE 

IN A DYNAMIC MODEL OF AN ECONOMY  

WITH EXHAUSTIBLE RESOURCES 

 
ANTON DEKRÉT 

Cikkerova 11, 974 01 Banská Bystrica, Slovakia 

 

RUDOLF ZIMKA 
Matej Bel University, Faculty of Economics, Department of Quantitative Methods and Information 

Systems, Tajovského 10, 975 90 Banská Bystrica, Slovakia 

email: Rudolf.zimka@umb.sk 

Abstract 

Price and generalized price forms of Hartwick´s rule play an important role at finding 

conditions for intergenerational equity with respect to constant consumptions in economies 

with exhaustible resources. In the paper these price forms of Hartwick´s rule are investigated 

with respect to prices satisfying a special model, which is the price (cotangent) prolongation 

of the Dasgupta-Heal-Solow-Stiglitz model in the space of price variables. These so called 

canonical prices enable to solve the price Hartwick´s task and its inverse with respect to price 

equity (the zero value of the price evaluation of the consumption functions change rates), 

which generalizes the requirement for constant consumptions over time. An example 

illustrates reached results. 

Key words: intergenerational equity, exhaustible resource model, price prolonged model, 

canonical prices, price Hartwick´s task, inverse price Hartwick´s task. 

DOI: 10.15611/amse.2014.17.05 

1. Introduction 

 

Economies all over the world cannot exist without utilizing precious exhaustible resources. 

Scientists have been trying to find conditions under which the intergeneration equity can be 

secured with respect to constant consumption or with respect to constant utility consumption 

function. The basic result in this domain was gained by Hartwick (1977). He investigated so 

called the Dasgupta-Heal-Solow-Stiglitz model (the DHSS model; see Dasgupta and Heal 

(1974), Solow (1974), Stiglitz (1974))  

 
 𝑘 ̇ = 𝑓(𝑘, 𝑟) − 𝑐 ≡ 𝐹(𝑘, 𝑟, 𝑐) 
 𝑠̇ = −𝑟,                                      

 

with 𝑛 variables 𝑘 = (𝑘1, … , 𝑘𝑛) ∈ Kn ⊆ 𝑅+
𝑛 of the renewable capitals in 𝑛 renewable capital 

sectors and 𝑚 variables 𝑠 = (𝑠1, … , 𝑠𝑚) ∈ Sm ⊂ 𝑅+
𝑚 of the exhaustible resources, 𝑚 parameters 𝑟 =

(𝑟1, … , 𝑟𝑚) ∈ Um ⊂ 𝑅+
𝑚 of the extraction rates of the exhaustible resources and 𝑛 parameters 𝑐 =

(𝑐1, … , 𝑐𝑛) ∈ U𝑛 ⊂ 𝑅+ 
𝑛  of the consumptions in the renewable capital sectors, where 𝑘̇𝑖 =

𝑑𝑘𝑖

𝑑𝑡
, 𝑠̇𝑗 =

𝑑𝑠𝑗

𝑑𝑡
 .  Hartwick showed that if on a path satisfying the Hotelling rule all the rent from the 
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exhaustible resource 𝑠 is used for the accumulation of the renewable capital 𝑘, then the 

consumption 𝑐(𝑡) is constant over time. This assertion is known as Hartwick´s result and its 

premise as Hartwick´s rule. A path 𝛺(𝑡) = (𝑘 (𝑡), 𝑠(𝑡), 𝑟(𝑡), 𝑐(𝑡)) satisfying the DHSS model we 

call an economic path. Dixit, Hammond and Hoel (1980) expressed the idea of Hartwick´s 

rule by means of the prices  and  of the renewable capital 𝑘 and the exhaustible resource 𝑠, 

respectively. They considered multi-dimensional economy with 𝑛 renewable capitals 𝑘 =

(𝑘1, … , 𝑘𝑛), 𝑚 exhaustible resources 𝑠 = (𝑠1, … , 𝑠𝑚), 𝑚 extraction rates 𝑟 = (𝑟1, … , 𝑟𝑚), and 𝑛 

consumptions 𝑐 = (𝑐1, … , 𝑐𝑛). Dixit et all. derived conditions under which the expression ξ𝑘̇ +

ψ𝑠̇ = 𝐸, 𝐸-constant, guarantees constant utility consumption function over time. The 

expression ξ𝑘̇ + ψ𝑠̇ = 𝐸, 𝐸-constant, we call the generalized price Hartwick rule (a 𝐺𝑃𝐻 path). 

If 𝐸 is zero, then we call this expression the price Hartwick rule (a 𝑃𝐻 path). It has come out 

that Hartwick´s rules play an important role in a wider class of problems dealing with the 

reasonable utilization of exhaustible resources. This can be seen, for example, in the works of 

Dasgupta and Mitra (1983), Withagen and Asheim(1998), Cairns and Yang (2000), Asheim, 

Buchholz and Withagen (2003), and Jurča (2010)). The results in these papers put forward 

a question, what real place Hartwick´s rule has in this domain. It follows from the result of 

Hartwick (1977), that the Hartwick rule is sufficient condition for constant consumption, 

supposing that Hotelling rule is satisfied. A natural question immediately arises: Is the 

Hartwick rule also necessary condition for receiving constant consumption? Buchholz, 

Dasgupta and Mitra (2005) tackled this question, investigating a model with one renewable 

capital good and one exhaustible resource. They found conditions under which an economic 

path with constant consumption satisfying the Hotelling rule implicates the Hartwick rule.  

The aim of this paper is to contribute to the question what is a real significance of the 

Hartwick rule in this domain. In the paper we suggest other possibility of expressing the idea 

of the intergenerational equity in multi-dimensional case. There is introduced a notion of a 

price equitable path, which is expressed by the requirement, that the price evaluation of the 

consumption function change rates along an economic path has zero value at each point of 

time. This notion generalizes the requirement for constant consumptions over time. Besides 

the notion of the price equitableness there is also introduced a notion of a weak 

competitiveness This notion represent a weaker form of the notion of the Hotelling rule. The 

main achieved result is formulated in Theorem. It gives mutual equivalence results among the 

price equitableness, the generalized Hartwick rule and the weak competitiveness.  

2. Analysis of the Dasgupta-Heal-Solow-Stiglitz model in a multi-dimensional case 

In our considerations we use the Dasgupta-Heal-Solow-Stiglitz model, which we arrange 

into the form of the following dynamic control system  
 

𝑘̇𝑖 = 𝑓𝑖(𝑘, 𝑟) −  𝐷𝑖(𝑘𝑖) − 𝑐𝑖 ≡ 𝐹𝑖(𝑘, 𝑟, 𝑐),    
                                          𝑠̇𝑗 = −𝑟𝑗 ,   𝑖 = 1, … , 𝑛,   𝑗 = 1, … , 𝑚,                                                  (1) 

 

with 𝑛 variables 𝑘 = (𝑘1, … , 𝑘𝑛) ∈ Kn ⊆ 𝑅+
𝑛 of the renewable capitals in 𝑛 renewable capital 

sectors and 𝑚 variables 𝑠 = (𝑠1, … , 𝑠𝑚) ∈ Sm ⊂ 𝑅+
𝑚 of the exhaustible resources, 𝑚 parameters 𝑟 =

(𝑟1, … , 𝑟𝑚) ∈ Um ⊂ 𝑅+
𝑚 of the extraction rates of the exhaustible resources and 𝑛 parameters 𝑐 =

(𝑐1, … , 𝑐𝑛) ∈ U𝑛 ⊂ 𝑅+ 
𝑛  of the consumptions in the renewable capital sectors, where 𝑘̇𝑖 =

𝑑𝑘𝑖

𝑑𝑡
, 𝑠̇𝑗 =

𝑑𝑠𝑗

𝑑𝑡
 .  The variables 𝑘 and 𝑠 are called state variables and the variables 𝑟 and 𝑐 are called control 

variables. Denote the set of all such (𝑘, 𝑟, 𝑐) by the symbol 𝑀.  The function 𝑓𝑖(𝑘, 𝑟) is 
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production function and the function  𝐷𝑖(𝑘𝑖) is amortization function in the 𝑖𝑡ℎ renewable 

capital sector, 𝑖 = 1, … , 𝑛. We assume that all functions in system (1) are differentiable up to 

the second order on the set 𝑀, the production functions f i(k, r) are increasing and concave on 𝑀 

with respect to  and , f i(0, r) = f i(k, 0) = 0,  f i(k, r) > 0 for k > 0, r > 0. Further we assume that 

to each function f i(k, r) there exists a variable rp , p ∈ {1, … , m}, such that f i(k, r1 , … rp−1 , rp =

0, rp+1 , … , rm ) = 0, 𝑖 = 1, … , 𝑛, (this means that the resource rp is important in production), and 

rj < 𝑆𝑗
0 for 𝑡 ≥ 0, 𝑗 = 1, … , 𝑚,  𝑆𝑗

0 - the quantity of the 𝑗𝑡ℎ exhaustible resource at the beginning, 
𝑆0 = (𝑆1

0, … , 𝑆𝑚
0 ).   

In our further considerations we will work only with the open sets Kn, Sm, Un, Um, while the 

sets Sm, Un, Um are bounded in their corresponding spaces. Let 𝑟(𝑡) = (𝑟1(𝑡), … , 𝑟𝑚(𝑡)) be an 

arbitrary path in Um, satisfying the condition that ∫ rj(t)
∞

0
dt ≤ 𝑆𝑗

0 (then lim
𝑡→∞

rj(𝑡) = 0 ; therefore 

inf
𝑡≥0

rj(𝑡) = 0.), and 𝑐(𝑡) = (𝑐1(𝑡), … , 𝑐𝑛(𝑡)) be an arbitrary path in Un. A curve ε(t) = (r(t), c(t)) is 

called a control path. Let ω(t) = (k(t) > 0, s(t) > 0) be the solution of the system (1) 

corresponding to the control path ε(t) and to the initial values k(0) = k0 > 0, s(0) = s0 > 0. The 

path Ω(𝑡) = (ω(t), ε(t)) is called an economic path.  

Consider now the cotangent prolongation of the system (1)  

 

k̇i = Fi(k, r, c) =
∂H

∂ξi

, ξ̇i = −
∂H

∂ki

, i = 1, … , n,       

 

                             ṡj = −rj =
∂H

∂ψj

,                  ψ̇j = −
∂H

∂sj

,          j = 1, … , m.                         (2) 

 

where H = H(k, s, r, c, ξ, ψ) = ξk̇ + ψṡ = ∑ ξiF
i(k, r, c)n

i=1 − ∑ ψjrj 
m
j=1  is Hamiltonian of the system 

(1) (we refer our readers to Yano and Ishihara (1973) for details). We see that formally 

Hamiltonian has the form of the left-hand side of the price forms of the Hartwick rule. 

Therefore we can look at the co-variables ξ = (ξ1, … , ξn), ψ = (ψ1, … , ψm) as the prices of the 

renewable capitals 𝑘 = (𝑘1, … , 𝑘𝑛) and the exhaustible resources 𝑠 = (𝑠1, … , 𝑠𝑚), respectively. 

Therefore we can call this cotangent prolongation as the price prolongation of the Dasgupta-

Heal-Solow-Stiglitz model. 

Consider an economic path Ω(𝑡) = (ω(t), ε(t)) and an arbitrary pair of prices 

(ξ(t), ψ(t)), ξ(t) > 0, ψ(t) > 0, 𝑡 ≥ 0. A vector function Ω𝑞(𝑡) = (ω(t), ε(t), ξ(t), ψ(t)) we call a price 

economic path. If these prices (ξ(t), ψ(t)), ξ(t) > 0, ψ(t) > 0, 𝑡 ≥ 0, satisfy system (2), then a 

vector function (ω(t), ε(t), ξ(t), ψ(t)) we call a price canonical economic path and denote it by 

the symbol Ω𝑝(𝑡).The formal equivalence between Hamiltonian and the left-hand side of the 

price forms of Hartwick´s rule enable us to define the notions of a generalized price Hartwick 

path and a price Hartwick path, which were established in Introduction, also for Hamiltonian. 

Definition 1. We say that a price economic path Ω𝑞(𝑡) is a generalized price Hartwick path 

(a 𝐺𝑃𝐻 path), if Hamiltonian has along Ω𝑞(𝑡) the property 𝐻(Ω𝑞(𝑡)) = 𝐻0, 𝐻0-constant. If 𝐻0 =

0 then we say that Ω𝑞(𝑡) is a price Hartwick path (𝑎 𝑃𝐻 path).  

 

Definition 2. Consider an economic path  𝛺(𝑡) = (𝑘 (𝑡), 𝑠(𝑡), 𝑟(𝑡), 𝑐(𝑡)). We say that 𝛺(𝑡) is 

equitable path, if 𝑐𝑖(𝑡) = 𝑐𝑖
0-constant, 𝑐𝑖

0 > 0, 𝑡 ≥ 0, 𝑖 = 1, … 𝑛. 
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Definition 3. Consider a price economic path Ω𝑞(𝑡). We say that Ω𝑞(𝑡) is price equitable, if 
∑ 𝜉𝑖𝑐̇𝑖 = 0,𝑛

𝑖=1   

 

Remark 1. The notion a price equitable path generalizes the notion an equitable path. It 

seems that the notion a price equitable path can better describe changing ideas of persons or 

generations about what kinds of products and services bring them the feeling of a good 

satisfaction, maintaining at the same time the level of satisfaction approximately at constant 

value over time. For example a young person receives a greater satisfaction from buying 

fashion clothes, sport cars, etc., meanwhile an older person utilizes an allocated budget for 

buying health food, medicine, etc. 
 

Let us differentiate Hamiltonian H(k, s, r, c, ξ, ψ) = ∑ ξiF
i(k, r, c) −n

i=1 ∑ ψjrj 
m
j=1 with respect to 

time on a price canonical economic path Ω𝑝(𝑡). Utilizing system (2) we get  

 

                                   
𝑑𝐻(Ω𝑝(𝑡))

𝑑𝑡
= ∑

𝜕𝐻

𝜕r𝑗

𝑟̇𝑗 + ∑
𝜕𝐻

𝜕𝑐𝑖

𝑐̇𝑖

𝑛

𝑖=1

𝑚

𝑗=1
.                                            (3) 

 

As 
𝜕𝐻(Ω𝑝(𝑡))

𝜕r𝑗
= ∑ 𝜉𝑖

𝜕𝐹𝑖

𝜕𝑟𝑗
− 𝜓𝑗

𝑛
𝑖=1 , and 

𝜕𝐻(Ω𝑝(𝑡))

𝜕𝑐𝑖
= −𝜉𝑖 , we receive from (3)  

 

                            
𝑑𝐻(Ω𝑝(𝑡))

𝑑𝑡
= ∑ (∑ 𝜉𝑖

𝜕𝐹𝑖

𝜕𝑟𝑗

− 𝜓𝑗

𝑛

𝑖=1
) 𝑟̇𝑗 − ∑ 𝜉𝑖 𝑐̇𝑖

𝑛

𝑖=1
.                      (4)

𝑚

𝑗=1
 

 

Remark 2. If the prices ξ, ψ are not canonical, then the expression 
dH(Ωp(t))

dt
 is essentially 

different from that in (4). 

 

Definition 4. Consider a path Ω𝑞(𝑡) which need not be canonical. If 
𝜕𝐻(Ω𝑞(𝑡))

𝜕𝑟𝑗
= 0, 𝑗 = 1, … , 𝑚, we 

say that the path Ω𝑞(𝑡) is resource stationary (𝑟-stationary). If 
𝜕𝐻(Ω𝑞(𝑡))

𝜕𝑟𝑗
=constant, 𝑗 = 1, … , 𝑚, 

we say that the path Ω𝑞(𝑡) is resource equisloped (𝑟-equisloped). If ∑
𝜕𝐻(Ω𝑞(𝑡))

𝜕𝑟𝑗
𝑟̇𝑗

𝑚
𝑗=1 = 0, we say 

that the path Ω𝑞(𝑡) is resource stabilized (𝑟-stabilized). 
 

Remark 3.  

1. We see that if a path Ωq(t) is -stationary, then it is also r-stabilized. In the case  

m = 1, and ṙ ≠ 0, there holds that if Ωq(t) is -stabilized then it is also -stationary. 

2. A path Ωq(t) is -stationary if and only if it satisfies the condition  

 

                                 ∑ ξi

∂Fi

∂rj

− ψj

n

i=1
= 0, j = 1, … , m,                                                            (5) 

 

i.e. if and only if the price of the unit of the -source is equal to the evaluation of the 

production increments provided by the unit of -source, j = 1, … m. It gives the system of linear 

equations with respect to ξi, i = 1, … , n, supposing that ψj, j = 1, … , m, are given. Its solution need 

not be canonical, i.e. it need not be a solution of system (2). Since Ωq(t) = (Ω(t), ξ(t), ψ(t)) is 
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a price economic path (Ω(t) = (ω(t), ε(t)) satisfies system (1)), we can look at relation (5) as on 

the task to find to given Ω(t) such prices ξ(t), ψ(t) to get resource stationary Ωq(t).  

 

From relation (4) there immediately follows  
 

Theorem. If a price canonical economic path Ω𝑝(𝑡) has any two of the following three 

properties: 

a) it is generalized price Hartwick path, 

b) it is price equitable, 

c) it is resource stabilized, 

then it has also the remaining property. 

 

Consequence of Theorem. If a price canonical economic path Ω𝑝(𝑡) is resource stabilized, 

then it is generalized price Hartwick path if and only if it is price equitable.  

 

This means that in the case of a price canonical economic path Ωp(t) the property „Ωp(t) is 

resource stabilized“ is a sufficient condition for a generalized price Harwick path to be price 

equitable and also for its inverse. 

We see that Theorem gives a sufficient condition for a price canonical economic path Ωp(t) 

along which the property to be the generalized price Harwick path is necessary and sufficient 

for to be price equitable. If we want to receive similar result with respect to the property of a 

price canonical economic path Ωp(t) to be the price Harwick path we need to derive conditions 

under which a generalized price Harwick path is a price Harwick path. The following two 

propositions give answer to this task. 

 

Definition 5. We say that a price economic path Ω𝑞(𝑡) has the property θ, if 
𝑖𝑛𝑓

Ω𝑞(𝑡)
∑ 𝜉𝑖

𝑛
𝑖=1 𝑓𝑖(Ω𝑞(𝑡)) = 𝜗 > 0. 

 

If a path Ω𝑞(𝑡) has the property θ, then Hamiltonian H(k, s, r, c, ξ, ψ) can be expressed on the path 

Ω𝑞(𝑡) in the form  

 

H(Ω𝑞(𝑡)) = ∑ 𝜉𝑖

𝑚

𝑖=1

f i [1 −
∑ 𝜉𝑖

𝑚
𝑖=1 (𝐷𝑖 + 𝑐𝑖) + ∑ ψjrj 

m
j=1

∑ 𝜉𝑖
𝑚
𝑖=1 f i

] = ∑ 𝜉𝑖

𝑚

𝑖=1

f i[1 − 𝑃(𝑡)], 

 

           P(𝑡) =
∑ 𝜉𝑖

𝑚
𝑖=1 (𝐷𝑖 + 𝑐𝑖) + ∑ ψjrj 

m
j=1

∑ 𝜉𝑖
𝑚
𝑖=1 f i

. 

 

We see that if a path Ω𝑞(𝑡) has the property θ and 𝑃(Ω𝑞(𝑡)) > 1, or P(Ω𝑞(𝑡)) < 1, or P(Ω𝑞(𝑡)) = 1, 

then  H(Ω𝑞(𝑡)) < 0, or H(Ω𝑞(𝑡)) > 0, or H(Ω𝑞(𝑡)) = 0, respectively. 

 

Proposition 1. Let Ω𝑞(𝑡) be a 𝐺𝑃𝐻 path with the property θ. If 𝑎) 𝑖𝑛𝑓
Ω𝑞(𝑡)

𝑃(Ω𝑞(𝑡)) = 1 or 

𝑏) 𝑠𝑢𝑝
Ω𝑞(𝑡)

𝐻(𝑘, 𝑠, 𝜉, 𝜓, 𝑟, 𝑐) = 1 or c) there exists 𝑡1 such that 𝑃(Ω𝑞(𝑡1)) = 1, then 𝐻(Ω𝑞(𝑡)) = 𝐻0 = 0, 

i.e. Ω𝑞(𝑡) is a 𝑃𝐻 path. 
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Proof. a) According to the assumption of Proposition 1 there is P(Ω𝑞(𝑡)) ≥ 1, and consequently 

H(Ω𝑞(𝑡)) = 𝐻0 ≤ 0.  From this assumption it also follows that there does not exist 𝜀 > 0 such 

that P(Ω𝑞(𝑡)) =
∑ 𝜉𝑖

𝑚
𝑖=1 (𝐷𝑖+𝑐𝑖)+∑ ψjrj 

m
j=1

∑ 𝜉𝑖
𝑚
𝑖=1 fi ≥ 1 + 𝜀  for 𝑡 ≥ 0.  From this we have ∑ 𝜉𝑖

𝑚
𝑖=1 (𝐷𝑖 + 𝑐𝑖) +

∑ ψjrj 
m
j=1 ≥ ∑ 𝜉𝑖

𝑚
𝑖=1 f i + 𝜀 ∑ 𝜉𝑖

𝑚
𝑖=1 f i𝑖

,  and from this − 𝜀 ∑ 𝜉𝑖
𝑚
𝑖=1 f i ≥ ∑ 𝜉𝑖

𝑚
𝑖=1 f i − ∑ 𝜉𝑖

𝑚
𝑖=1 (𝐷𝑖 + 𝑐𝑖) −

∑ ψjrj 
m
j=1 = 

H(Ω𝑞(𝑡)). We see that there does not exist 𝜀 > 0 such that − 𝜀 ∑ 𝜉𝑖
𝑚
𝑖=1 f i ≥ H(Ω𝑞(𝑡)). Thus we get 

H(Ω𝑞(𝑡)) ≤ −𝜀𝜗, as Ω𝑞(𝑡) has the property θ. We see that there does not exist a number 𝛼 = 𝜀𝜗 >

0 such that H(Ω𝑞(𝑡)) ≤ − 𝛼. This means that there cannot be H(Ω𝑞(𝑡)) < 0. As H(Ω𝑞(𝑡)) ≤ 0, we 

get H(Ω𝑞(𝑡)) = 𝐻0 = 0. The case b) can be proved analogously. The case c) is evident.     
 

Definition 6. We say that a price economic path Ω𝑞(𝑡) has the property 𝛴, if there exists 𝑗 ∊

{1, … , 𝑚} and 𝜎 > 0 such that on the path Ω𝑞(𝑡) there is 

𝜕𝑓𝑖

𝜕𝑟𝑗
 𝑟𝑗

𝑓𝑖 ≥ 𝜎 for 𝑡 ≥ 0, 𝑖 = 1, … , 𝑛. 

 

Consider 𝐾(𝑡) = 𝜉(𝑡)𝑘(𝑡) + 𝜓(𝑡)𝑠(𝑡) = ∑ 𝜉𝑖𝑘𝑖 +𝑛
𝑖=1 ∑ 𝜓𝑗𝑠𝑗

𝑚
𝑗=1 . By our assumptions 𝐾(𝑡) ≥ 0,

𝜕𝑓𝑝

𝜕𝑘𝑖
> 0, 𝑖, 𝑝 = 1, … , 𝑛. The following considerations were inspired by Jurča 

(2010, PhD Thesis, The section 4.4). 

 

Lemma 1. Suppose that the amortization 𝐷𝑖 = 0, 𝑖 = 1, … , 𝑛. If a price canonical economic path 

Ω𝑝(𝑡) is a 𝐺𝑃𝐻 path, then 𝐻(Ω𝑝(𝑡)) = 𝐻0 ≥ 0. 

 

Proof. Suppose that 𝐻0 < 0. Differentiating 𝐾(𝑡) with respect to time, we receive  
𝑑𝐾(𝑡)

𝑑𝑡
= 𝜉̇𝑘 + 𝜉𝑘̇ + 𝜓̇𝑠 + 𝜓𝑠̇ = ∑ 𝜉𝑖̇𝑘𝑖 + ∑ 𝜉𝑖𝐹

𝑖𝑛
𝑖=1 −𝑛

𝑖=1 ∑ 𝜓𝑗𝑟𝑗 =𝑚
𝑗=1 𝐻0 + ∑ 𝜉𝑖̇𝑘𝑖 .

𝑛
𝑖=1   

From this, utilizing that 𝜉𝑖̇ = −
𝜕𝐻

𝜕𝑘𝑖
= − ∑ 𝜉𝑝

𝜕𝐹𝑝

𝜕𝑘𝑖

𝑛
𝑝=1 , we get  

𝑑𝐾(𝑡)

𝑑𝑡
= 𝐻0 − − ∑ ∑ 𝜉𝑝

𝜕𝑓𝑝

𝜕𝑘𝑖

𝑛
𝑝=1 𝑘𝑖  < 0.𝑛

𝑖=1  

Therefore 𝐾(𝑡) is decreasing, and lim
𝑡→∞

𝑑𝐾(𝑡)

𝑑𝑡
≤ 𝐻0 < 0. This means that there exists 𝑡1 such that 

𝐾(𝑡) < 0 for 𝑡 > 𝑡1. This contradicts the assumption that 𝐾(𝑡) ≥ 0. Therefore 𝐻0 ≥ 0.     

 

Lemma 2. Let a path Ω𝑞(𝑡) be an 𝑟-stationary 𝐺𝑃𝐻 path with the property 𝛴. If 𝐻(Ω𝑞(𝑡)) ≥ 0, 

then 𝐻(Ω𝑞(𝑡)) = 0, i.e. Ω𝑞(𝑡) is a 𝑃𝐻 path. 
 

Proof. By the assumption there is 𝐻(Ω𝑞(𝑡)) = 𝐻0 ≥ 0. We show that it cannot be 𝐻0 > 0. Let 

𝐻0 > 0. Then by the property 𝛴 and 𝑟-stationarity there is 
𝜓𝑗𝑟𝑗

𝜎
= ∑ 𝜉𝑖

𝜕𝑓𝑖

𝜕𝑟𝑗

𝑛
𝑖=1  

𝑟𝑗

𝜎
≥ ∑ 𝜉𝑖

𝑛
𝑖=1 𝑓𝑖 =

∑ 𝜉𝑖
𝑛
𝑖=1 (𝑘̇𝑖 + 𝐷𝑖(𝑘𝑖) + 𝑐𝑖) ≥ ∑ 𝜉𝑖

𝑛
𝑖=1 𝑘̇𝑖 = 𝐻0 + ∑ 𝜓𝑗𝑟𝑗

𝑚
𝑗=1 ≥ 𝐻0 . From this we have 

𝜓𝑗𝑟𝑗

𝜎
≥ 𝐻0 > 0, and 

𝑟𝑗 ≥
𝜎

𝜓𝑗
𝐻0 > 0, as 𝜓𝑗 = 𝜓0𝑗 > 0. This contradicts the assumption that ∫ 𝑟(𝑡)𝑑𝑡 < ∞

∞

0
. Therefore 

𝐻0 = 0.     
 

Proposition 2. Let a price canonical economic path Ω𝑝(𝑡) be an 𝑟-stationary 𝐺𝑃𝐻 path with 

the property 𝛴 without amortization. Then 𝐻(Ω𝑝(𝑡)) = 0, i.e. Ω𝑝(𝑡) is a 𝑃𝐻 path. 

 

Proof. By Lemma 1 there is 𝐻0 ≥ 0. Then by Lemma 2 there is 𝐻0 = 0.     
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Example. Consider system (1) for the case 𝑛 = 1, 𝑚 = 1 with Cobb-Douglas function 𝑓(𝑘, 𝑟) =

𝛾𝑘𝛼𝑟𝛽 and 𝐷(𝑘) = 0,  𝛼 > 0, 𝛽 > 0, 𝛾 > 0, 𝛼 + 𝛽 ≤ 1. Take a control path ε(t) = (r(t), c(t)) with 

𝑟(𝑡) = 𝑣(𝑘0 + 𝑢𝑡)
−

𝛼

𝛽, 𝑐(𝑡) = 𝑐0 − constant, 𝑘0 > 0, 𝑢 > 0, 𝑣 > 0. By direct calculation it can be found 

that the functions ω(t) = (k(t), s(t)), 𝑘(𝑡) = 𝑘0 + 𝑢𝑡, 𝑠(𝑡) =  𝑠0 − ∫ 𝑣(𝑘0 + 𝑢τ)
−

𝛼

𝛽
𝑡

0
dτ are the solutions 

of system (1) with the initial values 𝑘0,  𝑠0, corresponding to given control path ε(t) if and only 

if the values 𝑢, 𝑣, 𝑐0 and the parameters 𝛽, 𝛾 are joined together by the relation 𝑢 = 𝛾𝑣𝛽 − 𝑐0. This 

means that Ω(𝑡) = (ω(t), ε(t)) is economic path of system (1).  

The price prolongation of system (1) is  

 

𝑘̇ =
∂H

∂ξ
= 𝛾𝑘𝛼𝑟𝛽 − 𝑐0, ξ̇ = −

∂H

∂k
= −ξ𝛼𝛾𝑘𝛼−1𝑟𝛽 ,       

                             𝑠̇ =
∂H

∂ψ
= −r,                          ψ̇ = −

∂H

∂s
= 0,                                             (6) 

 

where H = H(k, s, ξ, ψ, r, c) = ξk̇ + ψṡ = ξ(𝛾𝑘𝛼𝑟𝛽 − 𝑐0) − ψr. Solutions ξ(𝑡), ψ(𝑡) of (6), 

corresponding  to the economic path Ω(𝑡) are given by the equations 

 

ξ̇ = −
∂H

∂k
= −ξ𝛼𝛾(𝑘0 + 𝑢𝑡)𝛼−1𝑣𝛽(𝑘0 + 𝑢𝑡)−𝛼 = −ξ𝛼𝛾𝑣𝛽(𝑘0 + 𝑢𝑡)−1, ψ̇ = 0. 

 

Their solutions, which are determined by the initial values ξ0, ψ0, have the form  

 

ξ(𝑡) = ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢 ,    ψ(𝑡) = ψ0 .  

 

Then the path Ω𝑝(𝑡) = (ω(t), ε(t), ξ(t), ψ(t)) with 𝑘(𝑡) = 𝑘0 + 𝑢𝑡, 𝑠(𝑡) =  𝑠0 − ∫ 𝑣(𝑘0 + 𝑢τ)
−

𝛼

𝛽
𝑡

0
dτ, 

𝑟(𝑡) = 𝑣(𝑘0 + 𝑢𝑡)
−

𝛼

𝛽, c(𝑡) = 𝑐0, ξ(𝑡) = ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢 ,, ψ(𝑡) = ψ0 , 𝑢 = 𝛾𝑣𝛽 − 𝑐0, is the price 

canonical economic path. 

Let us investigate some properties of this price canonical economic path Ω𝑝(𝑡). 

a) The property θ (Definition 5): inf
Ω𝑝(𝑡)

∑ 𝜉𝑖
𝑚
𝑖=1 f i(Ω𝑝(𝑡)) = 𝜗 > 0. 

There is inf
Ω𝑝(𝑡)

ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢 𝛾(𝑘0 + 𝑢𝑡)𝛼 (𝑣(𝑘0 + 𝑢𝑡)
−

𝛼

𝛽)
𝛽

= inf
Ω𝑝(𝑡)

ξ0𝛾𝑣𝛽𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢 = 0. 

This means that the path Ω𝑝(𝑡) does not have the property θ. 

b) The property 𝛴 (Definition 6): On the path Ω𝑝(𝑡) there is 

𝜕𝑓𝑖

𝜕𝑟𝑗
 𝑟𝑗

𝑓𝑖 ≥ 𝜎 > 0. 

As 

𝜕𝑓𝑖

𝜕𝑟𝑗
 𝑟𝑗

𝑓𝑖 = 𝛽 > 0, the path Ω𝑝(𝑡) has the property 𝛴. 

Let us find conditions under which the considered path Ω𝑝(𝑡) will be 𝑟-stabilized 𝐺𝑃𝐻 path. 

According to Definition 4 the path Ω𝑝(𝑡) will be resource stabilized if along this path 

∑
𝜕𝐻(Ω𝑝(𝑡))

𝜕r𝑗
𝑟̇𝑗

𝑚
𝑗=1 = 0, i.e. 

𝜕𝐻(Ω𝑝(𝑡))

𝜕𝑟
𝑟̇ = 0. Supposing 𝑟̇ ≠ 0, the path Ω𝑝(𝑡) will be resource stabilized 

if and only if 
𝜕𝐻(Ω𝑝(𝑡))

𝜕𝑟
= 0, that is if and only if it is 𝑟-stationary. This gives ξ𝛾𝛽𝑘𝛼𝑟𝛽−1 − ψ = 0, 

and  
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ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢 𝛾𝛽(𝑘0 + 𝑢𝑡)𝛼 (𝑣(𝑘0 + 𝑢𝑡)
−

𝛼
𝛽)

𝛽−1

= ψ0. 

 

From this we have ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 𝛾𝛽𝑣𝛽−1(𝑘0 + 𝑢𝑡)
𝛼

𝛽
−

𝛼𝛾𝑣𝛽

𝑢 = ψ0. This will be satisfied if and only if 
𝛼

𝛽
−

𝛼𝛾𝑣𝛽

𝑢
= 0, ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 𝛾𝛽𝑣𝛽−1 = ψ0. We have found that the price canonical economic path Ω𝑝(𝑡) is 𝑟-

stationary and also 𝑟-stabilized if and only if the following conditions are satisfied: 

 

                      𝑢 = 𝛾𝑣𝛽 − 𝑐0,
𝛼

𝛽
−

𝛼𝛾𝑣𝛽

𝑢
= 0, ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 𝛾𝛽𝑣𝛽−1 = ψ0.                 (7) 

 

As 𝑐(𝑡) = 𝑐0, the path Ω𝑝(𝑡) is price equitable. According to Theorem the path Ω𝑝(𝑡) is the 𝐺𝑃𝐻 

path, if conditions (7) are satisfied. Because Ω𝑝(𝑡) has the property 𝛴 and 𝐷(𝑘) = 0, we get in 

the power of Proposition 2 that Ω𝑝(𝑡) is also the 𝑃𝐻 path. This assertion can be confirmed by 

direct calculation too. We have  

 

𝐻(Ω𝑝(𝑡)) = ξ(𝛾𝑘𝛼𝑟𝛽 − 𝑐0) − ψr = ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)−
𝛼𝛾𝑣𝛽

𝑢  

(𝛾(𝑘0 + 𝑢𝑡)𝛼 (𝑣(𝑘0 + 𝑢𝑡)
−

𝛼
𝛽)

𝛽

− 𝑐0) − ψ0𝑣(𝑘0 + 𝑢𝑡)
−

𝛼
𝛽 = 

(𝑘0 + 𝑢𝑡)
−

𝛼
𝛽ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)
𝛼
𝛽

−
𝛼𝛾𝑣𝛽

𝑢 (𝛾𝑣𝛽 − 𝑐0) − ψ0𝑣(𝑘0 + 𝑢𝑡)
−

𝛼
𝛽 , 

 

and from this  

 

𝐻(Ω𝑝(𝑡)) = (𝑘0 + 𝑢𝑡)
−

𝛼
𝛽 (ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)
𝛼
𝛽

−
𝛼𝛾𝑣𝛽

𝑢 (𝛾𝑣𝛽 − 𝑐0) − ψ0𝑣). 

 

Utilizing conditions (7), we get ξ0𝑘0

𝛼𝛾𝑣𝛽

𝑢 (𝑘0 + 𝑢𝑡)
𝛼

𝛽
−

𝛼𝛾𝑣𝛽

𝑢 (𝛾𝑣𝛽 − 𝑐0) − ψ0𝑣 = 0, what means that 

𝐻(Ω𝑝(𝑡)) = 0, i.e. Ω𝑝(𝑡) is the 𝑃𝐻 path. 
 

3. Conclusion 

 

Scientists have been trying to clear up what real role Hartwick´s rules play in the domain 

of finding conditions which would guarantee the intergenerational equity in economies with 

exhaustible resources. So far under the intergenerational equity there has been understood 

constant consumption or constant utility consumption function over time. In this paper there is 

introduced a new look on the intergenerational equity expressed by the notion of price equity 

(Definition 3). This notion generalizes the notion of constant consumption. Besides this 

notion there are also introduced the notions of the generalized price Hartwick rule and the 

price Hartwick rule (Definition 1), and the notion of resource stability (Definition 4). The 

main achieved result is formulated in Theorem. It gives mutual equivalence results among the 

price equitableness, the generalized Hartwick rule and the resource stability. The assertion of 

Theorem contributes to clearing what is a real significance of Hartwick´s rules as it contains 

in itself also the result that if a price canonical economic path is resource stabilized, then its 
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property to be the generalized price Hartwick path is necessary and sufficient for being the 

price equitable path. Propositions 1 and 2 give sufficient conditions under which the assertion 

of Theorem is valid with respect to the price Hartwick path. Example in the end illustrates the 

reached results. 
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