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Electromagnetic scattering 
by dielectric bodies

Two basic integral-equation formulations for scattering by dielectric bodies are discussed: the 
surface integral equation and the volume integral equation. Special attention is given to the prob­
lem of scattering by dielectrics in a multilayer environment, which is important in a variety of 
contemporary microwave applications. A new formulation for inhomogeneous bodies with rota­
tional symmetry is introduced both for the case of free-space and for layered media. A new type of 
divergenceless basis functions is developed for this formulation, which together with the mixed- 
potential integral-equation technique considerably enhances the algorithm efficiency. New for­
mulas for modal decomposition of incident plane wave fields and far-field approximations are 
also stated for the multilayer environment. The methods presented are validated through a great 
number of examples concerning scattering, radiation as well as resonance problems. Example ap­
plications of the methods are also outlined.



Major notations

A - magnetic vector potential,
A, B - auxiliary coefficients in vector potential kernel expressed in polar coordinate system,
C* - correction factor,

C* - correction term,
D - electric flux density, vector of coefficients describing electric flux density,
E - electric field,
F - electric vector potential,
f - frequency,
fn(r) - basis or testing function,

G F (r | r') - scalar Green ’ s function for free-space electric vector potential calculations,
GA (r | r') - scalar Green’s function for free-space magnetic vector potential calculations, 
G(r|r') - scalar Green’s function,
Gm - modal Green’s function,
Ga (r | r') - dyadic Green’s function for calculation of electric field due to electric current, 

Gem (r | r')~ dyadic Green’s function for calculation of electric field due to magnetic current, 

Ghj (r | r') - dyadic Green’s function for calculation of magnetic field due to electric current, 

Ghm (r |r') - dyadic Green’s function for calculation of magnetic field due to magnetic current, 

G(r|r') - dyadic Green’s function,

GA(r |r') - magnetic vector potential dyadic Green’s function,

GF(r | r') - electric vector potential dyadic Green’s function,

Smi _ P'tyPe modal basis functions,
hmi _ z-tyP6 modal basis functions,
H - magnetic field,
I - vector integral,
I - unit dyadic,

ip, vp - equivalent current and voltage sources in the transmission line model of the layered medium, 
J - electric current density,
J„ - Bessel function of the first kind and order n, 
K - electric or magnetic current,
K_a - corrected vector potential kernel, 

K_a - modal corrected vector potential kernel,
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k = =2n/A - wave number,

^0 - scalar potential kernel,
- modal scalar potential kernel,

kx, 
k = xkx + yky 

k^k'+k2

- coordinates in the spectral domain,

- parameter of the two-dimensional Fourier transform,

- distance from the origin of the coordinate system in spectral domain, integration

K=^2~k2p
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variable in Sommerfeld integrals,
- propagation constant in the equivalent transmission line circuit,

- generating arc of the rotationally symmetric body,
- auxiliary functions in the modal vector potential kernel for multilayer media,
- magnetic current density,
- magnetic charge density, or the mode number,
- unit vector normal to the surface,
- rotation matrix in spectral domain,

- quality factor,
- electric charge density,
- vector joining source and observation points,
- unit vector in the direction of R,
- rotation dyadic in DBOR technique,

- distance between source and observation points,
- homogeneous region of space,
- boundary of R.,

r

(rW) 

r, r' 
S
S 
Sm 
Sij 
sj} 
T 
(w,v,z)

U,V,Z 
V
VPJP

(x,y,z) 

x,y,z 

Zp, Yp 
£

- distance to the far-field observation point,
- unit vectors in spherical coordinate system,
- coordinates in spherical coordinate system,
- observation and source point vectors,
- impedance matrix,
- surface of the body of interest,
- impedance matrix for mode m,
- surface boundary between regions i and j,
- Sommerfeld integral,
- transverse plane of the rotationally symmetric body,
- coordinates in the rotated spectrum-domain coordinate system,
- unit vectors in the rotated spectrum-domain coordinate system,
- volume of the body of interest,
- voltage and current in the equivalent transmission line circuit,
- transmission-line Green’s functions,
- coordinates in Cartesian coordinate system,
- unit vectors in Cartesian coordinate system,

- impedance and admittance of the equivalent transmission line circuit,
- dielectric permittivity,
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- relative dielectric permittivity, 
- electric scalar potential,
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- vector potential kernel in azimuthal coordinates,

- modal vector potential kernel,

- medium intrinsic impedance,
- modal Sommerfeld integral,
- contrast ratio,
- wavelength,
- magnetic permeability,
- unit vectors in polar coordinate system,
- coordinates in polar coordinate system,
- conductivity,
- surface electric charge density,

- radar cross-section,
- angular frequency,
- rotation angle of the coordinate system in the spectral domain,
- magnetic scalar potential,
- coordinates in the polar coordinate system associated with the source point.



Abbreviations and acronyms

ABC - Absorbing Boundary Condition
BEM - Boundary Element Method
BOR - Body of Revolution
CDR - Cylindrical Dielectric Resonator
CFIE - Combined Field Integral Equation
CGM - Conjugate Gradient Method 
DBOR - Discrete Body of Revolution 
DCIM - Discrete Complex Image Method 
DGF - Dyadic Green’s Function 
DR - Dielectric Resonator
DRA - Dielectric Resonator Antenna
EBC - Extended Boundary Condition
EFIE - Electric Field Integral Equation
FD-TD - Finite Differences Time Domain 
FEM - Finite Element Method 
FFT - Fast Fourier Transform
FIA - Finite Integration Algorithm
GMT - Generalized Multipole Technique
HEM - Hybrid Electro-Magnetic
IBC - Impedance Boundary Condition
MBC - Magnetically Conducting Sheet Boundary Condition 
MFIE - Magnetic Field Integral Equation 
MIC - Microwave Integrated Circuit
MM - Mode Matching
MMP - Multiple Multipoles
MoM - Method-of-Moments
MPIE - Mixed Potential Integral Equation
PEC - Perfect Electric Conductor 
POFM - Pencil-Of-Function Method 
RBC - Resistive Sheet Boundary Condition 
RCS - Radar Cross-Section
SIE - Surface Integral Equation 
TE - Transverse Electric
TLGF - Transmission Line Green’s Function
TLM - Transmission Line Matrix
TM - Transverse Magnetic
VFT -Vector Fourier Transform
VIE - Volume Integral Equation



Chapter 1. Introduction

1.1. Numerical methods in electromagnetics

The works of Richmond [170, 171, 172] published in the mid-sixties enounced an 
era of modern computers used to solve problems in the scientific branch called 
“electromagnetics”. Since that time an extraordinary amount of research has been 
devoted to the development of new methods and computer codes allowing us to solve 
more or less specific topics arising when solving Maxwell’s equations according to 
the given boundary and initial conditions [165, 213].

Earlier software was written with strong limitations of computer power in mind, 
which resulted in much “preprocessing” work concerning analytical developments, go­
ing on as far as possible for the given types of problems and applying a numerical method 
at the last stage of the solution process. Among the techniques dealing with radiation and 
scattering problems special attention should be given to the method-of-moments (MoM) 
introduced by Harrington [61]. This method of solving partial integro-differential equa­
tions has been successfully applied both in frequency and time domains, for solving 
problems concerning so-called perfect electric conductors (PECs): wires, thin plates or 
solid bodies [42, 85, 124, 125, 160, 161, 168, 170], non-perfect conductors [131, 148] 
and homogeneous [42, 123, 197, 217], partially homogeneous [93, 128, 130, 181] or 
inhomogeneous [25, 55, 54, 178, 195] material bodies. The method-of-moments is usu­
ally used in conjunction with integral equation techniques [58, 61, 59] because of their 
“global” nature, which among other features, results in a particularly easy incorpora­
tion into the solution of the “radiation conditions”, i.e., dealing with problems arising 
when the spatial analysis domain is unbounded. It should be noted that the term 
“method-of-moments” in its generalized sense [118, 208] is used for a wide class of 
methods which are known under other names because of historical reasons. Repre­
sentative examples [12, 68, 208] include the boundary element method (BEM), the 
mode matching (MM) method, the multiple multipoles (MMP) method or Rumsey’s 
reaction method [173] as well as iterative solutions like the conjugate gradient method 
(CGM) [208],
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The other class of techniques called variational methods has been adapted to elec­
tromagnetic field solutions from mechanical engineering. Among those methods, an 
extremely important role is played by the finite element method (FEM). An interest­
ing point is that the final FEM procedure can also be obtained through the use of the 
moments method applied to equations with differential operators [47, 146], instead of 
the classical approach of finding and minimizing a certain proper expression [68], An 
important feature of FEM is that the final step of this method includes an inversion of 
a matrix that can be referred to as “sparse” [68] (contrary to MoM where matrices are 
“dense”) for which a set of very efficient algorithms has been developed.

The fascinating growth of computational power of contemporary computer sys­
tems resulted in the development of numerical methods reducing to a minimum the 
“analytical” portion of the work, starting instead with the discrete approximation of 
Maxwell’s equations. The leaders in this area include the finite-differences time­
domain (FD-TD) method, the transmission line matrix (TLM) method or the finite 
integration algorithm (FIA). In those techniques, the research effort concentrates on 
incorporating original approaches for various types of the geometry investigated, such 
as thin wires, edges and strips [34, 158, 167, 38], the exact representation of compli­
cated shapes [38, 53], breaking up larger problems into smaller ones [157], etc.

An important feature of all techniques where a part of space is “digitized” into 
some sort of a mesh structure is the “local” character of (usually differential) op­
erators involved. It makes these methods particularly well suited for dealing with 
highly inhomogeneous problems with well-defined boundary conditions, for exam­
ple, closed configurations of microwave circuits or electromagnetic compatibility 
testing devices. In order to model open structures one must define an artificial 
boundary for which some kind of local absorbing boundary conditions (ABCs) is ap­
plied [12, 65, 68], A promising alternative is to apply global boundary conditions, 
which results in a number of hybrid techniques [9, 14], where “mesh” techniques 
are used for solving the internal problem, whilst an integral equation method is used 
for the transition into an unbounded region. It should also be noticed that “mesh” 
methods as “purely” numerical ones, generally often sacrifice the knowledge of 
physical phenomena associated with the analyzed structures. It is well known that 
the analytical or semi-analytical solutions give information about a whole set of 
similar situations, whilst with the numerical methods, the resulting solution pertains 
only to one particular problem and therefore any generalizations are rather difficult. 
It is also a rather trivial statement that computer resources needed for solving 
a given problem based on the full general code resulting from a direct approxima­
tion of Maxwell’s equations are usually a few magnitudes greater than the resources 
needed for more specialized programs. The difference in the calculation time can be 
as much as weeks or months as compared to minutes. Considering this, such meth­
ods are sometimes referred to as “brute force” as opposed to more sophisticated 
however much less general techniques.
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1.2. Problems concerning dielectric bodies

Interaction of electromagnetic fields with dielectric bodies has been in the focus of 
attention almost since the first numerical methods were developed. The problems of 
interest can be subdivided into two independent types. First, we investigate material 
bodies, which can be considered as rather small “islands” of matter existing in sur­
rounding space for which analytical field solutions (in the absence of a body) are 
known, a typical example here being the “free space”. Such situations are encountered 
when investigating scattering by dielectrics in antenna problems [84, 149], propaga­
tion through rainy regions or other hydrometeors [163], field interactions with human 
body [164], radar science [74], waveguide techniques [206], and many others. On the 
other hand, similar phenomena are considered when dealing with resonators in mi­
crowave integrated circuits (MICs) [52, 149], or more recently in dielectric resonator 
antennas (DRAs) [117]. Problems of the second type include cases where dielectrics 
cannot be considered as “small regions”, or when material parts constitute an 
“environment” for other more specific problems. Examples of such situations are 
dielectric half-space (realistic ground) problems in antenna theory [85, 188], micro­
strip antennas [155, 159] or layered dielectric configurations in closed or opened wave­
guide problems [174]. Both kinds of the problems mentioned will be addressed here, 
however two general assumptions are made throughout the monograph. First, we fo­
cus our attention only on purely dielectric isotropic bodies, although some of the con­
cepts presented can also be easily extended to other classes, of which issues concern­
ing both dielectrics and conductors are of particular interest. Second, the situations 
under consideration are thought of as “three-dimensional”, whilst we bear in mind 
a wide class of “two-dimensional” solutions, which are especially useful in micro­
wave applications [174]. The latter assumption results mainly from the author’s key 
interest in a wide class of “antenna problems” and, on the other hand, it also imposes 
a logical boundary on the scope of the study.

A great number of methods for solving the scattering problems have been devel­
oped [57, 147, 208]. As mentioned in the previous section, special attention is usually 
given to techniques which use the method-of-moments (MoM) as the solution scheme 
[61], or more recently, the hybrid techniques [9, 13, 14, 30, 31, 36, 47], which apply 
the MoM to properly model radiation condition at the boundary of a dielectric region 
and another technique, such as the finite element method to model fields inside that 
region. The MoM solutions have been developed for various dielectric bodies in­
cluding: homogeneous [42, 89, 123, 197], partially homogeneous [48, 128, 130, 181, 
182], or heterogeneous [116, 178, 191, 192, 195, 209] ones. In three-dimensional 
models, the number of unknowns in the matrix equation is usually very large. In order 
to overcome this, researchers often take advantage of certain symmetries characteris­
tic of the given classes of objects in order to reduce the total number of unknowns.
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Among the techniques of interest, the case of bodies of revolution (BOR) plays an 
important role [6, 42, 125, 128]. As to the methods developed for BORs some of them 
pertain to homogeneous bodies [40, 42, 123], whilst others to inhomogeneous ones 
[48, 130]. However, most of these methods rely on surface currents in order to satisfy 
the boundary conditions. This leads to serious computational problems, when a great 
number of very small homogeneous parts have to be treated in a model. This is par­
ticularly true when one wants to model objects with a continuously varying dielectric 
constant. Up to now, mainly hybrid methods mentioned earlier are suitable enough for 
solving such problems, which usually seriously complicates the solution scheme.

Recently, the works of Viola [200, 201] have given a theoretical background for 
efficient modeling of highly heterogeneous BORs using the McM techniques. Electric 
field integral equations (EFIEs) presented in [200, 201] are characteristic in that dif­
ferential operators do not affect the field components, which enables the application 
of a simple expansion scheme (pulse basis functions). However, the above can only be
done when we assume that the dielectric constant er is a well-behaved (continuously 
differentiable) function of position. In fact, it means that incorporating for example 
step discontinuities in the permittivity profiles requires that additional surface inte­
grals should be taken into account [203].

Of the problems with more complex environments, the case of multilayer, laterally 
infinite media with vertical stratification is of particular interest. Up to now most 
techniques have been developed for conductive bodies [137, 141] and only a few so­
lutions deal with dielectrics [40, 41, 36, 74]. As will be shown later on, ideas particu­
larly useful for generalization in the case of dielectric bodies embedded in stratified 
media can be attributed to Michalski and co-workers [134, 135, 140, 141, 142], be­
cause of their natural treatment of current sources oriented arbitrarily in space.

As already mentioned, the problem of electromagnetic scattering by the material 
bodies is closely related to the problem of internal resonance. This resonance 
causes rapid changes of the scattering parameters of the given body at discrete fre­
quencies (called resonant frequencies). This fact is widely used in the dielectric 
resonators (DRs), which are commonly applied to microwave circuits because of 
their low cost, small size and temperature stability. In recent years, they have also 
been often utilized as so-called resonant dielectric cavity antennas (DRAs - Di­
electric Resonator Antennas) [37, 77, 78, 79, 88, 92, 109, 112, 117, 127, 187]. Al­
though most of the practical solutions are devoted to homogeneous resonator 
structures, recent efforts have also been directed towards inhomogeneous ones, 
mainly because of the search for bandwidth enhancement techniques. Example ap­
plications of heterogeneous configurations comprise stacked resonators [91, 119], 
resonators with an air gap [180], or dielectric-coated DRs [26, 216].

A number of analysis methods for dielectric resonators have been proposed in litera­
ture, most of them concerning isolated structures, bodies placed on PEC ground or 
shielded resonators [32, 44, 52, 72, 80, 81, 97, 145, 149, 196, 223]. Considering the 
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subject of this monograph it is interesting to state that the solutions are often based on 
scattering methods, which stems from the resonance definition describing this phe­
nomenon as the existence of non-zero field solutions (resonant modes') when no inci­
dent fields are present [83, p. 269], [93]. However, again there is much interest in the 
analysis of resonators placed in a more general multilayer environment. Furthermore, 
the current state of the art in the area of inhomogeneous structure modeling is in the 
author’s opinion far from being satisfactory.

* * *

The monograph is organized as follows: first, general concepts useful in modeling 
the various types of dielectric bodies are presented and discussed, assuming that field 
solutions for an “empty” environment surrounding the body are available (Chapter 2). 
Next, in Chapter 3 we address the method based on the concept of Green’s functions, 
which is of particular importance considering the solutions put forward. We focus 
here on two special cases, including a free space environment and multilayer media. 
Special attention is given to the problem of how to deal with singularities encountered 
in the equations introduced. Chapter 4 is devoted to an important set of problems 
pertaining to bodies with rotational symmetry. New original equations for analyzing 
such structures are also introduced. In Chapter 5, we discuss the methods for solving 
integral equations given in the preceding sections.

Chapters 6 and 7 provide formulas needed for scattering calculations, i.e., we discuss 
plane wave impressed fields and far-field approximations. Chapter 8 gives a number of 
computational examples, which validate techniques developed by the author, concerning 
both scattering and resonator problems. Chapter 9 presents the conclusions.

Other aspects not essential for understanding the main part of this monograph, but 
necessary for the sake of completeness of the numerical methods presented, are 
grouped in the Appendices. The e'“" time dependence is assumed throughout the 
monograph and has been suppressed.

It should be noted that the author’s essential contribution has been included in 
Chapters 4-8 and is devoted mainly to scattering by dielectric bodies-of-revolution. 
Chapters 2 and 3, although incorporating some original ideas, can be treated as a gen­
eral background introducing concepts developed further on. However, it has to be 
stated that although BOR geometries may be considered as special cases of three- 
dimensional (3D) bodies, the BOR solutions theory is based on full 3D formulas. In 
other words, the correctness of (more sophisticated) BOR methods proves also the 
correctness of the underlying 3D formulas.

Some parts of the material presented in this monograph have been adapted (with 
permission) from author’s papers appearing in, or submitted to IEEE Transactions on 
Microwave Theory and Techniques, IEEE Transactions on Antennas and Propagation 
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(ref. [104, 105, 107], © 2000, 2001 IEEE). Some other fragments are written based on 
author’s papers printed in Microwave and Optical Technology Letters (ref. [100, 101, 
103], © 1999, 2000 John Wiley&Sons) and submitted to Electronics and Telecommu­
nications Quarterly (ref. [106]). All adapted sections, plots and tables are properly 
referenced in the text.



Chapter 2. Integral equation formulations for 
scattering by dielectrics

Consider an arbitrarily shaped dielectric body embedded in an environment, for 
which explicit formulas relating elementary, infinitesimal sources to electric and 
magnetic fields (Green’s functions) are known (Fig. 2.1). Examples of such environ­
ments examined in the present study include free-space and multilayer media (see 
Chapter 3).

Fig. 2.1. Dielectric body (shown in dark gray) embedded in the general “environment”

The fields within the whole area of interest (including the body) are excited by 
known electric and magnetic currents (J', M'). In the absence of dielectric body, the said 
sources produce so-called incident or impressed fields (E', H') within the environment. 
The scattering phenomena can be described using the equivalence principles [62], which 
allow the body (scatterer) to be replaced with a system of (equivalent) electric and/or 
magnetic currents (J, M) radiating in the unperturbed medium. Those additional sources 
produce scattered fields (Es, which together with incident fields give correct total 
fields in the region of interest (E, H) = (E‘ + Es, H‘ + ET). Formulas relating scattered 
fields to their sources, along with the correctly set boundary conditions define a number 
of integro-differential equations, which can be solved using numerical methods, pro­
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vided that they form a complete and unique description of the situation analyzed [61, 
62]. In this chapter, we shall consider two general applications of the equivalence prin­
ciple: the first one traditionally employed for homogeneous (or partially homogeneous) 
bodies using fictitious surface currents, and the second one applicable to heterogeneous 
bodies and using volume (polarization) currents. The idea of the equivalence principles 
has been described in detail by Harrington [62], In general, it states that the various con­
figurations of sources can give the same fields inside a given region.

2.1. Equivalence principle for 
homogeneous material bodies

In this section, we will consider a set of problems which can be solved using sur­
face electric and/or magnetic currents. Typical situations are illustrated in Fig. 2.2. 
Figure (a), presenting a homogeneous body in a homogeneous space, can be recog­
nized as an example widely described in literature [42, 123, 166, 197]. Figure (b), 

(b)

Fig. 2.2. Example problems solvable using the equivalent surface currents

(d)
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showing a homogeneous body in a layered environment, differs from (a) only in for­
mulas relating equivalent currents and the “scattered” fields [140], Problems illus­
trated in figures (c) and (d) do not seem at first glance to belong to situations con­
cerning “homogeneous” bodies. However, in (c) the situation is dual to example (b), 
which means that we can consider the outer space as an infinite homogeneous “body” 
immersed in the layered medium. Another interpretation, suitable also for (d), is that 
we can replace the word “homogeneous” by the statement “filled with a medium for 
which relations between sources and fields are known”. With this in mind and refer­
ring to Fig. 2.2, we can now provide a more detailed description of the surface 
equivalence principle and show how to obtain integral equations for such problems. In 
order to keep things simple, we will remain within the “homogeneous” case of Fig. 
2.2(a), however the subsequent analysis can be used without modification for the 
other situations mentioned.

2.1.1. Internal and external problems

The problem that we would like to solve is to find electric and magnetic field val­
ues everywhere throughout a given space, including the interior of the body. To this 
end, we can replace the original problem of Fig. 2.2(a) with two equivalent prob­
lems* ’: one in which the external fields, sources and medium remain unchanged, 
whilst we fill the internal space with the external medium and place there some con­
venient fields distribution (Fig. 2.3(a)). To maintain those fields we must introduce 
surface currents Ja and Ma flowing on the surface 5 according to equations [62]:

*) In this work we prefer so-called field formulations, in contrast to equivalent source formulations [60].

Ja = nx(lT -Ha\

Ma = {es-Ea)xn .

(2.1)

(2.2)

Then we construct a second situation (Fig. 2.3(b)) in which we fill the outer region 
with the medium from inner region and postulate the external fields distribution, 
whilst we leave the correct fields inside the body. Of course, another pair of electric 
and magnetic currents is needed to maintain this situation:

Jb = nx(Hb-h), 

Mb = (Eb-E)xn.

(2.3)

(2.4)
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Two things should be stressed at this point. First, the number of equivalent prob­
lems (both external and internal) is infinite**, because we can postulate arbitrary 
“artificial” fields to formulate the equations. Second, fictitious equivalent currents 
radiate in “homogeneous” (in the sense described above) media, which allows appli­
cation of known formulas for the calculation of fields resulting from the given 
sources.

Fig. 2.3. Problems equivalent to the original problem in Fig. 2.2(a). 
(a) External equivalence, (b) Internal equivalence

2.1.2. Formulation of integral equations

As indicated in the preceding paragraph, various problem formulations are possible 
depending on the choice of supporting fields. The most common choice is to assume a 
zero total field inside the body contour for the external equivalent problem and a zero 
field outside the body for the internal equivalent problem. In this case, we have:

Ea = -E‘, Ha=-Hl, (2.5)

Eb=0, Hb=0. (2.6)

Taking into account the boundary conditions in the original problem:

nxE = nx(E‘ + Es^, (2.7)

nxH =nx(H‘ +HS), (2.8) 

*’ A review of the most popular approaches is given by Harrington [60].
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as well as relations (2.1)—(2.4) we can find that in this case the currents for the external 
equivalent problem are negatives of those for the internal equivalent problem [123, 140]:

Ja =-Jb, Ma=-Mb. (2.9)

Therefore, it is sufficient to determine the two current distributions on the body 
surface S in order to find the electromagnetic fields in the entire space.

The integral equations relating unknown current distributions to incident fields 
and object geometry can be obtained from boundary conditions associated with the 
two equivalent problems.

Thus, based on the external equivalent problem we obtain:

J =nx(Hs{j,M)+H‘)s^ (2.10)

M = -nx(Es(j,M)+ E‘)s+, (2.11)

whilst based on the internal problem:

J = nxH(-J,-M)s_, (2.12)

M=-nxE(rJ,-M\_, (2.13)

where we suppressed the superscript “a” from J and M. Subscripts 5+ and S- indicate 
that the fields are evaluated as the observation point approaches 5 from the exterior 
and interior regions, respectively.

We can see that for two unknown currents we have obtained a set of four equa­
tions. The usual methods of equation solving apply when the number of equations is 
equal to the number of unknowns [123], The number of equations can be reduced by 
forming the linear combinations of (2.10) with (2.12) and (2.11) with (2.13). The 
typical choice [7, 42, 123, 166, 197] is a pair of equations also resulting from conti­
nuity of tangential field components in the original problem:

nxH{-J,-M\_ =nx(Hs{j,M)+Hi\+, (2.14)

nxE(-J,-M\_ =nx(es(J, M)+E‘)s+, (2.15)

however other possibilities have been considered as well [123, 156] (see also the last 
paragraph of section 3.2.1.1.). Let us remember that fields on the left sides of (2.14) 
and (2.15) are calculated for currents radiating in space filled with “internal” medium, 
whilst fields on the right sides of the equations are for currents radiating in space 
filled with “external” medium.

The linear combinations like the above set are often referred to as combined field 
integral equations (CFIE) because they involve calculation of both electric and mag­
netic fields resulting from equivalent sources [60, 197].
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Another possible choice for supporting fields is that the tangential electric field 
components on the surface 5 match for both situations

nxEa -nxEs, 

nxEb = nxE .

(2.16)

(2.17)

This choice results in the lack of magnetic currents in the formulation. Instead we 
use two electric currents and based on (2.7)—(2.8) we have:

nxE(jb)s_ =11^ +Es(j“^s+, (2.18)

nxH(jb\_ =nx(H‘ +Hs(ja^s+, (2.19)

where again Ja and Jb radiate in a space filled with external and internal media, re­
spectively. A useful interpretation of this formulation is that currents flow on different 
sides of 5 (Fig. 2.4) and produce correct fields in their respective regions [181].

The drawbacks of formulations using only electric currents is that the choice (2.16)- 
(2.17) gives a unique solution with the exception of some discrete frequencies for which 
the body contour forms a resonant cavity [43, 60, 62], For those frequencies, specification 
of the tangential magnetic field components on 5 is needed in order to uniquely determine 
the solution. Instead, we obtain some simplifications of the computational routines.

An interesting approach alternative to the above method has been introduced by 
Marx [121] and defined using common notation by Glisson [43]. In this approach the 
continuity of tangential electric field components resulting in the absence of the mag­
netic current is assumed for the external equivalent problem, whilst zero fields are 
assumed for the internal equivalent problem in the exterior region. As a result, we 
obtain a single surface integral equation for a single electric current. This electric 
current solution produces the correct scattered electric and magnetic fields external to 
the body. Again, the presented solution suffers non-uniqueness at discrete frequencies 
corresponding to the resonant frequencies of the perfectly conducting cavity formed 
by the surface S. A solution to this problem has been given by Mautz [126], who pro­
posed using so-called combined sources [122] instead of simple electric current dis­
tribution. The Marx-Glisson approach outlined in this paragraph is however not 
popular because its generalization for cases of bodies consisting of a number of ho­
mogeneous regions (see section 2.1.3) is not obvious. Another similar formulation, as 
well as example application of a single-current approach can be found in [222],

In all of the above formulations, we assumed that (equivalent) current distributions 
are associated with the body surface S. However, it can be shown [111] that under 
certain assumptions, sources distributed on some artificial mathematical surface can

J This choice is equivalent to the electric current formulation given in [60], based on the source 
formulation.
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also be used to produce the correct fields in the region of interest. In particular, it is 
possible to use currents flowing on the surface enclosed within S producing the cor­
rect fields in the region exterior to S and currents flowing on the surface outside S, 
which produce correct fields in the interior region (Fig. 2.4).

(a) (b)

/le

E‘ + E(Ja)

H‘ +

/Id

Fig. 2.4. The use of auxiliary mathematical surfaces.
(a) External equivalence, (b) Internal equivalence

Obviously, such sources also produce some fields in regions between the mathe­
matical surface and 5. Those fields are understood in terms of the analytical continua­
tion [111] of the true fields, and the existence of the solution is related to the analytic 
continuity of the scattered field towards the interior region and the internal field to­
wards the exterior region. One can notice that a similar approach is well known from 
a class of methods concerning thin-wire metal scatterers where we postulate that one­
dimensional current flowing along the wire’s axis produces correct fields at the sur­
face and outside of it. The advantage of this approach as compared to the classical 
ones presented earlier is that it is possible to apply simple source distribution over the 
mathematical surfaces (for example, pulse functions), whilst correct smooth fields in 
the vicinity of 5 are obtained. This also enables application of simple testing schemes 
such as point matching. Note that because the sources are no longer positioned at 
surfaces where boundary conditions are enforced, there is no need to calculate the 
fields in source regions. Thus, we do not have to worry about possible singularities 
present in the equation kernels (see Chapters 3 and 5). On the other hand, if the sur­
face S is not smooth, i.e., incorporates some edges or vertices, this method will fail, 
because a sum of smooth fields produced at some distance by simple impulsive 
sources is not well suited for representing singular fields. Also the correct choice and 
approximation of the auxiliary mathematical surfaces requires that the user should 
have some experience and in fact can only be judged afterwards based of the bound­
ary conditions check.
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We should note that subdividing and collapsing the mathematical surfaces into 
point sources of the field, leads to another class of methods, such as the T-matrix 
method [189] or the Generalized Multipole Technique (GMT) [68]. In those tech­
niques field expansions rather than source expansions are used. Consequently, one 
has to find the number, locations and amplitudes of some auxiliary sources producing 
fields satisfying the given boundary conditions on S. These methods are also best 
suited for dealing with bodies with smooth surfaces [68, 110].

The approach that is in some sense dual to the idea of moving sources away from 
the body surface is the Extended Boundary Condition (EBC)*’ method in which the 
observation points are not situated on S [3],

We also have to mention a wide class of methods developed for imperfectly con­
ducting scatterers, where instead of a detailed investigation of material properties and 
boundary conditions at the surface, approximate impedance (Leontovich) boundary 
conditions (IBCs) are imposed onto the electromagnetic fields [148]. It should be 
noted that in this case the integral equations applied are similar to those applicable for 
perfect electric conductors, so we can find solutions based on the magnetic field inte­
gral equation (MFIE), the electric field integral equation (EFIE) or the above- 
mentioned combined field integral equation (CFEE). Anyone further interested in this 
subject should read the especially well written paper contributed by Medgyesi- 
Mitschang and Putnam [131], where also other similar boundary conditions, such as 
resistive sheet (RBC) or magnetically conducting sheet (MBC), are investigated.

2.1.3. Partially homogeneous bodies

Although homogeneous dielectric bodies are of interest in many practical cases, 
there are many problems in which we are interested in electromagnetic scattering by 
inhomogeneous bodies. The simplest case pertains to scattering by a body comprising 
a number of homogeneous regions [48, 130].

An example of the said situation is shown in Fig. 2.5, where the scatterer consists 
of two homogeneous regions. To analyze the problem we can apply again the equiva­
lence principle. As an example, let us use a procedure that is a generalization of the 
first approach from the preceding section.

We can define three equivalent situations associated with each of the regions 
Ri (z = 0, 1,2) involved (Fig. 2.6).

’ There is some inconsistency concerning this term in literature. Sometimes the name “EBC” method 
is used as a synonym for the T-matrix (null-field) method [225].
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Fig. 2.5. Scattering by a partially homogeneous material body

Fig. 2.6. Situations equivalent to the problem of Fig. 2.5.
(a) External equivalence, (b) Equivalence for the region 7?|. (c) Equivalence for the region R2

Let us take S- = R, nRj, (z, j = 0,1, ... ri) to denote the surface boundary between 

regions i and j, (i j), and dR, as the boundary of region R„ with being the surface
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normal on dRi, pointing to the region Ri (Fig. 2.5). Of course, dR, = U Sy. Similarly to 
i^j

(2.1)-(2.4) or (2.10)—(2.13), we can specify the surface currents as:

(2.20)

Again, based on the continuity of the field tangential components at the media in­
terfaces we have:

(ni xE, +nj xe) =0, (2.21)

(nixHi+njxHj)\ =0. (2.22)
1

Fields in (2.21), (2.22) are produced by current distributions according to equiva­
lent problems associated with each region (Fig. 2.6).

Note that (n, = • We can also find that at a given interface Sy we have

/.L =-/,L and M; I = -M J , so for each media interface we have two un- 0-5,7 'IS-.
known currents and two equations (2.21), (2.22). If our problem consists of k inter­
faces, we can then form a set of 2k equations with 2k unknowns. The equations for 
different Sy interfaces are coupled because tangential fields calculated at each inter­
face “side” are produced by currents flowing on the whole dRi surface of the corre­
sponding region. We can see that as before, the fields associated with region Ri are 
calculated as the observation point approaches the surface Sy from that region.

Generalizing the solution which involves only electric currents to the case of par­
tially homogeneous bodies is straightforward and can be found in [181, 182].

It is to be noted that using the surface current approach it is relatively easy to 
model objects which are built of a metal and dielectric combination. For cases like 
this, we use formulations similar to those presented above for modeling interfaces 
between dielectrics, while formulations typical of PEC bodies are applied for the metal 
surfaces ’ (free space [69, 90, 93, 128, 129, 130]; layered medium [36]). This approach 
results in a coupled set of equations relating both equivalent and true currents.

2.2. Inhomogeneous dielectric bodies

As opposed to situations from the previous section, heterogeneous bodies (the 
ones in which dielectric parameters are in general a function of position) cannot be

* Including also the so-called thin wire approximation. 
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modeled using the techniques outlined, because analytic formulas relating fields to 
their sources (Green’s functions) are not available for the interior equivalent problem 
[140]. Possible solutions to these problems, involving integral equation techniques, 
are discussed in the following sections.

2.2.1. Volume integral equation

Consider again the general situation presented in Fig. 2.1. This time we assume 
that the body being evaluated is heterogeneous. We denote the “environment” as re­
gion 1 and the body as region 2.

Maxwell’s equations for both regions (taking into account the assumed e'"" time 
convention) can be written as:

^xEl =-jwnxHx, ^xHl= (2.23)

for region 1, and

VxE2=-jco/i2H2, ^xH2 = ja>e2E2, (2.24)

for region 2.
We note that the field sources in the above equations are outside the region of in­

terest. As stated above, the material parameters of region 2 are the function of posi­
tion. Let us remember that region 1 does not have to be homogeneous, but we assume 
that Green’s functions (see Chapter 3) for this region are available. We can rewrite 
equations (2.24) as:

VxE2=-jO)lilH2-jO)(n2-^H2, 

VxH2 = ja>slE2 + ja>[s2 -e^E2.

If we define equivalent volume magnetic and electric currents [62, 166]:

M = jco^2-^H2, J = jm(E2-E{)E2, (2.26)

we can treat the situation as if the whole space were filled with parameters of region 1 
and the body volume represented in terms of polarization currents (2.26) radiating in 
the “homogeneous” environment of region 1. The example situation, in which the 
region 1 is represented by a multilayer, horizontally stratified environment is shown 
in Fig. 2.7.

The scattered fields in Fig. 2.7(b) are due to polarization currents J and M. We 
note that in the equivalent situation “scattered” fields are present also in volume V 
(body interior). We can thus formulate the integral equations:
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E\v =(e‘ +E’(J,M))\v = (e‘ +Es(E,H))\v, 

h\v = (h‘ +hs(j,m))\v =(ni+h^e,h^\v.

(2.27)

(2.28)

We have dropped out the subscripts relating fields to their regions above, because 
the integral equations are specified for the volume V (body interior).

Fig. 2.7. Inhomogeneous body within a layered environment, 
(a) Original problem, (b) Equivalent problem

Equations (2.27), (2.28) involve two unknown distributions of vector quantities 
(electric and magnetic fields or corresponding polarization currents). However, these 
quantities are generally not independent, as they are related by Maxwell’s equations. 
Therefore, after certain manipulations we can reduce the number of unknowns. Sev­
eral interesting alternative formulations, developed for the case of free-space envi­
ronment have been introduced by Volakis [203],

An important case, which is a subject of this work, concerns the situation where 
the magnetic permeability of the scatterer is the same as that of the surrounding me­
dium. In this instance, the magnetic polarization current disappears and the situation 
can be described by a single integral equation:

E\V=(E‘ + £■'(/))[ =(e'+£'(£))(. (2.29)

Equation (2.29) has been extensively applied by several researchers for investi­
gating problems concerning inhomogeneous dielectrics in a free-space environment 
[25, 54, 55, 169, 172, 178, 195, 200, 201], Examples of applications of (2.29) for free 
space and multilayer media will be presented further in this monograph. It is to be 
noted that although in general equation (2.29) looks simpler than equations presented 
in section 2.1, the numerical solutions to it are usually more cumbersome because we 
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have to deal with three-dimensional current distributions and volume integrals. These 
difficulties can however be greatly reduced if certain symmetries exist, the most impor­
tant case concerning the so-called bodies-of-revolution (BORs), see Chapters 4 and 5.

2.2.2. Volume-surface integral formulation

If the outer region in the problem considered in the previous section has complex 
permittivity/permeability distributions (for example, layered media), the volume inte­
grals needed for the electromagnetic field calculations can be very time consuming for 
general three-dimensional scatterers. An alternative approach enables calculation of 
the fields in the exterior region using only surface integrals, whilst volume integrals 
are evaluated only for the homogeneous-space environment [140, 219, 220],

Let us reconsider the situation from Fig. 2.7(a). We can again formulate two 
equivalent problems using the approach described in section 2.1.2 (Fig. 2.8).

(a)
£ii, ^ii x \

^"Zero field /
Ei=E' + Es Js X'
Hi = H + Hs \ /

(b)
£(/, Hd

£uv, Mi/v Zero field

Fig. 2.8. Equivalent problems for inhomogeneous body, 
(a) External equivalence, (b) Internal equivalence

For the external problem equivalent currents Js and Ms defined by (2.10)—(2.11) 
radiate in the layered environment and produce correct fields outside the body and 
a zero field inside the contour 5. For the interior problem their negatives together with 
the polarization currents Jv and Mv defined in the preceding section radiate in the 
homogeneous space and produce a zero field outside and the correct fields inside 5. 
Considering the continuity of tangential field components on 5 we have the following 
integral equations:

(2.30)
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nx(E(-Js,-Ms)+E(jv,Mv))s_ = n x [es (j s , Ms )+ E‘ )s+, (2.31)

whereas in volume V:

E |v = (E(- J s ,-Ms )+E(jv,Mv ))| v , (2.32)

H\v=(h(-Js (2.33)

The relations (2.30)—(2.33) form a set of four equations with four unknowns which 
can be solved to obtain the unknown surface and volume current distributions. When 
those currents are known one can easily calculate the fields in the interior and exterior 
regions.

We can note that when the exterior region is homogeneous (for example, free-space) 
we can choose the medium parameters for the internal problem the same as in the exter­
nal problem. Taking into account the fact that the surface currents give zero fields inside 5 
and referring to the linearity of field operators, we can prove that for this case

E(-A,-MS)|V=E'(, H(-A (2.34)

Thus, equations (2.32), (2.33) reduce to (2.27), (2.28), and the surface currents are 
not needed in the formulation.

The volume-surface integral equation approach utilizing two surface electric currents 
has been proposed in [219], while the dual method (magnetic surface currents) is applied 
in [220], Both methods have been used for modeling the two-dimensional scattering by 
inhomogeneous cylinders in layered environment. The interesting feature of those formu­
lations is that only one surface current is necessary for the exterior equivalent problem. 
However, the approach introduced above is expected not to suffer from the problem of 
internal resonances, when considering general three-dimensional scatterers.

2.2.3. Hybrid integro-differential techniques

An alternative procedure for dealing with electromagnetic scattering by inhomo­
geneous objects consists in completing the external equivalent problem with differen­
tial equations governing the fields for the interior equivalent problem. For example, 
based on Maxwell’s equations, we can easily derive the differential equation for the 
electric field as:

*J Medium parameters for the interior equivalent problem £j, )J.d are somewhat artificial quantities, 
and usually may be chosen as convenient.
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Vx
f 1

— Vx£ -a2EE . (2.35)

Equation (2.35) or its dual concerning the magnetic field is related to the external 
problem through the boundary conditions on the body surface S. Thus, we get a set of 
coupled equations relating the equivalent currents flowing on S, the fields inside the 
body and the incident fields. Again, various formulations, such as EFIE, MFIE or 
CFIE are possible. The internal problem differential equation is usually enforced in 
a “weak” form [30, 66] and subjected to an approximation using a popular Finite 
Element Method (FEM) [13, 30, 66, 151, 224] although other formulations are possi­
ble as well [31]. Using a “hybrid” formulation like this is sometimes interpreted by 
other researchers dealing with “mesh” methods (FEM, FDTD, TLM) as application of 
“global” radiation conditions in contrast to many “local” formulations [31]. Most of 
the achievements so far in the field of hybrid methods pertain to free-space environ­
ment, however recent developments also concern layered media [36].

* * *

It should be stated that in all of the cases concerning inhomogeneous dielectrics 
the body surface S is somewhat “artificial”, because the surrounding dielectric parts 
of the “environment” could often be incorporated into the “body” region as well. 
Therefore, in many cases the proper choice of 5 enables a more efficient treatment of 
the problem. For example, Su [191] in his volume integral formulation assumes with­
out loss of generality that the dielectric body forms an orthorhomboid, Morgan and 
co-workers [151, 152] use a spherical regions boundary in their unimoment method, 
while Cwik et al. [30] choose 5 as a surface with rotational symmetry (SOR - Sur- 
face-of-revolution) for hybrid FEM/MoM solutions.

At the end of this section, we should mention again the formulations combining 
the solutions for dielectric bodies with the solutions for perfect electric conductors. 
There exist solutions using a VIE/SIE approach [175], or hybrid-SIE/SIE formulations 
[36]. In the former, the VIE is used for the modeling of dielectric bodies, whilst the 
SIE part is responsible for modeling metal surfaces. In the latter, a hybrid-SIE formu­
lation is related to dielectrics, whereas again the SIE model is used for PECs.

It should be noted that the material presented in this chapter is widely spread in 
various literature. The author’s contribution consists in a systematic treatment of the 
various formulations outlined. Of particular interest is section 2.2.2 devoted to vol­
ume-surface formulations, because even though similar formulations have been de­
scribed earlier in literature, to the author’s knowledge, the formulas introduced herein 
have never been discussed before.



Chapter 3. Calculation of fields based on 
the specific current distributions

In the preceding chapter, we have assumed that we can calculate electric and magnetic 
fields within the analyzed media based on the given electric and magnetic current distribu­
tions (J, M). The analysis is greatly simplified if we use the superposition rule and evaluate 
the fields relative to the electric and magnetic currents separately [62, p. 99].

First, let us consider the case where only electric currents are present. We can ex­
press the fields in terms of vector and scalar potentials [62]:

E=-jCoA-V0, (3.1)

= (3.2)

As equation (3.2) does not specify A uniquely, we can impose an additional con­
dition:

k1
V-A =---- 0, (3.3)

j™

where k = (D-jeu denotes the wave number.

The relation (3.3) is known as the Lorentz condition. Implementing the above assump­
tion, it can be shown that in homogeneous media**)  the vector potential (now referred to as 
the magnetic vector potential) satisfies the inhomogeneous Helmholtz equation:

*) Note that in (3.2) the permeability is used as a multiplicative constant on the left-hand side of the 
equation. This convention follows from the fact that when we consider anisotropic materials media para­
meters become tensors.

") The term “homogeneous” does not mean “of infinite extent”. The given medium may be homoge­
nous only locally with some boundary conditions defined at the border of this homogeneous region.

V2A + k2A = -/dJ. (3.4)

Using condition (3.3), we can rewrite (3.1) and (3.2) in terms of the magnetic 
vector potential:
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E=-^(k2 + wU, 
k2 V ' 

/uH=VxA.

(3.5)

(3.6)

Furthermore, if we want to establish the fields produced by the given electrical 
current distribution, first we have to find the vector potential from (3.4) and then ap­
ply (3.5) and (3.6).

The solution of equation (3.4) is usually obtained using the concept of Green’s function 
[62] where we replace the general problem of finding A related to J by the problem of 
finding the potential caused by elementary sources, and then apply the superposition:

A^^-J^. (3.7)

Following the notation of [140] we use ( , ) to denote the integrals of products of 

two functions separated by a comma over their common spatial base, while a dot over 
the comma indicates a dot product.

Ga which is the dyadic Green’s function (DGF) satisfies the equation:

(k2 +V2)GA(r\r') = -/ulS(r-r'), (3.8)

as well as appropriate boundary conditions which characterize the medium of interest. 
In the above equation r and r' denote the observation and source points, respectively, 
whilst Z = xx + yy + zz. is the unit dyad*’.

Substituting (3.7) into (3.5) and (3.6) we get:

E = -^-(f2 + w)(ga;J), (3.9)

^iH =^x(GA-jy (3.10)

The differentiation in (3.9) and (3.10) is usually undesirable when those equations 
are evaluated numerically in the case of surface or volume current distribution [141], 
However, other forms of these relations can be obtained by introducing the differen­
tial operators under integral signs. In general, this is possible because the differentia­
tion is performed at the observation point, whilst the integration is performed over the 
source regions. Thus, we obtain the equations:

’Note that GA should be understood as the operator acting on the current. Thus, also VG4 or 

VxG4 have to be taken as operators [193, p. 9], [194, p. 121].



33

E = ^- ^-(k2 + ^)ga;J 

/.iH = ^xGa;J^.

(3.H)

(3.12)

The case where only magnetic currents are present in the problem formulation can be 
easily handled by observing the duality of Maxwell’s equations [62, p. 98]. Thus, we can 
express electric and magnetic fields using another pair of vector and scalar potentials:

eE = -VxF.

H = -jcoF -W .

(3.13)

(3.14)

Next, we can apply an analysis similar to that presented above and introducing the 
electric vector potential Green’s function G related to the elementary magnetic cur­

rent, arrive at formulas:

£E = -(^xGf(3.15)

H=l-^-(k2 + ^)gf;m\. (3.16)
\ k “ — /

When electric and magnetic currents are both present, we can express electric and 
magnetic fields as:

E = -jcoA-^^--VxF , (3.17)
£

H =-jmF-VF +—VxA. (3.18)

Alternatively, after applying the Lorentz conditions:

E=-^-(k2+^)A--^xF , (3.19)
k £

H = -^-(k2 +w}f +-VxA. (3.20)
k2 x F

Above, the potentials A and 0 are due to J, while F and V7 are due to M.
We can also write the formulas for E and H using electric and magnetic field dy­

adic Green’s functions'.
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E^(gej;J^ + ^Gem (3.21)

H = (ghj -J^^Ghm -,1^, (3.22)

where GEJ , GHJ , GEM , and GHM are related to vector potential DGFs by:

Gej ^-^-(k2 + w)g\ (3.23)
k2 -

HGHJ=VxGA, (3.24)

eGEM = -VxGE, (3.25)

G™ =-^-()12+Vv)gf. (3.26)
= £ =

The notation GPQ (r |r') is used for dyadic Green’s function relating P-type fields 

at r and Q-type currents at r' [140],
It should be pointed out that the permeability /z and the permittivity e in the above 

equations may in general take complex values, representing lossy media. In the deri­
vations above, we have used the method of potentials as a starting point. This, to­
gether with the assumption about the homogeneity of the medium in the region of 
interest allowed us to treat the permittivity and permeability of the regions as con­
stants in Maxwell’s equations, thus putting them outside differential operators. Con­
sequently, we have found that magnetic and electric vector potentials or associated 
DGFs can be obtained from Helmholtz equations augmented by proper boundary con­
ditions. In general, however, in some cases we can derive the field and vector poten­
tial DGFs directly from Maxwell’s equations, without assuming the homogeneity of 
the region, which will be shown later.

It is also important to note that the field sources (i.e., electric and magnetic cur­
rents) do not need to be confined to the region for which Helmholtz equations are 
considered. Some problems may however arise when the currents cross the bounda­
ries between homogeneous regions, which will also be discussed for the case of 
a multilayer environment.

Finally, we should remember that the potentials A and F are not exclusively associ­
ated with the electric and magnetic currents, respectively [155]. For example, even if the 
electric currents are absent in the given problem we can still define a non-zero A satis­
fying a homogeneous counterpart of (3.4). It is also known that in source-free regions 
only two scalar quantities are enough to completely define the fields, therefore several 
choices of potentials are used, as discussed by Mosig [155] (see also [141]).
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For a homogeneous medium of infinite extent characterized by permittivity £ and 
permeability u the vector and scalar potentials are given by [212]

A(r) = ^j(r')-G(r |rj), (3.27)

F(r)=E[M(r'y,G(r\r'J), (3.28)

0(r) = |^(r/);G(r|r/)), (3.29)

Y(r)=-(m(r')-,G(r | r')), (3.30)

where q and m denote the electric and magnetic charge densities related to the cor­
responding current distributions by continuity equations:

V-jf^-jCOq^, (3.31)

V-M(r)=-jmm(r). (3.32)

The kernel in (3.27)-(3.30) is a three-dimensional scalar Green’s function

G(r|r)= —।----- T- (3-33)
^n\r - r |

It is of particular interest that in (3.29) and (3.30) we relate the scalar potentials to 
charges. The advantages of this step will be apparent later. The formulations in which 
such relations are used along with (3.17), (3.18), are widely known as mixed-potential 
integral equation (MPIE) formulations. In contrast, formulations based on (3.19), 
(3.20) are referred to as vector potential formulations.

3.1. Green’s functions

Using the assumptions outlined at the end of the previous paragraph, the magnetic 
and electric vector potential Green’s functions GA and GF for a given environment 

can be obtained by solving directly equation (3.8) and its dual, subject to appropriate 
boundary conditions. In the simplest case of homogeneous space of infinite extent, 
those solutions are particularly easy, because the DGFs reduce to scalars. Since there 
are no media boundaries, the only condition that must be taken into account is the 
radiation condition, which assures that only outgoing waves are chosen in the solu­
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tion. In dissipative media, this choice is equivalent to the fields vanishing as the ob­
servation point approaches infinity. Thus for this case we have [62]:

—yx |r—r'|

GA(r\r'}=JLF----- = ^G(r\r'\ (3.34)
4^ r-rl

or by duality
-#|r-r'|

= (3.35)
4% |r-r|

Of course, based on (3.23)-(3.26) we have immediately:

GEJ [r\r'}=J^(k2 +Vv)lG^ (3.36)
— k

G"J (r\r') = -VxIGA(r\r'Y (3.37)
=

GEM {r\r'y~-^^IGF{r\r'\ (3.38)
— E ~

GHM {r\r')=-^-^z+^)lGF{f\r'). (3.39)
— k~ =

For layered media, also investigated in this monograph, the vector Green’s func­
tions remain tensors. As we have mentioned before, they can be obtained by solving 
directly equation (3.8) and its dual (see, for example, [134]). However, it is a well- 
established procedure [135, 140] to obtain G_EJ and GHJ directly from Maxwell’s 

equation, and then using (3.23)—(3.26) to get the entries of GA and/or G_F . The solu­

tion procedure summarized in [140] will be outlined in the next sections. It should be 
noted that the reference [142] addressing similar topics has not been published as 
widely available literature. In the author’s opinion, it is also a good point to explain 
some details that were not commented on in [140].

3.1.1. Spectral domain formulation for multilayer media

Let us consider a multilayer medium of infinite lateral extent, which is character­
ized by z-dependent permittivity and permeability. In general, the subsequent analysis 
remains the same if we assume that some parts, or the whole medium, are uniaxially 
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anisotropic with the optical axis parallel to the z-axis. However, in order to keep the 
notation simple, we will assume the media in the formulation as isotropic, because 
only such cases are considered in examples presented in Chapter 8. Anyone interested 
in uniaxial media analysis is referred to [135, 140],

We want to compute the electric and magnetic fields specific to the given electric and 
magnetic current sources. These fields are obviously governed by Maxwell’s equations

VxE = ,

Vx// = jcoEE + J .

(3.40)

(3.41)

It is convenient to split all quantities involved in (3.40) and (3.41) into their trans­
verse and longitudinal components:

E = Et + zE., (3.42)

H = H, +zH., (3.43)

J=J, + zJ., (3.44)

M = M, + zM., (3.45)
•A

V-V, +z—. (3.46)

After some manipulations the transverse and longitudinal parts of Maxwell’s 
equations can be written as [142]

TE'
1 (k~ + V,V, -^H, xz)——V, J,-M, xz, &AD

dz jut

1 (k~ + V,V, -\zxE,)-----—V,M.-zxj,, (3.48)
dz. Mt

ja>£Ez = V, -(H, xz)-Jz , (3.49)

j(Dkdlz = ^t \zxE,}-Mz, (3.50)

where k = co-yjE f,i.

Because of the assumed homogeneity of media in the planes transverse to z, further 
analysis can be facilitated through Fourier transformation of all fields and currents with 
respect to x and y coordinates. Hence, we introduce the Fourier transform pair [140]

F [ f (r )] = f P i ?) = J J f (r \Jk" P ’ (3.51)
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1 +o°+o°
(3.52) 

(2^)

where f(r)= f^p^z} denotes any scalar field component, p = xx + yy is the projec­

tion of r onto the (x, y) plane, and k = xkx + yky .

After applying (3.51) to (3.47) through (3.50) we get:

—E, = -(k2-koko ^H.xz)+k (3.53)
dz jcos coe

^Ht = — (k2-kpkp\zxEt')+kp^-zxJl, (3.54)
dz jcop cop

- j(OEEz = jkp • (h, xf)+ J,, (3.55)

- jtopHz= jkp-(zxE,)+Mz. (3.56)

Note that in the spectral domain introduced the transverse nabla operator takes on 
a simple form

^,=-jkP- (3.57)

Fig. 3.1. Rotated spectrum-domain coordinate system [140]

It is now useful [140] to transform (3.53)—(3.56) into a rotated coordinate system 
(u, v, z) in the spectral domain (see Fig. 3.1) with the unit vectors (m,v) defined by
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„ k „ kv kv k
u= — x +—y, v-—-x + — y, (3.58)

kP kP kP kP

where kp = ^kx + ky .

The transformation from (kx, ky, z) space to (u, v,
terms of the matrix equation [142]

z) space can be expressed in

Ev

Ez

COS £

- sin

0

(3.59)

where

j. k • t ky 
cosf= ——, sinc=—— .

kP kP
(3.60)

In view of the orthogonality of the rotation matrix, we find that Q ' -QT ■

It should be noted that the Fourier transformation and the space rotation opera­
tions may be grouped together resulting in the following Vector Fourier Transform 
(VFT) pair [28, 142]:

(3.61)

(3.62)

where we introduce the notation:

+jdkp ^dkxdky .
(3.63)

Let us now focus our interest on equations (3.53) and (3.54) relating trans­
verse spectral field components. If we could solve those equations for Et and 

Hr,the longitudinal field components would be immediately given by (3.55) and 
(3.56).
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cop

From (3.53) we have in rotated space:

^-Eu =—(k2-k2^Hv +^JZ-Mv, 
dz J COE COE

(3.64)

^Ev=-k2(-Hu)+Mu, 
dz j cos

(3.65)

whilst from (3.54) we have:

—~ — ~JV,
dz jcop cop

(3.66)

^Hv=—k2Eu-Ju. 
dz. j cop

(3.67)

Note that the above set of four equations splits into two independent pairs: (3.64) 
and (3.67) as a pair of equations with two unknowns Eu, Hv, whilst (3.65) and (3.66)

form a pair with the unknowns Ev, -H H . 
Performing the substitutions:

Ve=Eu, r=Hv, (3.68)

ie=~Ju, 
cos '

(3.69)

Ih=-Hu, Vh=Ev, (3.70)

i'=-—M.-Jv, vh=Mu, (3.71)

and defining

k. = J/:2-P , zf= —= —, ZA =4- = —> (3.72)
‘ p Y‘ coe Y' kz

we can rewrite (3.64) through (3.67) as two sets:

dV p—— — —jk,ZpIp+vp, 
dz

(3.73)
dl1’
— = -jk,YpVp+ip, 
dz

where the superscript p stands for e or h.
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The sets (3.73) can be easily recognized as familiar transmission line equations 
for transmission lines characterized by the propagation wave number kP and the 
characteristic impedance and admittance denoted by Zp and Yp, respectively. It 
should be noted that the square root in (3.72) has an associated two-sheeted Rie­
mann surface, where the “proper” sheet is identified by the condition that Im k z <0 
[140],

Thus, the problem of finding electric and magnetic fields in the layered medium 
has been reduced to a problem of finding the voltages and currents in two transmis­
sion-line networks.

In order to complete the derivation let us transfer equations (3.55) and (3.56) to 
the rotated space. We get:

Ez =—~(jkpHv + jz\ (W)

Hz=-(jkpEv-Mz\
JW

An important conclusion resulting from (3.74) and (3.75) is that the longitudinal 
electric and magnetic field components are associated only with transmission-line 
equations denoted by superscripts e and h, respectively. It simply means that the set 
e describes (outside the source region) the fields that are TM to z, while the set h 
the fields that are TE to z, which was in fact anticipated by the choice of the super­
scripts. In view of (3.69) and (3.71) we also note that the transverse electric or 
transverse magnetic currents excite both the TM and TE transmission lines, whilst 
the z-directed electric or magnetic current excites only the respective TM or TE 
transmission line.

Finally, the spectral fields may be expressed in terms of voltages and currents in 
the equivalent transmission lines as [140]

E-uVe +vVh ~^-^hkPie +A), <3-76)

H = -uIh +vle +z — (jkoVh -M,}. (3.77)
jo^ p

The space-domain fields E and H may be obtained from (3.76) and (3.77) by ap­
plying an inverse VFT (3.62).

When considering uniaxial media different values of kz are associated with the two sets of equ­
ations, therefore in this case the transmission lines have different propagation constants. This phenome­
non is referred to as birefringence [142].
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3.1.2. Derivation of dyadic Green’s functions for multilayer media

In the preceding section we have replaced the original field problem with the 
equivalent transmission line problem, i.e., we have reduced the field calculations 
to the problem of obtaining voltages and currents in the transmission lines due 
to the given voltage and current sources. The relation between sources and volt­
ages and currents may again be conveniently expressed using Green’s functions 
(this time called the transmission line Green’s functions - TLGF’s). Let Vp (z | z') 

and Ip (z | z') denote the voltage and the current, respectively, at the position z caused 

by a 1-A shunt current source at z, whilst V/ (z | zQ and Ip(z | z') the voltage and the 

current at z caused by the 1-V series voltage at z (Fig. 3.2).

(a)

L

Zp

^^z)

--->
+

V/W)

+ 
z

Fig. 3.2. Network problems used to determine the transmission-line Green’s functions [140]. 
(a) 1-A shunt current source, (b) 1-V series voltage source

In view of (3.73) we may easily formulate the relations between the TLGF’s intro­
duced, namely [140]:
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dVp „ „
-J- = -jkzZpIp, 

dz

d]P
-^ = ~jkzYpVp + 8{z~z\ 
dz

dVp
-~ = -jkzZpIp +8(z-z'\ 

dz

dlp
-^ = -jkzYpVp.
dz

(3.78)

(3.79)

The TLGF’s also satisfy the following reciprocity relations [39, p. 194], [140, 142]:

V/(z | z')=V/(z'| z).

Vp{z\z'^-Ip(z'\z), 

Ip^\z) = -Vp(z\z). (3.80)

If for a given configuration of layers the TLGF’s are known, we can apply the su­
perposition rule and express the voltage and current at point z of an equivalent trans­
mission line in terms of integrals:

vp =(yp,ip) + (vvp,vp

r =^,ip)+(ip,vp). (3.81)

If we now substitute (3.81) into (3.76) and (3.77) and use (3.69) and (3.71), we 
can obtain the spectrum-domain counterparts of (3.21) and (3.22) [140]

/~EJ ~\ / ~ EM ~\
e=(g ;/) + (g -,my

/~HJ ~\ I ~ HM ~\ 
H = (G ;J) + (G ;M),

(3.82)

(3.83)

where the spectral dyadic Green’s functions dependent on kp and z\z are given as

~ ej i k „ k „
G =-UuV‘ -VvV* +ZU — 1- +uz—yV‘ -zz

me me

k2 1
—^-n+S^z-z) ,(3.84) 
m ee jme

J
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~ HJ I I k n

G =uvl'-vul‘-zv—V!' +vz-^I‘, (3.85)
= (D/A 0)8

~ fm , k „ k ,
G = -uvV‘ + vuV* + zv — Iev-vz—, 
= COE COp

, k ( k~
GHM =-uuI^ -vvF + zu—V* +uz~~l'i — zz —V'' +------8(z~z)
= cop con yco~nn

(3.86)

(3.87)

We use the convention that the primed media parameters are evaluated at the 
source point. The Dirac delta symbols that appear in (3.84) and (3.87) arise from the 
direct presence of electric and magnetic current components in (3.76), (3.77). Because 
these parts give non-zero contributions to the spectral fields only when the observa­
tion point meets the source point on the z axis, in fact it makes no difference whether 
we use primed or not primed parameters in front of the deltas.

The space-domain DGF’s may be obtained from the spectral DGF’s listed above 
using an inverse VFT (3.62), which is equivalent to projecting the unit vectors (u, v) 

onto the (kx, ^-coordinate system and then applying (3.52). Consequently, we obtain 
the formula [135, 142]:

G^p-z^-^ldk^^ (3.88)

w l - -

Taking into account the translational symmetry of medium with respect to trans­
verse coordinates, we may write

GPQ{r\r'^GPQ(p-p'-z\z) (3.89)

The entries of the spectral domain DGF’s depend on variables kx and ky exclu­
sively through kp. When we carry out the transformation (3.88) in the polar spectral 
coordinates (kp,^, and perform integration with respect to variable the integrals 

that arise are easily recognized as Sommerfeld-type integrals [135]:

F'1
cos

sin
j) Sl\^Jj(kp)k-pn}, 

cos
n = 0, 1,2, (3.90)

where

1 00{7k)}k (vk*x • (3.91)
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In the formula above, Jn is the Bessel function of the order n, and (p,0) are the 
cylindrical coordinates of the projection of the field point onto the (x, y) plane. 
Formulas (3.90) and (3.91) correspond to a case where the source is on the z-axis. 
The generalization for arbitrary source locations may be easily obtained by substi­
tuting:

P^$=\p-p'[ y — y'
(j) —^(p = arctan -—- (3.92)

Although Green’s functions (3.84)—(3.87) and their spatial domain counterparts 
may be used directly for solving scattering problems [17], it is often useful, (for rea­
sons discussed in further paragraphs), to use the potential representations outlined at 
the beginning of this chapter. The procedure of obtaining the vector potential DGF’s 
will be shown for a magnetic vector potential, assuming again that only electric cur­
rents exist in the given problem.

As already mentioned, equation (3.2) does not define the vector potential A 
uniquely. Based on several possible formulations (discussed, for example, in [140, 
141, 155]), we have chosen the so-called “traditional” form of vector potential for 
further analysis. This form is historically related to the name of Sommerfeld [185], 
because of his contribution to the analysis of contiguous half-space problems, useful, 
for example, in the analysis of antennas in the presence of lossy ground. Sommerfeld 
used a vertical component of vector potential to characterize radiation of vertical 
(z-directed) sources, whilst for horizontal (transverse to z) sources the vertical poten­
tial component had to be accompanied by an additional horizontal component.

~ A
The above choice of potentials is equivalent to postulating the following form of G

GA = (uu + vv)Ga +zuGau +zzGa . (3.93)

The consistency of this choice with the choice of Sommerfeld is evident when we 
project (3.93) on the Cartesian coordinate system and present it in the matrix form [140]

(3.94)

where we see that both horizontal and vertical components of the vector potential are 
associated with a horizontal current source.
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The components of G can be found if we substitute (3.93) into the spectral do­

main counterparts of (3.23) or (3.24) and then compare the resulting equations with 
.(3.84) or (3.85), respectively.

For example, based on (3.23) we have:

~EJ k ~ 
=uu -jcoG^ + jco-^G^, 

k
p ci

k2 dz
-vvjwG^

j® d2 ~A 
k2 dz2 z“

mkn d
-uz^—G^ 

k2 dz “
jv d2 
k2 dz2

(3.95)

Now, comparing the uu , vv and uz components of (3.95) and (3.84) we get the 
equations:

k2 a>kn d
jmG* + (3.96)

k k az

juG^V,", (3.97)

d ~A _ kp 
k2 dz 11 me' v

Substituting (3.97) into (3.96) leads to the relation: 
z 2 \

— )= — - V' + V/1 - V* .
d^ jkp ‘ k2 ‘

Further, using (3.78) and (3.72), we can transform (3.99) into:

(3.98)

(3.99)

jmG^^^-I'X (3.100)
kp

similarly, using (3.98) together with (3.79) and (3.72), leads to:

jmG^^I'. (3.101)

Relations (3.97), (3.100) and (3.101) define the components of G^ in terms of

TLGF’s introduced earlier.
Alternatively, in order to obtain those equations we can start with equation (3.24) 

~HJ ~ A
and express G in terms of the components of G :
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= -uv-^Ga +vu\ ±Ga, + jkpG A-tv jkpGA. +vijkpG^. (3.102)

Comparing the £v components of (3.102) and (3.85) we immediately get equation 
(3.97), comparing vz we get (3.101), whilst comparing the vu components and ap­
plying (3.97) together with (3.78) and (3.72) we obtain relation (3.100).

An important conclusion may be drawn at this point. Note that when using the expres- 
~ HJ . ~ A

sions for G deriving the G components we make no assumption as to the nature of the
_  A

medium stratification. It means that G obtained with the above procedure is valid for any 

isotropic multilayer environment. In contrast to this, equation (3.23) resulting from (3.5) 
assumes (as was pointed out earlier) that we deal with a homogeneous layer. This assump­
tion is then also made for equation (3.95). We can prove the generality of the resulting 
equations by assuming an auxiliary condition relating scalar and vector potentials [140]:

V- = -ja>E<P, (3.103)

in place of the Lorentz condition (3.3). It should be possible to show that using 
(3.103) to obtain E in terms of A and then GEJ in terms of GA, we finally arrive at 

the same form of (3.97), (3.100) and (3.101).
Performing an analysis dual to the one presented above we can readily find spec- 

~F
tral components of the electric vector potential DGF G

jcoGvFv=Iev, (3.104)

joiG^^V; -V^), (3.105)
kP

jcoG^-^V*. (3.106)

Thus, we have found the formal expressions defining components of the multilayer 
media DGF’s relating the electric and magnetic fields, as well as the magnetic and electric 
vector potentials to the electric and magnetic current sources, in terms of inverse VFT and 
TLGF’s.

The multilayer environments are important from a practical point of view and concern 
media with piecewise-constant parameters, i.e., consisting of a number of homogeneous 
layers. The TLGF’s for this case are widely presented in literature and have been listed in 
Appendix 2.
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* * *

In this section, we present the Green’s function for two cases, for which examples 
are given in Chapter 8. Both cases are associated with dielectric antenna applications, 
which are the main subject of the author’s interest. One should bear in mind, however, 
that the formulations given in Chapter 2 are valid for any environment for which 
Green’s functions are known. This fact has been emphasized in the introduction of 
this chapter. Thus, we can apply the solution procedures, for example, to dielectric 
obstacles in waveguides [5, 193, 206] or bodies in the presence of conducting or di­
electric spheres, wedges and cones [193].

3.2. Singularities of Green’s functions 
- fields within the source region

The DGF’s presented in the previous section are easy to handle in numerical algo­
rithms if the observation point, i.e., the point of space where we want to calculate the 
fields, is outside the source region. However, in the integral equation techniques, 
which are discussed in this monograph, a typical task is to evaluate field components 
in the source region. For surface integral equations (sections 2.1.2. and 2.1.3), we 
have to calculate fields at points approaching the surfaces on which the equivalent 
currents flow (equations (2.14)—(2.15), (2.18)—(2.19) and (2.21)-(2.22)). In volume 
integral equation formulations (section 2.2.1) we need to specify fields inside the 
volume occupied by the polarization currents (equations (2.27)—(2.29)).

Unfortunately, when the observation point approaches the source point, the Green’s 
functions discussed before exhibit a singular behavior. This is evident when examining 
formulas developed for free-space (see equations (3.34)-(3.39)). For layered media, the 
singularity of DGF’s components becomes more obvious when the transmission line 
Green’s function formulas listed in Appendix 2 are substituted into (3.84)—(3.87) \

Although we will not present any direct proof here, the order of singularity of vari­
ous DGF’s components is in general the same for multilayer media as for free-space 
[208, p. 239]. Therefore, we will discuss shortly the arising problems using as a basis 
free-space Green s functions .

’ The reader should remember that singularities generally appear when the spatial domain is recov­
ered via the inverse Fourier transform. In the spectral domain, the corresponding Sommerfeld integrals at 
singular points do not converge.

; In layered media, if the surface of interest in the vicinity of the singular point is situated at the in­
terface between dissimilar media, one has to take into account also the contributions from the quasi-static 
image sources of Green's function. However, the procedure remains generally the same [36].
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Let us denote the distance between the source and observation points by R, i.e.,

7? = |r-r'|. (3.107)

It can be shown [208, p. 79] that components of GA and GE present the 1/7? 

singularity, first derivatives of vector potential DGF’s are of 1/R2 singularity, while 
second derivatives (associated with the scalar potential terms) are of 1/A3 singular­
ity. Therefore, generally when using electric and magnetic field DGF’s directly we 
have to deal with I//?2 singularity when applying G_HJ and GEM and 1/7?3 singular­

ity when applying GEJ and GHM .

At this point, it should be emphasized that Green’s functions discussed must be 
thought of in terms of distributions rather than ordinary functions [208, p. 80], and 
therefore any singular point has to be understood in conjunction with its immediate 
spatial surroundings. The above corresponds to the fact that Green’s functions are 
always used in the kernels of integrals. Therefore, the question that arises when in­
vestigating the singularity of Green’s function is whether this singularity is integrable 
or not. In this study, we discuss two types of integrals, i.e., surface and volume ones. 
As pointed out in [208, p. 78] the surface and volume integrals converge if the order 
of the kernel singularity is less than 2 or 3, respectively.

In the light of the above discussion, we see that when using surface integral for­
mulations we always have to take special steps in order to calculate fields in the 
source regions, whilst when dealing with volume integrals this special treatment is 
confined to cases where GEJ and G™ are involved. We also have to remember that 

even when the singularity is analytically integrable, the numerical treatment of such 
a situation usually requires special care.

In the subsequent paragraphs, methods of dealing with singularities in surface and 
volume integral equations are outlined for a case of homogeneous unbounded media 
(free-space case). Later we will discuss whether some techniques presented below can 
be extended into multilayer environments.

3.2.1. Surface integral formulations

Let us consider a situation depicted in Fig. 3.3. We have the surface S with the 
electric or magnetic current distribution. This surface current (let us denote it by K) is 
a source of the electric and magnetic fields at the observation point specified by the 
vector r. Note that according to equivalent situations introduced in Chapter 2 the sur­
face current radiates in homogeneous media (we assume the same media parameters 
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inside and outside 5). Our task is to calculate fields when r approaches S. This re­
quires calculating three types of (vector) integrals:

1^) = (3.108)
s

I2(r)= [ K(r')G(r\r')dS', (3.109)
s

I3(r)= jK^G^r'jdS'. (3.110)
s

Fig. 3.3. Geometry for a general problem with 
a field point outside the surface S

HJ EMThe integral I\ arises when we consider G or G while /2 and I3 result from 

formulas applying GEJ and GHM Green’s functions. Of the above integrals, only I3 is 

easily integrable, because its kernel exhibits 1/7? weak singularity only, which is obvi­
ously integrable on the surface 5. In order to perform the remaining integrations, spe­
cial steps must be applied.

3.2.1.1. Principal value integrals

The integrals (3.108) and (3.110) for an observation point lying on 5 can be evalu­
ated using a properly applied limiting procedure [166, 154] in which we exclude the 
contribution from the infinitesimal neighbourhood of the singular point r-r'. This 
results in calculating the remaining integrals in the sense of a Cauchy principal-value.
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After applying the limiting procedure to the integral I\, we get for the case of 
a smooth surface S

Z1(r) = JvG(r|r9x#H^/ = + -nx#(r) + fvG(r|r')x2^ reS, (3.111)

s 2 s 

where the dashed integral symbol signifies a principal-value integral, and the upper 
(lower) sign pertains to the outside (inside) surface limit. Note that in (3.111) we have 
transformed the kernel into a more convenient form using common vector identities.

In practical applications, we formulate the integral equations taking into account 
field components tangential to 5 (see Chapter 2). Thus, we are usually interested in 
the tangential component ofZi:

hxIl(r) = +-K(r) + hx^G(r\r')xK(r')dS', reS. (3.112)
2 5

A careful reader may find that although the principal part has been extracted from 
the integral in (3.108), calculation of the second right hand component of (3.112) is in 
general a non-trivial task for 5 of any shape. Note that in order to obtain (3.112) we 
have assumed 5 to be smooth in the vicinity of the singular point. However, as will be 
seen in Section 5, we typically approximate S with a number at flat sub-surfaces. Note 
also that in the calculation of the integral part associated with the sub-domain to 
which the observation point belongs (for example, the self-term in the method-of- 
moments expansion) the vector R lies in that planar sub-surface. On the other hand, 
we have:

4nR~
(3.113)

Therefore, the vector expression under the integral sign in (3.112) is normal to the 
surface. Consequently, its cross product with the normal h equals zero. We conclude 
that in this case it is not necessary to evaluate the integral [64]. When the surface (or 
its approximation) is not flat around the singular point, we have to go through addi­
tional steps to extract the singularity and enable numerical integration [15, 16].

Let us now consider the integral Z3 defined by equation (3.110). We should keep in 
mind that the double differentiation has appeared in this formula from equation (3.5), 
i.e., at the beginning it was considered outside the integral, which was also related to 
the particular form of the Lorentz condition (3.3). The sense and existence of the op­
erator VV • | has been investigated by Wang when considering the treatment of vol­

ume integrals [208, p. 230], We recall here that in order to keep the differentiation 
outside the integral sign we must assume that the current distribution K(r') satisfies 
a particular form of Holder condition which is stronger than continuity, however, 
weaker than differentiability [208, p. 231]. In what follows, we will assume that the 
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first derivatives of the current exist. This is a somewhat strong assumption from 
a purely mathematical point of view, but enables a relatively simple and clear analy­
sis. Note that if we kept the nabla operators outside the integral sign, we could inte­
grate the kernel without difficulty as it would simply be of the integral form 1^. Un­
fortunately, this approach is undesirable in numerical procedures and is therefore 
avoided. The numerical treatment of differentiation is much less troublesome if we 
introduce one of nabla operators under the integral sign. In this case, we have:

I^r) = ^^K{r'^G{r\r'}dS'. (3.114)
5

Taking into account the relation:

VG(r|r')=-V'G(r|r'), (3.115)

where V' operates on the source coordinates, and using well known integral relation­
ships in the vector analysis on a surface [208, p. 460], as well as recalling that the 
surface S is closed, we can transform (3.114) into:

/3(r) = vj(V/-^(r/))G(r|r>/5/. (3.116)
s

Note that we have, in fact, transformed the “internal” differential operator to act 
on the current instead of G. This is, of course, allowed due to the above assumption 
about the existence of the first spatial derivatives of K. In view of the continuity 
equations (3.31), (3.32) the term (Vz ■ Kir')) can be immediately recognized as the 
surface charge distribution associated with the current K. In some formulations, these 
(equivalent) charges are written in terms of normal field components [166], [208, 
p. 173], One should also note that the integral in (3.116) now represents the scalar 
potential produced by the charge distribution and is consistent with (3.29) and (3.30). 
Obviously, the kernel singularity associated with (3.116) has been reduced to 1/R.

Now, we must deal with the second nabla operator in (3.116), which up to now 
remained outside the integral sign. The first possibility is to leave this differentiation 
as in (3.116) and neutralize it in a process of reducing the system of integral equations 
corresponding to the particular problem [168, 197] to a set of linear equations. This 
approach, which will be described in Chapter 5, is equivalent to the reaction matching 
concept [173], [208, p. 195], An alternative solution is to transfer this operator also 
under the integral sign, which is consistent with the notation of (3.110). Thus, we get:

h(r) = ^(y'-K{r'^G(r\r')dS'. (3.117)
s

Note that in comparison with (3.110) which has a singularity of an 1/7?3 order, the 
singularity in (3.117) is of I//?2 order which is still too high to perform the integration 
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on the surface. One should also note that such an order of singularity is the same as 
that of (3.108). Therefore, the solution is to apply the principal part extraction again. 
This time the procedure of extracting the infinitesimal portion of 5 around the singu­
larity leads to the formula:

I. (r) = +h + fc7 ■ K(r7)) VG(r | r'^dS', reS. (3.118)
2 5

Again, we are interested in the tangential component of :

nx/3(r)=nxf(V'-][(r'))VG(r\r')dS', reS. (3.119)
s

The important observation in this case is the principal part (which is normal to S in 
view of (3.118)) annihilated to zero in (3.119).

At the end of this section, we present some interesting features related to the 
choice of (2.14)—(2.15) as the integral equations describing the scattering problem. In 
this case, the principal parts associated with GHJ and GEM Green’s functions arising 

from the interior and exterior problems cancel out [166, 208, 197] (see also section 
3.2.1.3). The physical meaning of this observation relates to the fact that the field 
values in the immediate neighborhood of the singular point depend only on the dis­
tance R and do not depend on the propagation constants of the surrounding media. 
The mathematical equivalent of this is the neglecting of “phase factors” in the above 
extractions of principal parts.

A similar procedure can in fact be used when investigating integrals GEJ and G_"M , 

and more precisely, their parts associated with scalar potentials, or equivalently with the 
second derivatives of G. As indicated by Morita [153], although the second derivative of G 
(present in the integral Z3) produces the 1/7?3 singularity which is not integrable on the sur- 

e~jkdR e~Jk,R
face, the second derivative of the difference G,, -G =--------------- -— has a singularity d e AnR 4nR
of an order 1/7? and therefore is integrable on S \ This approach may be attractive 
because it does not require transferring the derivative operators to act on the cur­
rent, which was necessary in our handling of Z3 above. Consequently, simple current 
approximations can be used in the transformation of integral equations. However, in 
order to get the difference Gd - Ge under the double nabla operator we have to 
apply special linear combinations of (2.10) with (2.12) and (2.11) with (2.13). This 
results in so-called Muller equations [156] and was investigated by Mautz and 
Harrington in [123].

' Subscripts d and e pertain to internal and external equivalent problems, respectively.
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3.2.I.2. Singularity extraction in view of the equivalence principle

In the previous section, we have investigated field singularities taking into account an 
arbitrary current distribution on 5. Now, let us match the obtained results to sources that 
arise when the equivalence principle is applied to model the presence of a dielectric body.

E = E' + Es

H = H + II

Fig. 3.4. Geometry for an equivalent problem for the exterior region

Let us consider, as an example, the situation depicted in Fig. 3.4, which illustrates 
the exterior equivalent problem in the form of a surface integral formulation described 
by the choice (2.5), (2.6).

According to (2.10) and (2.11), the equivalent surface currents are given as:

J=nxH\ M = E+xn, (3.120)

where h is again the outward unit vector normal to 5 and (E+, H+) are the total elec­
tric and magnetic fields evaluated just outside 5. We also assume that the external 
medium has been extended into the internal region, and that the appropriate Green’s 
functions exist for the extended medium.

Note that fields radiated by (J, M) are discontinuous at 5. Therefore one must 
carefully evaluate the surface limits of the fields in the integral equation formulations 
outlined in Chapter 2. The fields given by (3.17) and (3.18) for homogeneous media 
have the following limits as the observation point approaches a smooth point on the 
surface 5 [212] (see also [75, p. 334], [114, p. 188]):

Es± =±iix — + n —jatA-'V&- — xF , (3.121)
2 2e e

Hs± =±-xh±n — - jaF-VF+ — VxA, (3.122)
2 2,u ji

where the superscript 5 stands for scattered fields, while upper (lower) signs pertain to 
the outside (inside) surface limit. A line over a formula denotes the average value of 
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a discontinuous quantity as S is approached from the opposite sides. The average 
terms may be written as:

\/xA{r) = n\^G(r\r')xj(r')dS', 
s

(3.123)

^xF(r) = E^G{r\r')xM(r')dS', 
s

(3.124)

^^r) = -\vG{r\r'}q{r’}dS', 
£ S

(3.125)

VP(r) = VG(r | r^m^dS', 
p. s

(3.126)

where the dashed integral symbols signify that these are principal-value integrals, 
which exclude the contribution from the source point r -r' on S. Note that the vector 
potentials A and F in (3.121)—(3.122) do not require special treatment. This is because 
the integrals (3.27), (3.28) are weakly-singular convergent on surface S (in terms of 
the notation introduced in the preceding section they correspond to integral F).

The source terms appearing outside the potential integrals in (3.121), (3.122) account 
for the well-known discontinuities in the fields at the source-bearing surface S [212], 
Note that these formulas may be obtained immediately by applying (3.111) and (3.118). 
It is worth pointing out that these terms may also be derived through simple physical 
reasoning, which would give the same result. Namely, as the observation point r ap­
proaches a smooth point on 5, the effect of curvature vanishes and the fields at r ap­
proach those fields calculated directly above or below a flat source-bearing sheet of 
infinite extent. Hence, applying the boundary conditions at a source-bearing surface 
[114, p. 70] and invoking symmetry, we obtain the source terms given in (3.121)- 

q in
(3.122), where n~ and respectively from the discontinuities in V0 and

„ M J „
W , and nx— and —xn are related to the discontinuities in VxF and VxA , 

2 2
respectively.

The total fields on both sides of S may be obtained by adding the incident fields to 
(3.121)—(3.122). In particular, on the exterior side of S we obtain:

—E + = E‘ -jcoA-V$--VxF , (3.127)
2 £

—H+ =H- jwF-VF +-^A, (3.128)
2
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where we have used (3.120), relations [114, p. 70]:

9 ~ 17 + m II- = n-E , —-n-H ,
£ p

(3.129)

and the vector identity:
E = h X (E Xn)+ (h ■ E^h . (3.130)

After combining the integrals in (3.127)—(3.128) and using (3.115), we obtain the 
alternative expressions:

-E+ =E* -ff jmpGJ + MxV'G-^'G\dS',

2 sL £

1 • . m . ,
jcosGM-Jx\7 G----- VG dS .

2 4

(3.131)

(3.132)

These equations have been previously derived by Poggio and Miller [166], who used 
the Stratton-Chu formulas [188] as the starting point. To perform the procedure of tak­
ing the surface limit, Poggio and Miller have used the hemispherical indentation ap­
proach, which since then has been quoted in books [71, 208] and journal articles [24, 
36], An alternative method known as aflat disk approach has been described in [154],

3.2.I.3. Example SIE formulation

We should know now how to deal with singularities in surface integral formula­
tions of electromagnetics. As an example, let us consider the formulation based on the 
zero-field approach (electric and magnetic currents for both exterior and interior 
equivalent problem) and the linear combinations (2.14)—(2.15). This approach has 
been developed by Poggio and Miller [166], and then applied by Chang and Harring­
ton [22], as well as Wu and Tsai [218], It is known in literature as the PMCHW for­
mulation (the term composed of the initials of the names).

Equations relating fields and their sources for the exterior problem are given by 
(3.131), (3.132) with the media parameters set for an external environment. Similarly, 
for the interior equivalent problems we find (bearing in mind that there is no incident 
field in the internal equivalence, see Fig. 2.3):

^’=1 jcopdGdJ + MxV'Gd-

—H =| ja)EdGdM-Jx^'Gd-

— ^Gd 
^d

— V'Gd
Pd

(3.133)

(3.134)

2

2

s

s

dS',

dS',
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where the currents are those defined for the exterior problem (their negatives produce 
fields internal to S). Applying (2.14), (2.15) and after some rearrangements, we arrive at:

nxE'=nxf ja>(^eGe + ndGd)j + M xV'(fie +Gd)

{ ^'G VGd
----- - +----- - dS', (3.135)

nxH‘ =nxj jco(eeGe +EdGd)M-JxV'(Ge +Gd) 
s

-m
VGe , VGd

Fe Fd
dS'. (3.136)

In view of (3.119), we may also express (3.135), (3.136) in the mixed-potential 
form:

where:

j^Ae +4j+Vx

(a A
nxH'=nx jco(Fe + Fd)-^x

+v(^+0j

+v(^+^) ,

(3.137)

(3.138)
[Fe Fd )

Ai(r)=Fi\j(r')Gi(r\r')dS', 
s

(3.139)

Fi(r)=EifM(r')Gi(r 
s

f')dS', (3.140)

r')dS', (3.141)

lPi (r)=— f m(r')Gi (r 
11.

| r'^dS’. (3.142)
1 s

In (3.139)—(3.142), i appropriately stands for e or d.
Bearing in mind the previous discussion as well as (3.135), (3.136), we note that 

the curl terms in (3.137), (3.138) may be calculated as:
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I s s
(3.143)Vx

fM(r')xV'Ge(r \r')dS' + f M(r')xV'Gd(r |r')dS'. (3.144) 
s s

Thus, in the MPIE formulation (3.137), (3.138) only terms (3.143), (3.144) are 
evaluated as the principal-value integrals. Note also that no source terms outside inte­
grals are present in the PMCHW formulation. This is because the “charge” terms 
normal to S have been annihilated in the process of obtaining the tangential compo­
nents, whilst the “current” terms arising from both equivalent situations cancelled out 
in the linear combinations (2.14), (2.15). The MPIE version of the PMCHW formula­
tion has been applied in practice by Umashankar, Taflove and Rao [197].

3.2.2. Volume integrals

When volume integrals concerning source region singularity are taken into account, the 
only problem is related to the scalar potential terms that appear in Green’s functions. This 
is because (as stated at the beginning of section 3.2) those terms have the singularity of an 
order of 1/R3, which are not integrable in the ordinary sense. Note that all other Green’s 
function terms have singularities of an order of 1/R2 or lower so no additional steps are 
needed to perform volume integrations. It is a different case as regards surface integrals 
discussed in the previous section, especially when GHJ and GEM Green’s functions are 

taken into account.

Fig. 3.5. Diagram of a general problem with 
the field point lying within the current region V
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Therefore, the only integral we have to consider here is of the form:

l(r) = ^K(r'^G(r\r')dV'. (3.145)
V

The above-mentioned situation is depicted in Fig. 3.5, where the observation point 
r lies within the current carrying region V.

Because the integral of interest is performed over V, obviously a singular point 
when r approaches r' must be considered.

One way of handling this singularity is to use a technique similar to that presented 
in the previous section, i.e., exclude an infinitesimal volume Vo from the integral and 
extract the principal part (Fig. 3.6).

Fig. 3.6. Diagram of the principal value integration with 
a spherical principal volume Vo centered around 

the observation point excluded from the volume V

Thus, we can write:

l{r}=\K(r'^G(r\r'}dV' + IQ(r) 
v

(3.146)

The extracted principal part of the integral denoted by Zo is given by [208, p. 227]

(3.147)
•*0

The limit of the integral around So in (3.147) represents the dyad that is dependent 
on the shape of the principal volume (non-uniform convergence), which was recog­
nized by Van Blade! [198]. It means also that the principal value integration in (3.146) 
must be performed with care because it depends on the particular shape of the chosen 



60

principal volume. Three-dimensional source dyadics for various principal volume 
shapes have been given by Yaghjian [221] and repeated by Wang [208, p. 228]. The 
calculation is particularly easy when we assume the spherical shape of Vo (Fig. 3.6). If 
later we introduce the local spherical coordinate system centered at r and with the 
polar axis in the direction of K we get:

(3.148)

This choice has been used in the volume integral equation solution given by Live- 
say and Chen [116], which has been obtained on the basis of the volume equivalence 
principle, for the case where only electric currents are present (eq. (2.29)). The appli­
cation of (3.146) together with (3.21), (3.33) and (3.36) yields in the EFIE:

; +^IG(r\r'}j(r')dV' - (3.149)
v k 3 j cue

We have to note that although the principal part has been extracted from the inte­
gral (3.145) (or (3.149)), the remaining part (the principal value) is still an improper 
integral, which is difficult to evaluate. Therefore, in numerical computation it may be 
preferable to use a small but finite principal volume. The formulas needed for such 
computations together with suitable proofs may be found in [208, Ch. 7-2]. Recently, 
a similar attitude has been exploited in [96].

In the principal part extraction an assumption has been applied that the current K 
has at least first spatial derivatives. This allows us to transform one of the divergence 
operators in order to operate on it, thus reducing the singularity order of the corre­
sponding volume integral.* ’ This however does not mean that the functions used in the 
numerical solution for the current representation must also be differentiable. In fact, 
in calculation of (3.145), (3.149) type integrals it is a common habit to use simple (for 
example, pulse) expansion schemes [116, 191, 206, 208], This however leads to con­
vergence problems indicated in section 5.1.2.

*) For details, see [208],

The alternative approach of handling the integrals of (3.145) (which has been 
mentioned in the section devoted to SIE formulations, and which is further employed 
throughout this monograph) is to remain within the mixed potential representation 
rather than to use the dyadic Green’s function to directly relate fields to the (equiva­
lent) currents. In this approach only one of nabla operators remains inside the integral 
(3.145), which leads to the form:

l(r)= V j#(r')VG(r | r')dV'. (3.150)
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The “outside” differential operator is still not convenient for numerical applica­
tions. However, as shown in [178], it can be neutralized in the process of reducing the 
initial equations to a linear set, similarly to the gradient operator present in surface 
current formulations; see the comments following equation (3.116). Another way of 
treating this operator in a numerical solution is to approximate it with finite differ­
ences, which has been applied in [176].

Now let us focus our interest on the second nabla operator remaining under the 
integral sign. Although the kernel in (3.150) is integrable even when the observation 
current lies within the source region, it is convenient to further reduce the singularity 
by transferring the differentiation to act on the current:

JK^G^r | r')dV = -j K^'G^r | r')dV' 
V V

= -J V' • (K(r')G(r | r'^dV' + j (V' ■ K^G^r | r')dV' 
V V

(3.151)

where S is the surface surrounding the volume V, and n denotes the vector normal to S 
pointing outside volume V. The normal component of the current in the surface integral in 
(3.151) can be easily interpreted when recalling the polarization current definitions (2.26) 
and applying the continuity equation. Applying the above procedure to EFIE (2.29), we get

E(r) = E‘ - jco/diG(r\r')j(r'>)dV' + G(r\r')(y' ■ J^r'^dV'
v v

-V-^j(r')G(r\r')ndS' (3.152)

which, in view of (3.31) and noting that

n ■ j(r)= jcoae(r), reS, (3.153)

where oe denotes the surface electric charge density associated with the permittivity 
jump at S, finally gives us:

E(r)=E' - ja>pi^G(r\r')j{r')dV'
V

-V- 
£
jG(r | r')q(r')dV' - VjJX (r^G^r | r')dS'. 

V 5

(3.154)
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We see that the surface integral is simply a scalar potential of the surface charge, 
which has been noted by many authors [166, 176, 198]. This charge exists when we 
have a permittivity jump at the body surface (otherwise there is no equivalent current 
there). On the other hand, the divergence of the current in the right hand volume inte­
gral in (3.152) obviously represents the volume charge associated with the polariza­
tion current J. Of course, to arrive at the final form of (3.154), we have to assume that 
the polarization current is differentiable in V. This however is not true when the body 
of interest has permittivity jumps inside (for example, it consists of a number of ho­
mogeneous regions with different electric parameters). The polarization current is 
then discontinuous at some boundaries of sub-regions, which can be easily checked 
recalling the definitions (2.26) and noting that in the absence of free charges the nor­
mal component of the flux density is continuous across the media interfaces. In this 
case, we can either perform the differentiation referring to the distributions theory or 
use formulas like (3.151) independently for each of the sub-regions with currents in 
a form of well-behaved functions of position. Both approaches lead to surface inte­
grals associated with surface charges distributions [178], Those surface charges are 
simply related to all permittivity (or permeability) profile jumps in the same way as 
(even for homogeneous body) the existing surface charge is associated with a jump 
between the parameters of the body and of the surrounding space*’. This topic will be 
further investigated in Chapter 5.

For the simplest case of a homogeneous dielectric body characterized by the per­
mittivity e, we may specify more precisely (3.154) recalling the polarization current 
definition (2.26). For this case we have:

V-j(r) = V- jco(f - e)e(t)= ■ (e E(r})= 0, (3.155)
8

which holds in V because in the absence of impressed sources the electric flux density 
is divergenceless.

Consequently, the second integral in (3.154) disappears, yielding:

E(r)=E‘ - j(D^^G(r\r')j(r')dV'-M-^e(r')G(r\r')dS', (3.156)
v £ s

or, in terms of the internal electric field

E^r^E1 +a>2^E-E^G(r\r')E(r')dV'-—-vjElf)G(r\r')ndS'. (3.157)

Equation (3.157) has been given in [166] and used, for example, in [176].

This surface charge obviously exists in the equivalent situation.
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Summarizing the second approach presented in this section, we can state that the 
particularly effective procedure of handling the 1/7?3 singularity consists in relating 
the scalar potential to the charges that arise from the equivalent current distribution. 
Note that in this solution we have to integrate only the kernels with 1/R singularities 
for which a number of effective integration techniques (both analytic as well as nu­
merical) have been developed [49, 214, 33, 94, 113].

3.3. Mixed potential representation 
for multilayer media

From the discussion regarding singular integrals in the preceding section, we 
gather that the particularly convenient ways of handling the singularities concern the 
use of so-called mixed-potential fields representations, which do not require extrac­
tion of principal parts. This approach generally uses vector potentials calculated from 
the distribution of currents and scalar potentials related to the charges. For the free 
space situation this can be summarized with the field formulas (3.17), (3.18) and po­
tential representations (3.27)-(3.30).

The most important feature of these formulations is the fact that integrals (3.27)- 
(3.30) have the kernels with only 1/7? singularity, which means that they are integrable 
without referring to principal integration techniques. On the other hand, the presence 
of derivatives of currents (or fields) inherent in this formulation imposes additional 
requirements on the basis functions used in the process of transformation of equations 
into a set of linear equations (see section 5.1).

Unfortunately, the approach outlined above cannot be transposed to the case of 
multilayer environments in a straightforward manner, because during the development 
of (3.116) and (3.151) specific properties of the free space Green’s function have 
been used extensively. Those properties (like equation (3.115)) are however not valid 
if multilayer media Green’s functions are considered. It is because scalar potential 
kernels associated with horizontal and vertical dipoles placed in stratified environ­
ments are in general different [17, 133, 140, 141], However, the solution to this prob­
lem exists, and we will shortly discuss it in the subsequent paragraphs. For the sake of 
clarity, we will assume that only electric currents are present in the formulation. Of 
course, corresponding formulas for magnetic currents and related potentials may be 
easily obtained by duality.

A general situation is presented in Fig. 3.7. The dielectric body, which may be ei­
ther homogeneous or heterogeneous, is embedded in a general multilayer medium 
with horizontal stratification. Note that the body penetrates some interfaces between 
homogeneous media.
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E/+1, Hi+\

Fig. 3.7. Dielectric body in a multilayer environment

In the next two sections we will discuss cases where only surface currents flowing 
on the body surface S are present in the formulation (homogeneous body) or when 
volume currents are present in the body volume V (heterogeneous body). In view of 
the assumption about the presence of only electric currents, we note that our interest 
is focused on the GEJ dyadic Green’s function. We also note that in section 3.1.2 we 

have already obtained the expressions for GA Green’s function, so we are able to 

calculate the vector potential from the given current distribution. What remains to be 
done is to deal with the second derivatives of GA present in (3.23), which are respon­

sible for the undesired I//?3 kernel singularity. The solution that we want to achieve, is 
to leave one of nabla operators outside the integrals concerning the kernel WGA, 

and to transfer the remaining one to act on the current in the way similar to (3.116) or 
(3.150). Summarizing the above comments: for a case of electric currents we want to 
be able to calculate the electric field from a “multilayer” counterpart of (3.1), when 
the vector and scalar potentials are calculated from the respective current and charge 
distributions.

It can be shown [140, 141] that this is possible to accomplish if we find a scalar 
function G® , such that:

= -E V'G0(r|r'), (3.158)

which can be treated as a counterpart of (3.115) with the difference that the left-hand 
nabla operator acts on a dyadic rather than on a scalar function.
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Unfortunately, there is in general no 6® such that would satisfy (3.158) [133], 
Therefore, instead of (3.158) the following decomposition is used [141]:

-V- -GA(r r') =-^K9(r r'J+C^frr'). 
£ ;

(3.159)

The only difference between (3.158) and (3.159) is the “correction term” com­
prising the vector C0 . The decomposition (3.159) is not unique [141], providing for a 
possibility of many formulations. Three formulations denoted by A, B and C have 
been introduced and discussed in [141], Here we will concentrate on formulation C, 
the advantages of which will be seen later.

In this case, we assume a correction term of the following form:

where C® is referred to as the Michalski correction factor.
The expressions for K® and C® are most easily found in the spectral domain, 

where:

(3.160)

V' = jk + £—7. 
p dz

(3.161)

Later, substituting (3.93) into the spectral domain counterpart of (3.159), and us­
ing (3.96)-(3.101), as well as (3.78)-(3.80), we get:

= J_(yh (3.162)

j™ kP
(3.163)

Let us now focus our interest on the scalar potential term

0(r) =----
jcoe\ J /

(3.164)

which for the case of homogeneous region could be given in a more familiar form (see 
equations (3.1) and (3.9)):

0(r) = ^(v-GA(r|r');j(r')).
K

(3.165)
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We want to use (3.159) to transform the differentiation to act on the current in­
stead of . Further calculations depend on whether we deal with the surface or vol­

ume integral formulations.

3.3.1. MPIE for the surface current-based problems

The formula for a scalar potential for currents belonging to one particular layer i 
has the form:

(3.166)

where S, denotes the part of 5 within the layer i (see Fig. 3.7). 
Substituting (3.159) into (3.166), we get

0' (r) = — f VW® (r | r')j(r')dS' —— f C(r |r')j(r')dS'. (3.167)
jw J jcu

The first integral in (3.167) may be further transformed using vector [199, p. 487] 
and the Gauss theorem [199, p. 503]. Finally, we get

(3.168)

Ci and C,-i are the contours formed by the intersection of S, with interfaces at z = z, 
and z = Zi-i, respectively, and ui and are the unit vectors perpendicular at r' to C, 
and C^i, respectively, in the planes tangent to Si [141] (see Fig. 3.8).

In this particular formulation (formulation C), the kernel K® is a continuous 
function of z [141], due to which the contour integrals from adjacent layers cancel 
out and therefore there is no need for their remaining m the expressions .

*’ We perform the calculations assuming that we deal with the layered structure consisting of a num­
ber of homogeneous layers, which is shown in Fig. 3.7. However, the expression is also correct for media 
with other than stepped parameter profiles in the z direction. A situation like this could be thought of as 
a medium with an infinite number of infinitesimally thin homogeneous layers. In this context, the state­
ments concerning cancelling out the contour integrals remain valid.
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ui = ti /n,

Fig. 3.8. Detail of contour C; with unit vectors t: and n, [141]

Finally, taking into account the continuity equation, we obtain a formula for the 
electric field:

E(r)=-jco^G A (r | /)■ J^dS'-(r | r')q(r')dS' 
s s

+—V\c*(r\r')z-j(r')dS'. <3-169)
JW Js

We note that the integral arising from the correction term may now be grouped 
with the vector potential term giving:

E(r)=-jcoj Ka (r | r'^J^dS' - vj K® (r | r')q(r')dS', (3.170)

with:

^A(rk>GA(r|r/) + -^VC®(r|r/)z- (3-171)
— — m

We note that (3.170) is in the desired mixed potential form, which may be recog­
nized as a multilayer counterpart of (3.17) (if the magnetic currents are not present the 
term concerning F potential disappears). The only difference is the dyadic character 
of the vector potential kernel.

The explicit form of K_A may be easily obtained in the spectral domain directly 

from (3.171) by using (3.93) as well as (3.163). Thus, based on (3.171) we have:

K* =G*-uAc*C*. (3.172)
= = CD CD" dz
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Substituting (3.93) into (3.172), we get:
~ A /
K = (uu + vv)GAv+zuGAu+uzkK+zzkA, (3.173)

which expressed in a matrix form gives:

Gt o —kA
VV J uzkp

H= o Q
i 

? *■
 

^i
 

S 5
-

(3.174)

kx p^A ky ^A Z-A

, zu , zu zz
LKp p J

We see that in comparison with (3.94) we have two additional entries in the dy­
adic kernel, and that one of the existing kernels is modified.

Using (3.163), we get the formula for kA,:

jcoK^=^(vvh-Vve). (3.175)
kP

Based on (3.101), (3.172) and (3.163), we get:

j(okA =^Iev +^^Vvh -V/), (3.176)
£ kp az

which after applying (3.79) gives us:

r k'2)
1 + TT QATT)

£ k kp

Again, the space-domain counterparts of the spectral kernels can be expressed in 
terms of Sommerfeld integrals (3.90)-(3.91). Finally, we have:

Gt (p; z | z') = Gyy (p; z | z') = 50 fe (kp; z | z')}, (3.178)

G^p-z\z) = SQ{GÂ kp-z\z'}}, 

* I z') = -jcos^fef^; z I z)/kp},

Gt 1 M = -J sin Vsi fe fe z I k)/ kp },

(3.179)

(3.180)

(3.181)
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^(^l^o-M^zl?)}- 

C‘p(p;z|zz)=5o{c<p(^;z|z')}

Kxz (p: zI z')=-j cos (pS^K* (kp;z\ z)/ kp }, 

Kyz(p; z | z') = -jsin(ps{{ka(kp;z\ z')/kp }, 

KAJp-z\z') = S0{KÂkp-z\z')\.

(3.182)

(3.183)

(3.184)

(3.185)

(3.186)

Note that, in fact, only three distinct Sommerfeld integrals appear in GA , and four 

in K .

3.3.2. MPIE for the volume current-based problems

When the problem is described in terms of volume electric current, we can obtain 
the scalar potential based on (3.167) by replacing the surface integrals with volume 
integrals:

(r)=— f V'K® (r | rW^dV —— f C (r | r)j(r')dV'. (3.187)
> ' j™ JVi

Steps similar to those from the previous section give us:

(r) = f K® (r | r^V' ■ J^dV' - — f C* (r | r'^J^dV
J™ J™ V,

(3.188)

In view of (3.153), the surface integrals in (3.188) are easily recognized as scalar 
potentials of surface charges present at the surface of a “slice” of the body confined to 
the layer i. We note that the “side” surface integral (integral over Sj exists also in 
free-space counterpart of (3.188). In contrast to the surface current approach given in 
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the preceding section, the remaining two integrals, in general, do not disappear even 
when the scalar potential kernel is a continuous function of z at the interfaces of media, 
because the component of the equivalent current normal to the intersection is not con­
tinuous even for a homogeneous dielectric body. We can however treat the related 
charges in exactly the same way as other surface charges existing inside the body be­
cause of jumps in the permittivity profile, as discussed at the end of section 3.2.2.

We also note the first volume integral in (3.188) represents a scalar potential of 
volume charge distributions, while the second one, which is related to the correction 
term can be easily grouped with the vector potential kernel. This leads to the same 
expressions for the modified vector potential kernel as in the surface current ap­
proach.

* * *

In this section, we have discussed the case where only electric currents are pres­
ent. In a case of only magnetic currents being present, the analysis is dual to that pre­
sented above. We can obtain the mixed-potential representations for the magnetic 
field H by the replacement of symbols [140]: E —> H , J —> M , m, AF ,
0 —> IE , £ —> u , /J.-^ e , V —> I, I ->V, v —> i, i—^v, e —> h , and h —» e . When 
both types of currents are required, we simply apply the superposition principle.

The author considers the systematic description of singular terms arising in the 
surface integral formulations as his original contribution. Up to now, those aspects 
have not been deeply understood within the electromagnetics community, which re­
sulted in inconsistent or wildly erratic derivations [17, 36]. Also the discussion of VIE 
problems in section 3.3.2 is presented for the first time.



Chapter 4. Bodies of revolution

In the preceding chapter we have provided useful formulas enabling the calculation of 
fields for the given current distributions, both for the case of bodies within free space and 
bodies within a general multilayer environment. We also know how to deal with the sin­
gularities encountered when we want to calculate fields within the source regions. Now, 
what we have to deal with is the problem of performing the surface or volume integrations. 
The integrations for bodies of arbitrary shape and/or permittivity/permeability distribution 
are usually performed numerically. Those numerical integrations are in most cases very 
time consuming, taking into account that, especially in the method-of-moments solution 
(Chapter 5), they must be repetitively calculated for a large number of observation points. 
This seriously limits the application of the techniques presented, especially when volume 
integrals are concerned [178]. However, it is possible to greatly reduce this problem if the 
specified geometrical structure is characterized by some symmetries. For example, we can 
reduce the computational effort making use of reflection symmetries within the formula­
tion. In this case we can simply modify Green’s functions, taking into account images in 
perfect electric or perfect magnetic conductors [62] and thus confine the solution to a frac­
tion of the original problem. Another example is the translational symmetry encountered 
in so-called periodic structures. Here, by applying an expansion into Fourier series, we can 
reduce the solution to a single “period” of the original problem. As a special case of this 
type of symmetry, we may consider a rectangular waveguide, where through repetitive 
imaging of the geometry around the waveguide walls we come to this kind of periodic 
structure [62, 140].

In this chapter, we will present in more detail another possible solution, which is 
useful if the dielectric body of interest is characterized by rotational symmetry. Prob­
lems of such kind are known in literature as Body-of-Revolution (BOR) formulations 
[6, 20, 42, 125, 130, 202], As the representative case, we will closely investigate volume 
current models using only electric currents (which is equivalent to the assumption that 
the magnetic permeability of the body is the same as that of the surrounding environ­
ment). Next, we will generalize the specification to a case of multilayer media.

The material given in this chapter is, with the exception of section 4.4, the 
author’s original contribution.
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4.1. Azimuthal modes; modal MPIE for free space*’

Let us assume that the inhomogeneous dielectric body of interest with a complex 
dielectric constant E(r) = s(r) - ja^r)/(t), (where E and or are the media permittivity 
and conductivity at the position r), is immersed in a medium characterized by pa­
rameters s0 and jUq .

This body is illuminated by an incident field El, defined as the field present in the 
absence of the body.

In the presence of the body the total electric field consists of the „incident” and 
„scattered” fields (2.29):

E(r)=E'(r)+Es(r) (4.1)

where the scattered field is excited by the polarization current J (2.26):

W

j(r)= jm[E(r)-£0]£(r) (4.2)

(z)
A

>(y)

Fig. 4.1. Body of revolution and coordinate system

Es is related to the polarization current J through the following formulas (see 
Chapter 3):

*’ This section has been written on the basis of the author’s articles [104, 105].
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£5(r) = -jwA(r)-V0(r), (4.3)

A^ = !rLG(r’rV(r')dV', (4.4)
47T jv

^^=^rivG^,r'^q^dV' ’ (4'5)

where:

G(r,r'}=--------, (4.6)
r -r I

k0 = = 2nIAo. (4.7)

The charge density q(r) is related to the polarization current in (4.2) by the conti­
nuity equation:

V-J^-jcoq^. (4.8)

Formula (4.1) is in fact an integro-differential equation for the polarization current J. 
We can see that in the above formulas we have referred to the mixed-potential field 
representation.

Now let us further assume that the body is characterized by a rotational symmetry 
(Fig. 4.1). First, we shall rewrite the formulas above for the polar coordinate system 
associated with the axis of symmetry of the body. Formulas (4.1) through (4.3), as 
well as (4.8) will, of course, remain in the same form, with the position vector r ex­
pressed in terms of (p, z,0), which are the usual cylindrical coordinates. The poten­
tial formulas will be slightly modified:

A(p,z,0) = —f j(p\ z\<t>')r(p, z,(f>, p', z'^dV', (4.9)
4n Jv

0(p, Z,0)=-^—[ q(p', z',(j)')G(p, z,<j), p', z'^'^dV', (4.10)
4tT£0 Jv

where:
G cos(0 - 0")

0
- G sin(0 - 0')

Gsin(0-0') 

0
Gcos(0 -0')

0 
G
0

G = G(p, z, (/), p', z, =

(4.H)

(4.12)
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R = . (4.13)

Remember that all media parameters are independent of the azimuthal variable 0 . 
This fact allows us to expand all fields, currents, charges and potentials into Fourier 
series in 0 [42], which leads to the formulas:

E^^E'^z^ , 
m=-oo

(4.14)

m=-oo

(4-15)

W=-°o
(4.16)

m=—°°

(4.17)

f■ (4.18)
m=-oo

Substituting these expansions into formulas (4.1) to (4.8), applying the or­
thogonality of azimuthal harmonics [6, 42, 125] and performing the integrations over 
0' we get:

E Jp, z) = E‘m(p, z)+ Esm(p, z\

Jm{p, z^ja^p, z)-E0\Em(p, z\

Esm (p, Am(p, z)- Vm0m (p, z)

(4.19)

(4.20)

(4.21)

where:

Am = r J p'dT' 
^niT="' J (4.22)

pm
1 pp

pm
7 zp

pm
_ 0P

p m
1 PZ

pm
1 zz

pm
1

pm
1 pp

pm
1 zp

pm
1 pp _

+ Gm+\
0

Gm

0

Gm-\ ~ Gm+\

r -
=m

=

Q s +

1 o t
o

Q 2

V 

0
Gm-\ + Gm+l

. (4.23)

2j 2
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Here, we have introduced the “modal” Green’s function defined by:

^—jk^R 1 °°
G(p,z,p/,z/,0-0') = —— = (4.24)

Gm(p, z, p', z')= ( G(p, z, p', z',a)e~jmada. (4.25)
*C

The integration (4.22) is on the transverse surface of the BOR (see Fig. 4.1). Note 
that R = |r - r'| is periodic with respect to variable (0 -0') (equation 4.13) from 

which the Fourier expansion (4.24), (4.25) follows.
The scalar potential is defined as:

4tte0 (4.26)

where the electric charge density qm is related to the current Jm through the modal 
continuity equation:

Qm . * m 'J m
1 

ja P' dp
> to 

n ' f J m 
oz P

(4.27)

In equation (4.27) we introduce the harmonic divergence. We also define the har­
monic gradient operator:

VA + + (4.28)
p dp dz p

Note that although the above modal formulas look a little bit more complicated than 
their full three-dimensional counterparts in the Cartesian coordinate system, we have the 
advantage of reducing the problem dimensions. The integrations needed to calculate the 
potentials are now surface integrals instead of volume integrals in the original expres­
sions. This reduces considerably the number of unknowns needed in the approximation 
procedure and thus enables the handling of basically impossible situations (from a prac­
tical point of view, e.g., limited computer resources) in full 3D models. An observant 
reader may find that theoretically we should solve an infinite number of equations 
(4.19). In practice, however, the solution is usually limited to the first few modes, which 
follows from the modal expansion of incident fields (see Chapter 6).

The idea of modal decomposition of the problem presented here may be easily ap­
plied to surface current models. In this case, we gain a reduction of surface integrals 
to line integrals along the generating arc of the body denoted by L in Fig. 4.1. Fur­
thermore, since the equivalent currents flow on the surface of the body, the compo­
nents p and z in the corresponding equations are usually grouped together to form one
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transverse (to 0) unknown current [6, 42, 125, 130], An additional requirement in this 
case is also to calculate the magnetic fields related to electric currents (and maybe the 
electric and magnetic fields related to the magnetic currents). In order to accomplish 
this we also need to define the Fourier-harmonic curl operator [42]:

VmxAm

1 . 1 -
—p <P —z
p p
3

jm
3

3p 3z

Am P^m Azm

(4.29)

4.2. Modal VIE in layered media

An approach similar to the above may be easily applied to the case of multilayer 
environments, under the assumption that the symmetry axis of the BOR is perpen­
dicular to the stratification (Fig. 4.2).

If we apply the MPIE approach again, the only difference in comparison with for­
mulas presented in section 4.1 is the character of the kernels used to calculate the 
vector and scalar potentials. According to (3.170) in the case of volume current ap­
proach we have:

A(r) = ^KA(r\r,yj(r'>)dV',

V

(4.30)

(4.31)
V

For the sake of completeness, let us list the final formulas (3.178)—(3.186) for the 
entries of KA and K®:

C = ^=4;5o^/,},

5 The material presented in this section has been previously published by the author in [100, 101, 102, 103].

1_ESz d0 
£

(4.32)

(4.33)
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P-N
ZN-l

ZN

^N+l^N+l

Fig. 4.2. An inhomogeneous dielectric body of revolution embedded within a stratified medium

=~n<M$(pS{-
I- -I-

■ ’k2 
p

K* =-Aisin^5r
if-I'

k2Kp

Kxz = -^'cos^5r
Vh -Ve 
r V v

t ki

= ~n'sin(pS^
Vh -Ve 
r V v

kp
J

and finally:

k2 kp

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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The angle (p above is defined by (3.92).
Following the procedure given in the previous section we start off by writing 

(4.30) and (4.31) in polar (p, z, 0) coordinates, which yields:

K*x cos(0 - 0') 
B cos(0' - (p) 

- sin(0 - 0')

Acos(0 -<p)

Asin(<p -0)

^.sin(0-0/) 
Bsin(^t -0') 

KL COs(0-0')
(4.39)

where:

(4.40)

(4.41)

Now, we can expand (4.38) and (4.39) in Fourier series in (0-0'). When making 
the analysis, we should keep in mind the fact that we deal with two different systems 
of polar coordinates, one associated with the BOR symmetry axis, the other one with

Fig. 4.3. Translation of the reference system

the particular source point. The latter situation occurs when we return from the spec­
tral to the spatial domain using Sommerfeld integrals. Let us point out once again that 
the actual relation between the source and the field (observation points) has to be 
considered in the light of (3.92). During calculation, it is advisable to use the addition 
theorem, which allows us to express quantities in one of the systems in terms of the 
other [188, p. 373]:
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= J jJkpP')jnJkpP)e^ .
m=—“

(4.42)

The parameters found in (4.42) are shown in Fig. 4.3. Jm is the Bessel function of 
the order m.

After applying the Fourier series expansion to the kernel components and using 
(4.42), and after some algebraic transformations we finally arrive at:

rm-\ , rm+\ rm , r-m 
Oz r Oz

rm-1 _  t ni+l

2 2 2j
rm-1 __ t ~(m+1)
^zt ^ztka -

rw-i , r-(m+l)
^zt ^zt Lm ^zz= m 2 2j

rin-\ . rm+\rm+\ _  r m-\ rm t -m
hz ^tz

2; 2j 2

(4.43)

with:

sjiy},
JM

Lmz,=P^ml-
_ye

, (4.44)
[ kp J[

and

V^-V^
(4.45)

The notation used above follows the one introduced in [1]. The operator S de­
notes a modal Sommerfeld integral:

2^0
v = 0,1. (4.46)

Modal kernels (4.44) and (4.45) allow us to calculate scattered fields needed in the 
multilayer counterpart of (4.1).

However, in the surface current approach, we must remember that we should use 
the kernel GA for magnetic field calculations and in the case of BOR we should per­

form its modal decomposition.
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4.3. TE, TM and HEM fields^

The interesting features of the volume integral equations presented above may 
be found for the zeroth mode (m = 0). First, let us consider equations (4.27) and 
(4.28) describing the modal divergence and gradient, respectively. We note that in 
this case:

1) there is no charge related to the azimuthal field (or equivalent current) compo­
nent (4.27);

2) in view of (4.28), the scalar potential term of (4.21) produces no azimuthal 
field.

Additionally, we shall consider the behavior of kernels (4.23) and (4.43). Noting
that G{ = G_{ we get for the free-space kernel:

~G{ 0 0 ’

£0 = o Go 0 . (4.47)
0 0 G{

Similarly, for the “layered” kernel we find that Lllt = L„ , which yields:

' 4 -L° 0 ’

-E L°^zz 0 (4.48)
0 0

Based on (4.47) and (4.48) we see that the vector potential kernels do not intro­
duce any coupling between “transverse” (p, z) and “azimuthal” 0 field components. 
In view of 1) and 2) above, we conclude that the general EFIE (4.19) for m = 0 decou­
ples into two independent equations describing “transverse” and “azimuthal” fields. 
For free space we arrive at:

E. (p, z) = E‘ (p, z)- jmf G, J. (p, ^p'dT', (4.49)
4?r J

for azimuthal fields, and

’’ Sec also the author’s articles [100, 101, 103, 104],
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et(p, z)=e^(p, z)-\r JT(p', z)p'dT'
*—1

^p'dT'’ (4.50)

where

G, 0

,0 Go
(4.51)

for transverse fields, while for stratified media we get the counterparts of (4.49) and 
(4.50):

(p, z)= E- (p, z)-2nj^ (p', z'jp'dT', (4.52)
T

Et (p, z)^ (p, z) - \kaJt (p', z')p'dT'
T

+—vr f (v; • JT (p', z^p'dT’, <4-53)

where

(4.54)

In the equations above, we have used the “transverse” divergence and gradient
operators:

(4.55) 
p dp dz

„ . 1 d(p&} ^d^ . .
Vr0=p------v-4 + Z— ■ (4.56)

p dp dz

Using the “transverse” plane T as the reference and the usual terminology, we can 
say that equations (4.49) and (4.52) describe the transverse electric (TE) fields, whilst 
(4.50) and (4.53) describe the transverse magnetic (TM) fields. For m £ 0 the equa­
tions do not exhibit such features (no decoupling into particular field modes can be 
found), so the fields are recognized as having a hybrid nature. This terminology is 
widely used when we classify the resonance phenomena in cylindrical dielectric bod­
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ies, which will be shown in the examples. The resonant modes are then subdivided 
into TE, TM and HEM (hybrid electromagnetic).

4.4. DBOR techniques

Another solution technique, related to the above BOR formulation (worked out for 
bodies with rotational symmetry), is the so-called discrete body of revolution (DBOR) 
approach [5, 212, 215]. This approach has been developed for bodies characterized by 
Ai-fold rotational symmetry. The evaluated body belongs to this category if it consists 
of K identical slices, where each transforms to the other via the rotation through an 

2k
angle —k, k = 0,1,..., K -1. According to Fig. 4.4, we can distinguish the generat­

ing slice with an angular width of 40 = —, which rotated through Atj) K times gives

us the geometry of the body.

Fig. 4.4. Cylindrical symmetry in DBOR geometry (a) and a cuboid with 4-fold DBOR symmetry (b); 
in both cases one of the “slices” is shown in gray
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The position vector r indicating a point lying within the £-th slice may be de­
scribed in terms of a corresponding vector in the 0th (generating) slice as

r = Rkr0, r0GV0) (4.57)

where R is the dyadic of the rotation through an angle 40 :

cos 40 
sin 40

-sin 40 0
cos 40 0

0 1
(4.58)

We note that

«"(40)-^(n40). (4.59)

0

If we now define the coordinate system associated with each slice, so that the unit 
vectors in slice k may be obtained from unit vectors in slice 0 through a rotation k- 
times by an angle 40, we may find that the electromagnetic quantities (currents, 
fields, etc.) at corresponding points are functions of the type /(ro,^40), where r0 is 
the vector in the 0th slice. Thus all scalar quantities (also vector components) may be 
treated as a series of K samples with the sampling period 40 . Consequently, we find 
that we may expand them in discrete Fourier series [215], We have for example for 
the current*’:

(460) 
m=l

where k is the slice number, while the index m denotes the discrete Fourier modes.
Green’s functions are in general functions of both source and observation points, 

where each of them can possibly belong to a different slice:

G(r,r') = G(rQ,rQ,kt\<p,n^^ (4.61)

Above, we have assumed that the source vector r' indicates a point in the n-th 
slice, while the observation vector r indicates a point in the £-th slice. Bearing in mind 
the symmetry, we may conclude that Green’s function depends on the relative, and 
not the absolute position of the respective slices [5]. Thus, we may further describe 
G asa function of (r0,r0',(£ -n)40), which allows us to expand all entries of it (let 

us denote the particular entry by G) in terms of discrete series:

’’ We note that the meaning of “vector” series components pertains to the statement above about 
expressing all of the vectors in terms of local coordinates relative to each of the slices.
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G(r r')= G(r0, r', (k - Gm (r0, . (4.62)
m=Q

The surface or volume integrals relating currents and scattered fields may thus be 
described as a sum of K integrals over the single slices. Substituting expansions like 
(4.60) and (4.62) into the full 3D formulas and performing the summations in k we 
find that, after invoking the orthogonality of Fourier components, the modal equations 
decouple. Then, for each discrete mode, it is enough to solve the integral equation 
related to the 0th slice only, i.e., with integrals over Vo or So, depending on whether we 
deal with VIE or SIE, respectively. Obviously in order to do so, we have also to ex­
pand the incident fields in the discrete Fourier series.

The procedure outlined above may be considered as a generalization of the classi­
cal BOR theory. Indeed, the full rotational symmetry corresponds to applying the limit 
K —> M , for which the expansions (4.60), (4.62) become Fourier series like (4.15) and 
(4.24). As A0 —» 0 , the integration domains diminish to the generating (transverse) 
surface, or to the generating arc within the volume and surface integrals, respectively.

One aspect of the DBOR technique should be especially mentioned. In certain ap­
plications (for example, for DBOR objects inside cylindrical waveguides), it is conven­
ient to express the incident field in terms of (continuous) azimuthal modes. For a single 
azimuthal mode, say m, the incident field has an azimuthal variation . In the dis­
crete Fourier expansion, such variation results in a single discrete mode [5]. However, 
that relation is not symmetrical, i.e., the single discrete mode is related to an infinite 
number of azimuthal modes, each of them possibly appearing in the scattered field 
formulas. As a result, for a given mode m within the incident field, the harmonics with 
the numbers

n=m+vN, veZ, (4.63)

are reflected back [5].
Closing this section we should also mention the efforts associated with so-called 

partial bodies of revolution, which constitutes similar kinds of problems [70]. 

* * *

In this chapter, we have shown how the application of special kinds of symmetries 
(here, of the rotational type) may reduce the order of the solution, resulting in effi­
cient computational algorithms. However, even if the observed kind of symmetry is 
not used within the full 3D formulation of the problem, it is still present in the physi­
cal relations serving as a basis for the solution. For example, the relation between the 
source and field (observation) points in many cases does not depend on the absolute
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location of those points, but on their relative position (i.e., their distance to each 
other). It means that relations between the pairs of source/field points are expressed 
using the same formulas and do not have to be recalculated for all possible combina­
tions. Speaking in terms of the method-of-moments solution outlined in the next 
chapter, if only symmetry is preserved during the approximation process, it appears in 
the form of the MoM impedance matrix. This fact may be taken advantage of both in 
the process of matrix computation and in the step required to find a solution of a ma­
trix equation. Recently, this approach has been applied to a class of iterative solutions 
where, in view of the translational symmetry of the medium, the process of matrix­
vector multiplication has been accelerated by means of a Fast-Fourier-Transform 
(FFT) [190, 191, 226],



Chapter 5. Solution of integral equations 
- the method-of-moments

In the previous chapters, we have formulated the problem of electromagnetic scat­
tering by dielectric homogeneous/heterogeneous bodies, possibly also surrounded by 
a stratified environment, in terms of surface or volume integral equations. For the un­
known quantities in those equations, we have used the fictitious equivalent electric 
and/or magnetic currents . Unfortunately, the analytical (or semi-analytical) solutions of 
the integral equations are at present known only for a small set of bodies having simple 
geometrical shapes (for example, spheres for which the solution is known in terms of 
Mie series [188, p. 563]). In practical situations, we have to apply numerical methods, 
which lead to approximated solutions. For integro-differential equations considered in 
this monograph the widely recognized solution is known as the “method-of-moments” 
(MoM). This term, introduced by Harrington [59, 61] is presently used for a wide set of 
numerical methods [208], incorporating the “classical” method of Harrington, the reac­
tion matching concept of Rumsey [173], mode matching, conjugate gradient method 
(CGM), etc. A systematic description of the various approaches may be found in 
a monograph by Wang [208], Here we only mention the most general classification, 
subdividing the frequency-domain moment methods into direct (where the “impedance” 
matrix describing the problem is obtained and then inverted) and iterative ones (where 
only the vector describing the unknown quantity (current) is stored, and the solution is 
obtained in several steps (iterations)’”)). The efficiency of the iterative solutions may be 
enhanced by using special techniques, such as the fast multipole method [118], the 
adaptive integral method [11], the impedance matrix localization method [18], and the 
fast Fourier transform and wavelet methods [45, 46, 86, 186, 204],

A general trend is to use very simple approximations for the iterative methods, 
allowing application of simple and fast formulas, and to obtain the desired accuracy

*’ In view of (2.1)—(2.2) and (2.26), those currents may usually be understood as fields, as well.
1 In the direct method-of-moments, the impedance matrix may be inverted directly or iteratively. 

This second possibility is closely related to the iterative method-of-moments [208, p. 12], with the ex­
ception that in the latter case the matrix elements are not stored, but calculated each time they are needed. 
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by using a large number of unknown parameters [190, 191], In the direct methods we 
apply more sophisticated approximations for the unknown quantities, but we are usu­
ally restricted as regards the number of unknowns because of the computer memory 
limitations (we must store the N2 element matrix for N unknowns). In the work 
herein, we apply the traditional direct solution, which may be outlined as follows.

Each operator equation that may be constructed for the problem of interest based 
on the previous chapters, may be written in the form:

A(x)=y, (5.1)

where x denotes the unknown (electric and/or magnetic equivalent current), y denotes 
the given field (in our case the incident one), and A denotes a linear (here integro­
differential) operator. Equation (5.1) has to be fulfilled within the spatial domain of 
the integral operators used in the formulation. For instance, for SIE formulations we 
require (5.1) to be satisfied on the body surface S, while for VIE formulations (5.1) 
has to be satisfied within the body volume V. The first step in the MoM solution is to 
approximate the unknown in the form of a linear combination:

x = ^X„xn, (5.2)

n=l

where Xn are complex constants, and xn is a set of N linearly independent functions, 
referred to as the basis functions or expansion functions. The fact that we postulate an 
approximate form of the solution is indicated by the sign = . Substituting approxima­
tion (5.2) into (5.1), and making use of the linearity of the operator A, we get:

fx^x^y. (5.3)

n=l

Formula (5.3) is an equation with N unknowns, which should be approximately 
satisfied at all points of the spatial domain of the operator. In order to make (5.3) 
meaningful we follow the procedure given by Harrington [61], i.e., we test (5.3) using 
a set of N properly chosen weighting or testing functions. The testing procedure con­
sists in taking a symmetric or scalar product of the tested quantity with a testing func­
tion from the set [208], The number of testing functions should be the same as the 
number of basis functions used for approximation of the unknown quantity. The 
symmetric product is usually defined as:

(ir,w^ = ^u-wdK, (5.4)
K

where the domain of the integration K denotes surface S for the surface integral equa­
tion formulations, or volume V for the volume integral equation formulations.
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In certain applications, it is convenient to use a scalar product:

= ju-w*dK.
K

(5.5)

If we denote the testing function by Wi, w2, ..., and apply the testing procedure 
to (5.3), we obtain:

S X" ) = (y'W")’ m = 11 2’ N-
n=l

(5.6)

Thus, the initial equation (5.1) has been transformed into a set of N linear equa­
tions with N unknowns. This set can be written in a matrix form:

KKMyJ, (5.7)

where [/J denotes the column matrix of unknown coefficients of expansion (5.2), 
while elements of the so-called impedance matrix [Amn] and the excitation vector 
[ym ] are given respectively by:

Amn = (5-8)

ym (5-9)

The equation set (5.7) may now be solved with the standard methods of linear al­
gebra.

Note that we do not consider here problems of the existence or uniqueness of the 
solution to (5.1). We assume that a solution exists in the sense of MoM. Any reader 
interested in a more formal mathematical introduction to the method-of-moments is 
referred for example to monograph [208],

In the MoM solution, the choice of the basis and testing (weighting) functions is of 
fundamental importance [85]. Note that in the mixed-potential representations, which 
are in general preferred in this monograph, there is always a divergence operator acting 
on the current. This causes that at least some linear capabilities of the basis functions are 
required to enable the differentiation. In contrast to this approach, there are solutions 
with simpler expansions (pulse) [25, 116, 191], where the principal value techniques 
must however be used when dealing with the singularities of Green’s functions \ The 
choice of the basis functions will be discussed in the subsequent section.

At the end of these introductory remarks, we should devote a few words to a rela­
tively new technique, which may be used when dealing with scattering problems us-

The singularities appear in the solution, for example, when so-called “self-terms” are considered, 
which corresponds to diagonal elements of the impedance matrix.
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ing the method-of-moments. The well-known drawback of the MoM is that the matri­
ces produced in this scheme are dense (in contrast to mesh methods like FEM), which 
in the case of problems concerning electrically large objects, complicates both the 
matrix storage and inversion. This drawback may be resolved by using the wavelet 
methods mentioned above [46]. The wavelet methods can be applied either directly 
(using wavelets as the basis and testing functions) or indirectly (transforming the im­
pedance matrix with the wavelet transform). Both approaches lead to matrices in 
which several of the elements are small in comparison to others and can be neglected 
(set to zero) without lowering the quality of the approximated solution.

5.1. Basis functions

As indicated above, the key element in the MoM procedure is the approximation 
of an unknown quantity, for example, of the surface or volume current. In order to 
make such an approximation we first have to decide on whether the shape of the body 
should also be approximated. The shape approximations are used when surfaces 
bounding the body or its parts are curved. A typical approach is to replace the curved 
surfaces with planar patches over which the basis functions are spanned*). Of course, 
the surfaces of the body (including possible media discontinuities) are usually better 
approximated using a greater number of elementary planar patches. Thus, we have 
two approximation levels applied in the MoM solution: 1) the approximation of the 
geometry of the body, and 2) the approximation of fields or equivalent currents. The 
first approximation is avoided when the body itself is bounded by planar surfaces, or 
when more sophisticated geometrical techniques are applied. Such techniques are in 
recent years extensively investigated by a number of researchers. Representative ref­
erences in this field are given by Wilton and co-workers [15, 16, 21], In this mono­
graph, however, we focus our interest on the integral equations describing the elec­
tromagnetic scattering problems rather than searching for the most accurate 
geometrical representations. In the light of what has been said, we limit our attention 
to simple configurations where planar surface segments can be used. The second ap­
proximation depends not only on the demanded accuracy, but also on the presump­
tions made in the formulation. In the next sections, we will shortly introduce typical 
basis functions, which may be used to represent the surface and volume currents. 
A general remark that should precede this description follows from Chapter 3 of this 
book. We concluded there that particular ease with which the singularities in integral 
equations are treated is associated with their mixed-potential form. Such formulations

*’ This introduces non-physical edges into the solution. Different kinds of problems are associated with 
the modeling of real (existing) sharp edges, due to the singularity in the charge density near an edge [16].
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require however the possibility of calculating charges from current distributions (us­
ing the continuity equation). Therefore, basis functions applicable within the MPIE 
formulation have to be at least piecewise differentiable. Any reader interested in more 
sophisticated higher-order field and current approximations is referred for example to 
[50,51].

5.1.1. Rooftop basis functions for surface current representation

The early surface current representations, developed mainly for the modeling of 
conducting surfaces, were limited to rectangular plates [205], Simple approaches 
[4, 17, 95], used “pulse” vector basis functions associated with single elements 
(patches), for example, in [17] two orthogonal vector basis functions per each patch 
have been applied. A similar approach where triangles (more flexible in the mod­
eling of surfaces of arbitrary shape) were used as the basis function domains was 
proposed by Wang [207].

In more sophisticated attempts higher-order functions were spanned over two ad­
jacent patches. In [211] the authors used “two rectangle”, piecewise sinusoidal func­
tions to represent current in its flow direction, whilst in the transverse direction per­
pendicular to the current, the representation still had a simple pulse form. This 
approach, which in fact relates the basis functions to common edges between the 
patches (see Fig. 5.1(a)), rather than to patches themselves, laid down the basis for 
contemporary surface patch modeling techniques. Although attempts at developing 
a more accurate representation of current distributions in transverse direction are 
known in literature [160] the complexity introduced to the basis function construction 
is not, in the author’s opinion, justified by the modeling flexibility.

The “two rectangle” or “rooftop” approach was first generalized to non-rect- 
angular (however regular in some aspects) geometry [183], and second, to the very 
versatile “two quadrilateral” representation (see Fig. 5.1(b)), [162], Although in the 
original solution [162] the authors again used a piecewise sinusoidal current repre­
sentation, other models are also known, using for example linear (triangular) current 
expansions [182], It is to be pointed out that triangular domains may also be easily 
treated in the method of [162], because a triangle can be considered as a degenerated 
quadrilateral.

A milestone in contemporary three-dimensional surface current modeling tech­
niques was the paper by Rao, Wilton and Glisson [168], In their formulation, which 
has also been originally developed for scattering calculations by perfectly conducting 
bodies, a surface of arbitrary shape was approximated with flat triangles (see Fig. 
5.1(c)). Like in some previous attempts, the basis function definition is associated 
with the edges between adjacent triangles.
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These, so called RWG functions are defined as follows*’:

2A„+ Pn for reT^

fn(r) = I

2a; Pn for r e T~

0 otherwise,

(5.10)

where l„ denotes the length of the common edge, and A*1 is the area of the triangle 
rr + / — 
* n •

Fig. 5.1. Geometrical parameters associated with the interior edges between: 
(a) two rectangles; (b) two quadrilaterals; (c) two triangles

’’ In recent papers [137, 143] another equivalent formal definition is preferred, where the so-called A 
functions associated with the numbering of local vertices for each triangle are used. Here we apply the tradi­
tional definition because of the more natural transition between triangular and quadrilateral domains.
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The following properties of the above basis functions make them attractive for 
surface current modeling [168, 208]:

1) /, (the current) is tangent to the edges of triangles except at their common edge, 
and no line charges exist along those edges.

2) The normal component of the current crossing the common edge between 
the two triangles is continuous, and hence there is no line charge on the common 
edge.

3) The average of f„ over the two triangles (the moment) can be easily evaluated 
in terms of vectors pointing towards the triangle centroids.

4) The surface divergence off,, which is proportional to the surface charge density 
associated with the basis function, can be simply evaluated as:

for r G ,

for reT,;,
(5.11)

0 otherwise.

Feature 4), which in fact means that the charge density is constant in each triangle, 
makes the basis function particularly well suited for MPIE formulations.

Fig. 5.2. An arbitrary surface modeled using quadrilateral (a) and triangular (b) patches
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When dielectric bodies are modeled using the surface current approach we must 
remember that usually two currents have to be approximated for each of the surfaces. 
The RWG functions have been successfully applied for scattering by homogeneous 
dielectrics in [197].

Although the RWG function described above offers a very flexible tool for surface 
current modeling, one must remember that in certain cases the quadrilateral modeling 
may be still of interest, because it can give a model with a smaller number of un­
knowns and therefore smaller impedance matrix as compared to triangular modeling. 
Some commercial codes offer the possibility of the choice between these two tech­
niques [182], see also Fig. 5.2.

5. L2. Generalization of the rooftop functions into VIE techniques

In volume integral equation techniques, the cubical cells play a more important 
role than rectangular patches, which may be considered as their two-dimensional 
counterpart, in surface current modeling. The reason for that is twofold: first, it is in 
some sense “natural” to model an inhomogeneous body with the help of a Cartesian 
grid, where material parameters are associated with each cuboid (piecewise constant 
permittivity and/or permeability profiles), second, we are not forced to exactly repre­
sent the surface of the body - we are allowed to take any convenient shape as the 
“body volume” which includes the real body inside and the “rest” being simply filled 
with material of the surrounding environment (Fig. 5.3).

Fig. 5.3. An arbitrary inhomogeneous dielectric body modeled 
as a cuboid in the Cartesian grid

Let us remain here with purely dielectric bodies, which may be modeled using 
equivalent electric current only. There are two major ways of treating the scattering 
problems in this case. Historically the first one, introduced by Livesay and Chen 
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[116], uses EFIE with a simple pulse basis function for field (or current) representa­
tion. Because pulse functions are not differentiable, it is not possible to apply the 
mixed potential formulation, and therefore principal value integration must be used 
when “self-terms” of the impedance matrix are evaluated. The interest in this ap­
proach (see also [25, 54, 55]) was revived more recently, when the iterative MoM 
procedures became popular [208, 210, 191, 209]. This approach suffers from two 
drawbacks. One is that using the Cartesian mesh enforces application of a large num­
ber of cells when the surfaces between dissimilar media are of arbitrary shape (stair­
case approximation). Another one is associated with the pulse field representation that 
introduces non-physical charges at cells boundaries, which may be a source of con­
vergence problems when more subtle segmentation is applied [61, 178],

The second approach is associated with using MPIE and therefore avoiding the 
singularity problems. This again requires at least some linearity to be built into the 
basis functions. This can be easily done when we generalize the rooftop functions 
from the preceding section to three dimensions. Possible configurations using two 
cuboids (the counterpart of a surface basis function spanned over two rectangles) or 
two tetrahedrons [178] (the counterpart of two triangles) are shown in Fig. 5.4. It is 
obvious that the basis functions are now associated with faces rather than with cells.

Fig. 5.4. Geometrical parameters associated with the interior face between 
(a) two cuboids; (b) two tetrahedrons
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For the case of two tetrahedrons, the basis function is defined as [178]:

'^p+ 

3v; Pn forrGT„+,

a„
—p. for r G T;

0 otherwise,

(5.12)

where an denotes the area of the common face, and V^1 is the volume of the tetrahe­

dron T*'~.
The basis functions defined in (5.12) have the following interesting properties 

[178]:
l)/„ is tangent to the faces of tetrahedrons except at their common face.
2) The normal component of fn crossing the common face between the two tetra­

hedrons is continuous.
3) The average of fn over the two tetrahedrons (the moment) can be easily evalu­

ated in terms of vectors pointing towards the tetrahedron centroids.
4) The divergence of fn can be simply evaluated as

for r G T*,
V,t

0 otherwise.

The above basis functions are well suited for field representation, when piecewise 
constant media parameters are assumed. The dielectric constant associated with each 
tetrahedron may be different, so in general the normal component of the equivalent 
current (4.2) may be discontinuous at media interfaces. This contradicts the above 
feature 2), therefore functions (5.12) are not suitable for equivalent current represen­
tation. The same is true about the electric field. However, the dielectric flux density 
defined as:

D = £E, (5.14)

possesses the desired feature of continuity of the normal component across the media 
interfaces. Therefore it is D that is approximated [178] throughout the body volume V 
using the double-tetrahedron basis function, as:
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(5.15)

The N above denotes the total number of faces that make up the tetrahedral model 
of V. Obviously, in this volume model some tetrahedron faces are placed on the sur­
face of the body. If this is the case, a “single-tetrahedron” basis function associated 
with the “interior” tetrahedron is defined.

When the basis functions are chosen for the problem in question, in the case of the 
MoM procedure other quantities associated with this elementary block of field expan­
sion, such as currents or charges, have to be calculated. Namely, we have the follow­
ing formula for the current expansion:

j{r)= ja^DnK^fn{r) 
n=\

(5.16)

where we have introduced the contrast ratio [178]

4r)= , (5-17)

now acting for all discontinuities in the normal current component at media interfaces. 
Obviously, in a multilayer environment, the free-space permittivity in (5.17) should be 
replaced with the permittivity of the proper layer.

The charge density can be obtained from (5.16) using the continuity equation, 
yielding

= (5.18)
n=l n=l

It is interesting that, as seen from (5.18), the two kinds of associated charges 
have been related to functions (5.12). The surface charges (first summation) arise 
at tetrahedron interfaces when dielectric constants of both tetrahedrons are dif­
ferent, and at interfaces lying on the surface bounding the body (except for the 
possible “empty” cells mentioned at the beginning of this section). Note that this 
is consistent with the discussion of MPIEs performed at the end of section 3.2.2 
and in section 3.3. The explicit formula for the surface charge associated with the 
function/,, is:

r^an, 
otherwise,

(5.19)

where K^1 is the constant value of k(t) in T*' .
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The second summation in (5.18) represents the volume charge, easily calculated 
using (5.13):

+ <7
-D K — 

" n V

D k~ — n n
(5.20)

o, otherwise.

A careful reader may notice that, in view of the Gauss law, there should be no 
volume charges in the formulation, because D is divergenceless, and fn represents 
a building block for D. However, the basis functions defined above are not diver­
genceless, therefore this condition must be enforced numerically [178], An alternative 
approach consists in grouping together double-tetrahedron basis functions with 
a common edge, which leads to a class of solenoidal bases with no volume charges 
present [19]. Another simple solution to this problem may be found for the case of 
a body-of-revolution and will be defined in the next section.

When explicit formulas for elementary currents and charges are known we can 
calculate numerically the associated potentials and fields at an arbitrary point of space 
using the Green’s functions discussed earlier in this book.

Although the formulation outlined above is preferred by the author, there are also 
other MPEE approaches using VIE. For example, Tsai et al. [195] use linear basis 
functions spanned over polyhedral domains to represent the electric field in a manner 
similar to FEM formulations.

5.1.3. Mixed-domain basis function in BOR problems

A special case in basis function construction is associated with bodies with rota­
tional symmetry discussed in Chapter 4. In general, the 3D problem in the BOR case 
is reduced to a number of 2D problems. In the surface current approach, the surface 
integrals reduce to line integrals along the “generating arc” of the body. The rooftop 
functions described in this section reduce to triangle functions spanned over adjacent 
segments of the generating arc. As shown, for example, in [42, 125], two current 
components must be approximated: the current flowing along the arc and an azi­
muthal current component. In [42], it is shown that for the latter case a simple pulse 
approximation gives stable solutions. Because the BOR techniques with SIE formula­
tions have been known almost from the beginning of the contemporary computational 
electromagnetics, an interested reader is referred to voluminous literature dealing with 
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this subject [1, 6, 42, 123, 124, 125, 130]. The VIE basis functions are discussed be­
low because of some interesting possibilities associated with this approach.

First, we would like to underline one aspect of the “azimuthal mode decoupling” 
procedure associated with BOR analysis. Two interpretations are possible in this case. 
First [42], we can take the modal equations as they appear in Chapter 4. Note that the 
domain of the operators in those equations is the transverse area of BOR denoted by 
T. Thus, the basis function should enable representation of field components, de­
pending on the position of the observation point on T. The azimuthal dependence 
(ejm0) is suppressed in the equations and is present in the form of modal operators, 
such as modal divergence, curl or gradient (eqs. (4.27)—(4.29)). Therefore, let us state 
again that the basis functions have to be dependent only on (p, z) coordinates. The 
second interpretation [125] allows us to remain within the classical 3D form of the 
equations (Chapter 3), but the basis functions are understood as combined, mixed 
domain functions constructed as a multiplication of “transverse” functions (usually 
spanned over small sub-domains) with the entire domain exponential functions:

fJ^Z^=fn(p,^ (5.21)

where the superscript T denotes the function defined in the “transverse” body area.
This second approach is useful when we want, for example, to prove the features 

of mode decoupling (in view of the orthogonality of exponential functions with 
different m indices) [125], On the other hand, the first approach is better suited for 
immediate application to a numerical procedure, because the analytical work is per­
formed a step further (see for example that in the final equations presented in Chap­
ter 4 we have performed all of the integrations over the variable 0 analytically). We 
therefore remain with this (in the author’s opinion) more elegant form and will under­
stand the basis function as defined on the “transverse” domain. Consequently, the 
superscript T from (5.21) will be omitted further on.

5.1.4. Reduction of the number of unknowns 
through the use of Gauss law^

In section 5.1.2, it was mentioned that in the original double-tetrahedron method 
[178] usually the Gauss law is enforced numerically. However, the authors suggest 
that taking advantage of the fact that the electric flux density is divergenceless within 
the tetrahedrons, it would be possible to reduce the number of unknowns in the solu­
tion when developing the basis function. Indeed, the Gauss law

‘’[105].
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V-D=O (5-22)

enforces an additional relation on the field components, which are in general not in­
dependent. This feature was used previously in BOR schemes for developing special­
ized EFIEs characterized by a reduced number of unknowns [200, 201], We will show 
how (5.22) can be used for the construction of efficient BOR-VIE basis functions.

Based on (5.21) let us denote again the transverse basis function by fn. If the basis 
function set is used for D representation, we can state that (5.22) should also apply to 
fn, which in cylindrical coordinates gives us (see (4.27)):

V • f = tn J n
i 4pr.p),
p dp dz

(5.23)
P

where m denotes the azimuthal mode.
One can see that it is possible to easily calculate the azimuthal component 

from (5.23) if transverse components ff and f„ are known,

i = -JL 1 । 3fn

jm p dp dz
(5.24)

Note that:
1) the above relation cannot be applied for m = 0, however in this case, as dis­

cussed in section 4.3, the equations describing transverse and azimuthal fields are 
decoupled and have to be solved separately;

2) the transverse field components must be differentiable^.
In view of the above statements, in order to construct a divergenceless basis 

function for non-zero azimuthal modes, we have to first define a (differentiable) 
basis function suitable to represent the transverse vector field in the transverse 
plane T, and then calculate the remaining azimuthal component with the help of 
(5.24). This reduces the total number of unknowns needed in the solution approxi­
mately by a factor of 2/3.

Two possible choices have been introduced in the author’s earlier work [105]. The 
natural choice for “transverse” functions are the rooftop functions from section 5.1.1. 
Indeed, they represent two-dimensional vector distributions, and possess some linear­
ity features which make them differentiable. The difference in direct application is 
that rooftop functions described in section 5.1.1 are designed for current representa­
tion on surfaces of arbitrary shape. In contrast to that, here we use them for field rep-

In (5.23) and (5.24) we use p and z components separately. However, they may be grouped to form 
a single vector “transverse” component in the equations. The square bracketed part of (5.24) can then be 
interpreted as a transverse component of the divergence operator Vr ■ .
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resentation (in view of section 5.1.2 a good choice is the electric flux density). Fur­
thermore, the surface over which the functions are spanned is always planar, because 
it is simply the transverse plane of BOR.

For further development we include two types of rooftop functions: functions 
defined on rectangular domains, which correspond to “double-cuboid” functions 
in 3D cases, and functions spanned over triangles (RWG functions), which are the 
counterpart of “double-tetrahedron” functions. Both representations are shown in 
Fig. 5.5.

We can note that in the divergence relation (5.23) the p-directed field compo­
nent is multiplied by p, while the z-directed component appears alone, i.e., with­
out the p multiplier. Thus, as will be seen in the subsequent paragraph, it is use­
ful to apply different expansions for both components of D. When the “rooftop” 
functions are used to represent transverse fields, it is appropriate to expand pDp 
with the “radial” rooftop functions, whilst in z-directed rooftop functions it is 
more appropriate to expand Dz directly. Consequently, a constant variation in p is 
assured for both field components in the immediate neighborhood of z-axis.

Fig. 5.5. Approximation of the transverse plane of the body;
(a) rectangular basis functions; (b) rectangular and triangular basis functions

(b)

Basis functions on rectangular domains
Assuming that the transverse surface of BOR is divided into small rectangles (see 

Fig. 5.5(a)) characterized by piecewise constant dielectric parameters we define two 
sets of basis functions (see Fig. 5.6 for notation):
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1) type p functions defined as:

otherwise,

(5.25)

2) type z functions defined as:

0,

(5.26)

otherwise.

If the internal edge of the basis function is on the contour of the body, the basis 
function is defined based on the rectangles interior to T. No basis functions are asso­
ciated with edges lying on the z-axis.

(a) (b)

Fig. 5.6. Rectangle pairs and geometrical parameters associated 
with the rectangular basis function; (a) type p; (b) type z
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It can be easily checked using (5.23) that functions (5.25) and (5.26) are diver­
genceless. It should be mentioned once again that „modal” basis functions should be 
understood in global expansion scheme as multiplied by an exp(jm0) factor.

Thus, we get the following representation of the “modal” D:

Np
(5-27) 

1=1 1=1

where Np and Nz are the function numbers defined by (5.25) and (5.26), respectively. 
Of course, Np + Nz- N.

The corresponding currents associated with basis function can be calculated from 
(5.16). The total modal current at the given point can be expressed as:

"p
Jm(p, z)= j^D^p, z^g^p, z)+ jo^D^p, z^h^p, z). (5.28) 

i=l 1=1

The charge density is represented by:

"p wp
Qm(p> z)Vm • gmi (p, z)-D^g^p, z)-^tk(p, z)

i=1 i=l

N. Nz
~^DzmiK{p,^m ■hmi{p,z)-^Dznihmi(p,zy^TK{p,z), (5.29) 

i=i i=i

where VT denotes the transverse part of the gradient operator.
Similarly to the three-dimensional case, the first and third summations in (5.29) 

represent volume charge densities, which in the case of divergenceless functions 
(5.25) and (5.26) are simply equal to zero. The second and fourth summations, as­
suming piecewise constant profile of the contrast ratio K, represent surface charge 
densities associated with the basis functions: 

q^p^^-

— Dp
mi

P

p,
K?

(5.30)

otherwise,

Dzmi[Kz+

0, otherwise,
(5.31)

where Z, in (5.30) and (5.31) is a “common line” associated with p-type and z-type 
basis functions, respectively.
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Based on the above equations, it is easy to see that evaluation of the scalar poten­
tial does not require calculation of the surface integrals, because the integral in (4.26), 
or its multilayer counterpart, now reduces to a contour integral.

Basis functions on triangular domains
As mentioned before for triangular domains basis functions similar to the RWG 

functions [168] can be easily applied. We define the basis functions which span over 
two adjacent triangles (like the classical rooftop functions over two rectangles). 
Again, the basis functions are associated with edges rather than with particular trian­
gles. Expanding pD^p, z) into the RWG functions and calculating from (5.24) 
we get the basis function definition:

(p^Tf, 

otherwise,

(5.32)

where vectors t*1 responsible for the transverse fields are defined in Fig. 5.7.
Formulas similar to (5.28) through (5.31) for representing currents and charges 

can also be easily obtained.

Fig. 5.7. Triangle pair and geometrical parameters associated 
with the triangular basis function

It should be noted that functions (5.32) are not capable of correctly representing 
the fields in sub-domains in the immediate vicinity of the z-axis. First, because the 
piecewise constant character of the RWG function in the direction perpendicular to 
current flow, after multiplying by i/p results in an incorrect representation of the D, 
component near the z-axis. Second, for similar reasons, no basis function can be de­
fined on triangle edges directly on the z-axis. Taking into account the fact that in or­
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der to represent a field in any direction we must use all three basis functions associ­
ated with each triangle, we find that fields in the vicinity of the z-axis cannot be cor­
rectly represented by functions defined in (5.32). On the other hand, omitting the Up 
term in the definition results in that the divergence formulas become significantly 
complex, which obviously cancels out one of the main advantages of applying the 
RWG functions.

One solution is to combine functions defined based on rectangles for representing 
the fields near the z-axis with functions defined based on triangles for the remaining 
part of the body. This however would require additional „mixed” basis functions to be 
defined for the edges separating rectangles and triangles (see Fig. 5.5(b)).

Mode m = 0
For the zeroth mode, we have two independent equations concerning transverse 

and azimuthal field components. These equations can then be solved separately.
Solving the equation for transverse field components, we can for example use the 

same transverse field representation as in the previous section. However, one must 
remember that the basis functions constructed in this manner are no longer diver­
genceless. This means that we must take into account the volume charges which ap­
pear in (5.29) when computing the scalar potential. This also means the need to en­
force the zero divergence condition numerically.

The equation for the azimuthal mode has a very simple form, because it has no scalar 
potential term. Also, there is no differentiation operator acting on the field. Therefore, 
very simple (e.g., pulse) representations may be used in the field expansion.

Note also that because of the decoupling of equations, we never have to solve 
a system of linear equations with more unknowns than in the case of non-zero modes. 
It means that in this case we retain the main advantage of this method.

The method of construction, as well as the examples of mixed-domain diver­
genceless basis functions suitable for electric flux density are the author’s exclusive 
original contribution.

5.2. Advantages of Galerkin formulations 
in the MPIE framework

In Chapter 3, we have concluded that the easiest treatment of kernel singularities 
is associated with a mixed-potential representation of the fields, because the scalar 
potential kernels exhibit only 1/7? singularity, which present no computational diffi­
culties (see Appendix 1). The disadvantage related to this representation is an addi­
tional nabla operator (gradient) acting on the scalar potential, i.e. appearing in front 
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of the scalar potential integral. We will show how this problem can be circumvented 
in the MoM formulation, when the Galerkin scheme is applied. In the Galerkin for­
mulation, we assume that the basis and testing function sets are the same.

Let us assume that the equation describing the problem of interest is “tested” with 
the vector function fp with properties of the functions described in the previous sec­
tion. We will focus our interest on the contribution of scalar potential terms made to 
the impedance matrix.

SIE formulations
For SIE approach and RWG functions, we have the scalar potential term in the 

form:

^<P;fp)=^^fpdS

- Jv^" -fpdS + jv^+ ■ fpdS, (5.33)

where superscripts +/- relate scalar potential and basis function components to corre­
sponding triangles. Integrating by parts and applying the Gauss theorem, we transform 
(5.33) into:

(v^; fp ) = - JVv • f~dS - V ■ f^dS

\^-f~p-up^+f;-u^dl, (5.34)

where the designations are indicated in Fig. 5.8.

Fig. 5.8. A triangle pair defining an RWG test function [141]
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Fig. 5.9. Side view (a) and cross-sectional view (b) 
of a triangle pair straddling the interface between two adjacent layers [141]

Note that in the derivation of (5.34) we have applied a property of RWG functions 
such that/p has no components normal to edges other than the common edge between 
the two triangles. In view of the definition (5.10) f~ • u~ + f p ■ u+p =0 on lp. In free 

space, the scalar potential is a continuous function of position, thus O- =O+ on lp, 
and the line integral in (5.34) disappears. In layered media, no triangular patch is al­
lowed to cross the interface between two adjacent layers [141], As a result, the trian­
gle patch model must take into account the position of the interface, which leads to 
a configuration depicted in Fig. 5.9. An arrangement like this ensures the continuity of 
the current and allows a discontinuity of the charge on the interface [141]. The pres­
ence or absence of an additional line integral in (5.34) depends on the particular 
MPIE used. Fortunately, in the formulation outlined in this monograph (formulation C 
of Michalski and Zheng [141]), the scalar potential kernel is continuous when the 
observation point crosses the media interfaces, and the line integral disappears, which 
makes the situation identical to its free-space counterpart. Finally, for the formula­
tions included herein we have:

(V4>; fp ) = - JO’ V • fpdS - jo +V • fpdS . 

t: t*

(5.35)
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Thus, the differential operator acting on the scalar potential has been neutralized 
in the testing procedure, and transferred to act on the testing functions which obvi­
ously must be differentiable. Equation (5.35) may be easily approximated using the 
potential values in the centers of the triangles and applying (5.11), [168],

Note also that identical treatment relying on rectangular or quadrilateral-based 
functions is possible, because the functions on edges opposite to the common edge 
have a zero value and do not contribute to the line integrals arising from the applica­
tion of Gauss theorem.

VIE formulations
For VIE formulations, a similar procedure will be shown assuming a double­

tetrahedron basis and the testing functions. Again, for double-cuboid functions the 
procedure remains essentially the same.

Thus, we have:

(v<P;/p) = Jv<?V/V = fv0--/;dV+(5.36) 
v T~ r;

Integrating by parts and applying the properties of fp and the three-dimensional 
form of Gauss theorem we arrive at the formula:

where the details are presented in Fig. 5.10.
This time, however, the situation is not a simple extrapolation of the SIE tech­

nique. We should remember that, although the essential block in the solution is 
a “double-tetrahedron” function, “single-tetrahedron” functions might also appear in 
association with the tetrahedron faces on the outer surface of the body. Therefore, we 
need to distinguish between these two cases.

When the “interior” function is considered and the scalar potential kernel is 
a continuous function of the observation point, then in view of the continuity of the 
normal fp component on the common face Ap, the surface integral in (5.37) disappears, 
resulting in:

(V0; fp ) = - JVv • ffdV - • f;dv. (5.38)

For “exterior” faces we have instead:

TP

(5.39)
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where the lack of superscripts +/- indicates that only one tetrahedron function is asso­
ciated with Ap. n denotes a unit vector normal to the body surface at Ap.

Fig. 5.10. A tetrahedron pair straddling the interface between two adjacent layers

If however the scalar potential kernel is not continuous across the media boundary in 
the multilayer environment, the surface integrals also remain for the “interior” functions 
and must be taken into account in the process of filling the impedance matrix. An alter­
native way is to split the tetrahedrons, with a common face in the layered media inter­
face, to form two separate “single-tetrahedron” basis and testing functions. Afterwards, 
for each of these functions we should use formulas like (5.39). Note that this corre­
sponds to “cutting” the body of interest into “slices” within the different layers.

BOR-VIE formulation
Note that up to now we have used a symmetric product in the testing procedure. In 

BOR formulations it is however convenient to apply a scalar product:

{f-,g} = $f g*dV. 
v

(5.40)

For the m mode we get:
2tt

(fm ,gm) = J J fm (p, • g*m (p, zY^pdtjt dT , (5.41)
T 0

which, after performing the 0 integration results in:

(fm fm (p, z) • g; (p, z)pdT,
T

where T is the „transverse” area of the BOR.

(5.42)
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For the scalar potential term and for the “interior” testing function we get: 

(vm0m; fmp ) = -240; vm • f- pdT &+mVm • pdT , (5.43)

T; t;

while for the “exterior” faces we have:

(Vm0m; fmp ) = 2n\• n)pdL ~2n^nym ■ pdT . (5.44)

A T

In (5.44) L denotes the generating arc of the BOR (the contour of T).
Note that if divergenceless testing functions are used (m T 0), then the only inte­

gral that remains in (5.43), (5.44) is the integral along the part of L. Thus, only the 
testing functions associated with the contour of the body introduce non-zero elements 
into the moment matrix. This fact reduces considerably the amount of computations 
associated with the scalar potential term. It is also worth pointing out that the singu­
larity problem in this case can be avoided by surrounding the body with a layer con­
sisting of „empty” basis functions (which means sub-domains with dielectric permit­
tivity equal to that of surrounding space). In this case there is no surface charge 
density on the surface 5, which results in the fact that all „self-term” elements are 
explicitly equal to zero.

For m = 0 we note that all integrals in (5.43) and (5.44) must be taken into ac­
count, because the testing functions are not divergenceless. This, however, concerns 
only TM equations, because in TE equations scalar potential terms are not present.

5.3. Resonance problems

This section is based on VIE formulation, however, it can be easily applied also to 
SIE formulations [44, 84],

As indicated in the introduction to this chapter, after applying the method-of-mo- 
ments, equation (2.29) is transformed into a matrix equation:

S|£>) = |E'), (5.45)

where S is the moment matrix, D is the vector of unknown coefficients describing 
the electric flux density in the structure (which according to the previous sections is 
chosen as the unknown quantity), and E' is the excitation vector depending on the 
incident field. Note that we have specialized the formal algebraic notation into our 
problem of interest. Resonant (natural) frequencies of the structure are defined as 
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frequencies for which the field can exist without excitation [93], Such a situation 
takes place if the moment matrix determinant is equal to zero:

det(S) = 0. (5.46)

In general, one has to search for roots of (5.46) in the complex frequency plane. This 
can be achieved if in all of the equations each (jw) is replaced by a complex number 5. 
When both real and imaginary parts of the root are obtained one gets the information 
about resonant frequency and the associated quality factor of the resonator [93].

In the case of BOR structures, the matrix equation (5.45) splits into a number of 
modal matrix equations of the form:

S^D^E^), (5.47)

where the subscript m denotes the m-th Fourier mode. Again, for the case of no exci­
tation this matrix equation has non-trivial solutions only when the determinant of the 
moment matrix Sm is equal to zero:

det(Sm) = 0. (5.48)

The roots of (5.48) are designated by:

Sm,v = ^my + j^my (5.49)

where wm,v is the resonant frequency of the mode (m, v), and am<v is the decay time 
constant of the mode, which in the case of lossless dielectric materials is inversely 
proportional to the radiation factor Q

Qmy = • (5.50)

Note that in the VIE-BOR formulation we have included a resonance identification 
scheme. The first subscript in (5.49) and (5.50), which is simply the azimuthal mode 
number, describes the azimuthal field variation associated with a given resonance. The 
second subscript v is an integer used to count the resonant frequencies in a growing or­
der, i.e., to denote the unique complex frequencies for which (5.48) is satisfied. For each 
of the m values in (5.48) we can find solutions for v = 1,2, 3,.... Each of these solutions 
corresponds to a different resonant mode. Once the field distribution for a particular 
mode is known, we can sometimes also replace v with two other subscripts, which de­
note the radial and axial behavior of the field [93]. When the resonance frequency is 
found with a satisfactory accuracy, the field distributions for the particular modes may 
be found based on (5.48) within a multiplicative constant.

An interesting generalization of the concept of resonant modes is the idea of char­
acteristic modes [22, 63], especially useful when considering the problem of synthesis 
of scattering characteristics [184],
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5.4. Convergence and validation of results

Errors related to the given numerical approximate solutions above are caused by [85]:
• physical modeling,
• numerical modeling.
The first type of errors is related to the number of approximations made in the 

physical description of the problem. In this monograph, an example of approximation 
like this is the assumption of an infinite lateral extent of the media in problems in­
volving stratified environments. Numerical modeling errors [35] are on the other hand 
associated with the specific methods of constructing the approximate problem solu­
tion. In the method-of-moments these errors arise from:

• the set of basis functions (how closely a finite set of basis functions is able to 
represent the real physical quantities, such as current or field distributions);

• the testing procedure;
• the approximation of operators (numerical integrations, the quadratures applied);
• round-off errors in numerical calculations (the available floating-point precision 

level).
Usually it is assumed that using a larger number of unknowns we should get re­

sults that are more accurate. This is true for the so-called well-posed problems, for 
which the moment matrix inversion does not present numerical difficulties. The limi­
tations of increasing the accuracy by increasing the number of unknowns can be two­
fold. First, the problem solution may become not manageable because of the required 
computer resources (CPU memory, computation time). Second, the influence of 
round-off errors may become unacceptable.

The more fundamental limitations can be related to some physical modeling, in­
herent in the formulation. For example, in VIE procedure of Livesay and Chen [116] 
the use of pulse functions for the electric field representation causes non-physical 
charges associated with field jumps between particular sub-domains (cells) to appear. 
As the number of sub-divisions is increased the influence of these non-physical 
charges may lead to divergent results [61, p. 59], [178]. Note that these types of errors 
can be accounted for only by experienced code users who deeply understand the the­
ory behind the particular application (code).

The general trend that can be observed in state-of-art developments is to decrease 
the number of unknowns needed by using more accurate approximations of the mod­
eled quantities. This is related to the development of higher order basis functions 
better suited both for representing complex (possibly curvilinear) geometries [15, 16, 
21], as well as looking for more accurate field (currents, potentials) representations 
[50, 51] (see also section 5.1). As indicated in this monograph, a significant reduction 
of unknowns may be obtained when the problem of interest is characterized by certain 
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symmetries (BOR schemes), or when some fundamental physical laws are inherent in 
the formulation instead of being enforced numerically (divergenceless basis function 
for representation of D).

The best way of verifying the modeling results is to compare them with measure­
ment data [85], Unfortunately, we very rarely have at our disposal reliable measure­
ment data suitable for comparisons. We must say that experiments, particularly in the 
field of dielectric bodies-EM field interactions, are difficult or sometimes even im­
possible to perform (for example, internal field distributions in dielectric bodies). 
Even if measurements of some quantities are possible, they require vast experience, 
careful preparation of experiment methodology and last but not least, an accurate (and 
expensive) measuring set-up.

An alternative way (or a kind of supplement to the experimental verification) is to 
compare the computation results with those obtained independently using other cal­
culation methods. The drawback of such an approach is that when the results differ 
from each other, it is difficult to indicate which of them are better (closer to the actual 
values), [85],

Another class of verification methods includes the “intrinsic” methods. The es­
sential element of these methods is to check (with some additional computational 
effort) whether the results satisfy the initial assumptions, such as boundary condi­
tions, as well as the reciprocity theorem and the conservation of energy.

A good method for validation of numerical code is a systematic verification of 
particular computational blocks and formulas. The simple steps in validation of the 
VIE-BOR free-space scattering code may be as follows:

1. We assume that dielectric body has permittivity of the surrounding space, i.e., 
Er = 1 and then we check whether the electric field obtained is equal to the incident 
field. Thus, we check the ability of the basis function to properly represent the fields. 
At the same time, we can check the decomposition of the problem into azimuthal 
modes.

2. We assume a relatively low frequency for the computation. In this case, the so­
lution is dominated by the scalar potential terms. Also, approximate analytical for­
mulas for canonical shapes (sphere) are available for comparison.

3. We go to higher frequencies and check the vector potential calculations.
4. We apply the solution to resonance problems, so that we only check the formu­

las for the impedance matrix (without excitation).
5. We check the far-field formulas versus the rigorous formulas applied for suffi­

ciently far observation points.
6. Increasing the number of unknowns, we check whether the solutions converge 

to true values. In this step, we can choose to compromise between the accuracy and 
the computational time, of course if other limits such as memory requirements do not 
play an important role. It should be noted that a reasonable accuracy may be that of 
comparison data.
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For the case of multilayer media, additional blocks must be tested. Of particular 
importance are the calculations of Sommerfeld integrals, which are the basis for the 
whole procedure. In general, because the multilayer case is a generalization of a free- 
space problem, the natural procedure is to check whether the multilayer solutions 
applied to free-space problems reduce to real free-space solutions. As a kind of an 
intermediate case, we can consider the perfect ground problem.

All of the above methods have been used to carefully validate all programs developed 
by the author. Validation results are shown in the examples presented in Chapter 8.



Chapter 6. Incident fields

The typical excitation taken into account in scattering calculations is a plane wave 
with oblique incidence and polarization. Although the mathematical description of 
a plane wave in free-space is trivial, two aspects require more detailed treatment. 
First, in BOR schemes we need to decompose a plane wave into azimuthal modes in 
order to solve the modal equations. Second, the problem of calculating the impressed 
fields created by the incident plane wave at an arbitrary point of layered medium has 
to be dealt with. Solutions to the above problems are given below. Finally, we con­
sider the two problems together, i.e., state the explicit formulas for modal impressed 
field decomposition in multilayer media.

6.1. Decomposition of a plane wave into azimuthal modes

Consider a plane wave with the electric field amplitude Eo propagating in free 
space. According to Fig. 6.1, the direction this wave arrives from is specified by the 
angles (t?„ (pi) and its polarization by g,.

Projected onto the cylindrical coordinate system, the electric and magnetic fields 
are given by:

£(, = Eo [(p, cos t?, + z sin t?, )cosg, + sin g, jk^p, (6.1)

Hq — cost?,- + z sint?,)sing;cosg^e^^^e jkpiP, (6.2)

where r]0 = Jp0 / £0 is a free-space intrinsic impedance, zo is an arbitrarily chosen 

phase reference point on the z-axis, kzi = k0 cost?,, kpi = p^^ with kpi = k0 sint?,. 

Here, 0<t?; <n!2 and

kpi ■ p = k0 sin t?; (x cos <p; + ysin^, ). (6.3)



115

>(y)

Fig. 6.1. Geometry used for the evaluation of the plane wave incident field

Directions of the unit vectors pt and 0,. are fixed by the angle (pt, which speci­
fies the plane of incidence. In order to find the modal decomposition of (6.1) and (6.2) 
we must first express the impressed field in terms of cylindrical coordinates (p, z, fyf 
Unit vectors p, and (pi may be expressed as:

pt = p cos 0 - 0 sin 0, (6.4)

gf = p sin 0 + 0 cos 0. (6.5)

Here, without loss of generality we may also assume that (p,: - 0 . The exponential 
term thus becomes:

- jkpi • p = -jk0 sin tJ,. x = -jk0 sin fl, p cos 0. (6.6)

After substituting (6.4)-(6.6) into (6.1), (6.2), we obtain:

Eq =E0 [p(cos cos g,. cos 0 + sin g,. sin 0) + z sin cos g;

+ 0(-cosfl,. cosg; sin0 + sing,. cos(l))]eJkzi(z-z^e-jko^, (6.7)

H‘o = — [p(cos ff sin g; cos 0 - cos g; sin 0) + z sin sin g,.
Vo

-0(cosfl, sing,- sin0 + cosg,- cos0)]e-'*“k "^e (6.8)
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The modal fields are then obtained based on (6.7), (6.8) using an expansion into 
Fourier series applied with respect to the azimuthal variable 0. Taking into account 
the integral representation of Bessel function [125]

(6.9)

we finally obtain the following formulas (m denotes the number of the azimuthal 
mode):

77 ™ ^0
1 J= Eo— p cosP,cosg;- m+l m-1 । z- J ' J m-\ 

i Sill C, ■
2j 2

+ zsinP, cosg, Jm

+ 0 - cost?,-cosg; m+l ~l~ J m-1 । J m+l J m-1

2 2j
gAdz-zo), (610)

uim
" 0

^0 1
p cost?, sing,

2j
+ zsinp,. sing,Jm

- cos sin g; + cosg,. m+l J m-\
2j

g^lz-Zo) (6.11)

J

2

2

where:

Jk = (6.12)

The above formulas are consistent with those given, for example, in [6, 125], Based 
on (6.12), we may also estimate the number of azimuthal harmonics needed in the solu­
tion. A rule of thumb for this case is to take M = modes, where denotes ul UldA ' « lllaA
the largest p value of the BOR [212].

6.2. Impressed fields in multilayer media^

Now, we shall consider the case of stratified media. In addition to the assumptions 
made in section 3.1, we assume that the top layer of the medium forms a half-space

*’ This section has been written on the basis of a longer, unpublished version of paper [140], which 
has been made available to the author by Prof. K. A. Michalski.
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filled with air. Our goal is to find the impressed field (E‘ ,H") established at any point 
in the layered medium, as a result of a plane-wave (6.1), (6.2) incident in the upper half­
space.

For the fields to match at the interface, the dependence of (E1 ,H") in the trans­
verse (to the z-axis) coordinates must be the same in all layers [144] and must match 
that of the incident plane wave (6.1), (6.2). That dependence is described by the factor

e~ikpfP _ ^jkoSmV^xcostp^ysintp^ _ e~j(kxx+kyy)

where we define kx = k0 sin cos <j?;, ky = k0 sin sin (pi.

With the transverse dependence of all field quantities described by (6.13) and 
noting that the medium is homogeneous and of infinite extent in any transverse 
plane we may suppress the lateral dependence in Maxwell’s equations assuming 
a a 

— -~]kr, — = -ikv. 
dx * dy y

Thus, after separating the transverse and longitudinal parts we note that the fields 
satisfy the source free forms of equations (3.47)-(3.50), with kp = kpi

±E,~(k2-kpikpi^Htxi}, 
dz j toe

^Ht=-(k2-kpJcpi\zxE,\ 
dz

- icoeE. = jkoi • [H. xz , Z J pt \ I /

-ja)pHz=jkpi-(zxE,).

(6.14)

(6.15)

(6.16)

(6.17)

The symbol “ ~ ” above field quantities now denotes fields with suppressed lateral 
dependence.

If we now express the transverse electric and magnetic fields as:

E, =piVe+0iVh, Ht=piIe+0iIh, (6.18)

and moreover, project (6.14)—(6.15) onto pt and (pit we find that these equations de­
couple into two sets of source free transmission line equations of the form:

dVp^— = -jkziZpIp, 
dz

dlp^_ = _jkziYpVp, (6.19)
dz
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where p = e or h. Above, the propagation wave numbers and the characteristic imped­
ance and admittance of the transmission line are defined as in Chapter 3, with kp = kpi:

= Zh -■ 1 -

Ye (DE ’ Yh kzi ’

(6.20)

(6.21)

Based on (6.19), we see that the components of Et and Ht may be interpreted as 
voltages and currents on a transmission-line analog of a medium along the z-axis.

The transverse electric field corresponding to the incident plane wave (6.1), (6.2) 
can be expressed as:

+<pivh, (6.22)

where:

Ve = Eo cos;,. costae A'(z-Io), Vh = Eo sin^e. (6.23)

Ve and Vh may be interpreted as the leftward propagating incident voltage waves 
exciting the respective TM and TE transmission-line networks, in a line section corre­
sponding to the upper-half-space.

The z-components of the fields may be easily calculated from (6.16) and (6.17). 
Thus, the impressed fields in any layer may be obtained as

f k \ ;
E'= pye +<piVh -z—sin^r e~JpiP, I W£ J (6.24)

H‘ = (- p.lh +^1* +z—sin^V''VA"'P, 
I cop J

(6.25)

where Vp(z) and Ip(z) are the total voltage and current at point z on the transmis­

sion line network. If the uppermost interface is z„ the total voltage and current on the 
transmission-line section n corresponding to the upper half-space are given as

vp(z) = vp(z)f,f(z), = (6.26)

where auxiliary functions tp and yp are defined in Appendix 2. In any other line 
section m, Vp(z) and Ip(z) are given by (A.2.10), with Vp(z„) computed via 

(6.26). Note again that all calculations are performed with kp = kpi. Also note that in 

(6.24)-(6.25) the lateral dependence has been recovered.
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6.3. Modal representation for a case 
of stratified environment

For a body-of-revolution, we have to find the modal counterparts of formulas 
(6.24) and (6.25). In the subsequent derivation, we assume that the BOR symmetry 
axis is perpendicular to the medium stratification, i.e., it runs along the z-axis of the 
coordinate system.

In terms of local coordinates (6.24)-(6.25) may be rewritten as:

E‘Jp(ve
COS0 + Vh sin^+cpfF* cos0-Ve sin^-z — sin 

0)8
(6.27)

h sin0 + Ie cos^)i+z-^-sin^V
e'jk/‘p. (6.28)H‘ = h

Following the procedure given in section 6.1, i.e., performing the expansion into 
Fourier series and using (6.9) as well as some algebra we obtain:

Eim = — p \V j"' . I
m+l J m-1 । y h J m+l '

2j 2

+ <p V h J m+l J m-1 _ y e J m+l * J m-\ 

2j 2 COE
(6.29)

+ <p I

Him = — p\l jm . I
m+l ~t~ J m-l y h 

2
m+l

2j

A m+l ‘ m-1 । y e J m+l J m-1

2 2j
+ Z—sinJ m 

cop
(6.30)

In problems concerning conducting and homogeneous bodies, the above equations 
are often formulated in terms of components tangential to the BOR surface. In this 
case, radial and vertical components can be grouped together giving a single tangen­
tial component lying in the transverse T plane [125].

It can be shown that in the degenerated case, when the medium is homogeneous 
(free-space) the transmission line model reduces to an infinite line with constant pa­
rameters, and the formulas given in this section reduce to those given in section 6.1.

The modal decomposition of the impressed field given in this section is considered 
as the author’s original contribution.



Chapter 7. Far-field approximation

7.1. Vector potential components in a radiation zone

A considerable simplification of the formulas relating fields to their sources oc­
curs when the observation point lies in the far-field zone. Let us assume again that the 
fields are due to electric current distribution. This situation is shown in Fig. 7.1.

To distant 
field point

Fig. 7.1. The configuration for calculation of far-zone fields

According to [62, p. 132] for tree-space^ the vector magnetic potential may be ap­
proximated as:

A(r)
II 0---------- (eJkarr-j(r'

4ft r '
(7-1)

’ Obviously, the formulas are the same for any homogeneous medium. The free-space indices are in­
troduced for notational consistency with section 7.3.
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In (7.1) we have taken advantage of the fact that for r approaching infinity the 
amplitude differences in fields caused by elementary currents forming the whole 
current distribution may be neglected, while the dependence in phase factors is 
left unchanged in the formulas. Furthermore, it is known that the fields in the far- 
zone behave as plane waves, i.e., there is no field component along the direction 
of propagation, which is caused by the fact that in the far-field the scalar poten­
tial field component cancels out the radial field component related to the vector 
potential. In view of this, we can write the formula for the electric field [212] as:

E(r)= jcorx(fxA(ry. (7.2)

The magnetic field may be obtained using the well-known plane wave relation [62, 
p. 133]:

H^=-rxE[r"), (1.3)
Ho

where r/0 = I Eo is the intrinsic impedance of the medium.
For consistency with the notation used in section 7.3, and as an introduction to 

modal formulas given in section 7.4 we may express (7.2) using cylindrical coor­
dinates:

E,t - — (fu (7.4)

where we have introduced k0 = kor = kp0 + zkz0, kz0-k0cos6, kp0=pkpQ, 

kp0=k0 sin0 .
In (7.4) the auxiliary vector functions /are defined as:

fe ~^Jkz°z (pcos0-£sin0), (7.5)

f,-ejk-^. (7.6)

Additionally, we find that:

kp0 ’ P ~k0 sin0(/cos0 + y'sin0)=ko sin0 p'cos(0-0')- (7.7)

If the magnetic currents are also present, we may as usual apply the duality principle 
and afterwards the superposition.
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7.2. Radar cross-section

A useful measure in plane-wave scattering problems is the bistatic radar cross­
section, defined as [212]

(A 2 |£(r)|2cr(r,A:)=lim47rr2^^, (7.8)

where the unit vector k describes the direction of propagation of an incident plane 
wave Emc, whilst the unit vector r defines the observation direction (Fig. 7.2).

Fig. 7.2. Plane wave scattering by an arbitrary body

In practical cases, we often take into account the polarization of incident and out­
going waves, which leads to the following definition [125]:

, ", ,2

Kc|
(7-9)

where pq denotes 66, 0$, <j>9,
The monostatic radar cross-section is the radar cross-section observed in the back 

scattering direction, i.e., cr{-k,k) or a
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7.3. Far-field approximation for layered media

We will consider the far-field approximation for layered media, when the medium 
of interest is not shielded from above. For the subsequent development we also as­
sume that the upper half-space is filled with air, which is a practical situation. Next, 
we choose a point on the z-axis, zo such that the layered structure and the current dis­
tribution (the body) lie below, i.e., are confined to the region z < z0 (see Fig. 7.3). 
The procedure outlined here was originally given in a longer, draft version of the pa­
per [140].

Based on (3.84)-(3.87) as well as the TLGFs given in Appendix 2 it can be no­
ticed that for the region of interest the spectral DGFs may be expressed in the form:

where kz = Jk^ -k^ . The space counterpart of (7.10) may be written as:

00 00 “A-(r-/o)
(7.11)

~ (2^)' ,,z. JKz
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where k = kp + zkz, - p' + zzQ ■ The integrand in (7.11) has been factorized into

a slowly varying part and a rapidly varying part. The later (enclosed in curly braces) 
can be integrated in a closed form using the Weyl-Sommerfeld identity [185].

1 1 1 £-jkR 
^7 ~dk^ -^~-^]^p~p^dk‘’ -jv <7-12)
\ / —oo—oo 4 (J 4

where

r==k_ roi • (7T3)

As r —» oo (see Fig. 7.3), most of the contribution to the integral comes from the 
vicinity of the stationary phase point at kv0-k0x/r, ky0=k0y/r [27]. Conse­

quently, we may replace the slowly varying part of the integrand with its value at the 
stationary-phase point and place it in front of the integral signs and then evaluate the 
rest of the integral in a closed form using (7.12). As a result, after applying the far- 
zone approximations described in section 7.1 we get:

GPQ(r\r%^ejk^ (7.14)
- 2njr ~

where kz0 = k0 cos6 , kp0 = pkp0, kp0 = k0 sin0 . Here 0<6 <ji/2 and

kp0 ’ P= sin0(x'cos0 + y'sin0) = Z:o sin0 p'cos(0 -0'). (7.15)

At the stationary-phase point we have (h, v) = (p, , where the directions of the
unit vectors p and (j^zxp are fixed by the observation angle 0 . Finally, using 
(3.84) as well as (3.78) and (3.79) we get the far-zone approximation for the electric 
field component produced by the electric current [137]:

p~jk0r I K ■ \
Eu(7.16) 

2njr \ I

where

fe ^pV^z^z^sindcosei'^^ (7.17)
E

f^ycosdV^z'). (7.18)

The TLGFs above are calculated using kp - kp0.
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A careful reader may note the similarity of (7.16) to its free-space counterpart 
(7.4). Indeed, when (7.16) is specialized to the trivial case of free-space, the TLGFs 
become the ones for an infinite uniform transmission line, and it is easy to show that 
(7.16) with z0 = 0 simply reduces to (7.4).

7.4. Far-field of azimuthal modes

In BOR problems, we are interested in far-fields relative to the particular azi­
muthal modes. In order to obtain the required formulas the author has developed the 
procedure consisting in first putting the general three-dimensional formulas into the 
cylindrical coordinate system, then substituting the current of the mode of interest for 

and afterwards performing the integrations in the azimuthal variable. The first 
step ip this scheme has already been done in sections 7.1 and 7.3, resulting in formu­
las (7.4) and (7.16) for free-space and multilayer media, respectively. We will place 
these formulas under a common notation:

EB,*~EF^e^

with

fe =PfP ~zfz,

(7.19)

(7.20)

f<$ — f $ > (7.21)

where the definitions of EF,fp,f^ and/z come from (7.4)-(7.6) and (7.16)—(7.18), and 
are grouped in Table 7.1.

Table 7.1. Definition of parameters for computing the far-field of azimuthal modes

Parameter Free-space Layered media

ef
tupoe"A"r 

4njr
g 7 ° ](
2njr 0

fp cos0 W(z0|z')

ft eik^ COS0 Vk (z0 | z')

f eikL°z sinfl
^-sin# cos# 7^(z0 | z) 
e
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The modal current distribution is defined by:

j(r')= (pjp (p', z) + z'Jzm (p', z') + p'Jf„ (p', ztye^ .

Upon substituting (7.22) into (7.19) and noting that

p • p' = cos(0 - 0'), V ■ P ~ —sin(0 - 0'), z-p' = 0,

p-0' = sin(0-0/), V ' V = cos(0 - 0'), £-0' = O,

p-z=Q, ^-z=0, z-z=l,

(7.22)

(7.23)

as well as applying the integral formula for Bessel functions (6.9), we can now perform 
the integrations in 0' in order to get (for the case of volume current distribution):

Eg = 2njmejmpEF^
T

-fzJm^p'^'vm p'dT'’ (7.24)

= 2njme^EF\[ fpJpm (p, z')Li=L±LiiL

rl 2

2 7 ;
(7.25)

In (7.24)-(7.25) the Bessel functions are calculated for k0p'sin9. The reader may 
check that for free-space parameters the above formulas are consistent with those 
given in [6, 125], For the case of stratified media, no corresponding formulas have 
been published in the literature.

When we consider SIE formulation, the integrals in (7.24)-(7.25) become line in­
tegrals along the generating arc of the body. In addition, it is sometimes convenient to 
express the transverse current components in terms of a single current, which is tan­
gential to the body surface [125].

The formulas describing the far-field approximation for the case of azimuthal 
modes in layered environment are the author’s original contribution.



Chapter 8. Case studies

In this chapter, we give a number of computational examples which prove the 
correctness of the formulations presented in this monograph. Wherever possible, 
comparisons with computed or measured data published in the literature available 
are given. In the case of the lack of such data published by other authors, compari­
sons are made between the results obtained by the author using different computa­
tional models.

The main contribution of the author is related to the development of BOR-VIE 
techniques for both free-space and multilayer environments. Therefore, examples 
given below concern mainly this part of the material presented. However, it should 
be stated that in general BOR techniques are more sophisticated than their three- 
dimensional counterparts. Furthermore, 3D models constitute a background for 
BOR problems, so we may conclude that the correctness of BOR formulation 
proves also the correctness of the 3D formulation serving as its origin. We also 
remember that (especially in VIE techniques) BOR models enable us to solve 
problems which would otherwise be unmanageable using 3D formulations because 
of computer limitations.

BOR-VIE results, as well as the resonant frequencies and quality factors, have 
been obtained with the original computer code written by the author using the 
FORTRAN f77 programming language. Calculations of the 3D-SIE examples have 
been performed using commercial software CONCEPT II developed at the Technical 
University of Hamburg-Harburg, Germany [182], All computations have been done 
on a SUN Ultral Workstation.

Considering that in most cases, the results presented in this chapter have been 
published previously in articles or conference papers written by the author, we there­
fore provide appropriate references in captions to each figure. However, all data pre­
sented here are the author’s original contribution.
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8.1. Free space^

In order to check the methods developed for free-space applications, they have 
been applied to a few problems for which solutions (either analytical or numerical) 
obtained by other authors are available. Most of these solutions concern homogeneous 
or partially homogeneous bodies. In all BOR-VIE calculations (see section 4.2 for the 
formulation), basis functions defined on rectangular domains (sections 5.1.3 and 
5.1.4) have been used. The numerical integrations, needed in the evaluation of the 
impedance matrix, have been performed using four-point quadrature per rectangle. 
The number of points resulted from approximating the triangle functions with four- 
pulse functions in the current flow direction [125], The integrations in the azimuthal 
variable needed in the calculation of modal Green’s functions have been performed 
using an adaptive procedure depending on the number of the azimuthal mode. Singu­
lar integrals associated with some terms of the impedance matrix have been calculated 
using the singularity extraction technique outlined in Appendix 1.

In the examples, the incident field has been assumed to be a plane wave, which 
has been expanded into modes according to procedures given in Chapter 6.

8.1.1. Electric fields in dielectric spheres and cylinders

It is well known that some secondary parameters like radar cross-sections are 
somewhat insensitive to inaccuracies in internal current distributions. Therefore, as 
suggested in [178], the calculations of internal fields have been chosen as the first 
class of examples.

For the first example, we considered a homogeneous dielectric sphere. Next, we 
modelled a layered sphere, and, finally, we obtained the results for a homogeneous 
dielectric cylinder using both the VIE and SIE techniques.

8.1.1.1. Dielectric spheres

A simple model of a sphere, with discretization similar to that of Fig. 5.5, has been 
used to calculate the electric field inside a dielectric sphere. In this model, we have used 
eight squares per sphere radius, which corresponds to 216 unknowns. First, we assume the 
axial incidence of the incident field, which requires computations of only the -1 and +1 
modes. Field calculations for the low frequencies have shown that the electric field is 
within 5 percent of 3/(£r + 2) times the incident field, which is the theoretical value.

’’ [105, 106].
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At higher frequencies, we observe a typical standing wave behavior. In Fig. 8.1 
a comparison of the results with the analytical solution [178] is presented for a sphere 
with koa = 0.408. One can see that the comparison result is good. In order to verify 
the procedures for the zeroth mode and more sophisticated modal expansions, the 
same calculations for different angles of incidence and different polarization have 
been performed. A small picture in the corner of Fig. 8.1 relates the symbols used in 
the plot to different scattering situations. The simplest case with the incidence along 
the z-axis is denoted by diamond symbols. Again, a very good agreement has been 
obtained which validates the procedures described in the previous sections of the 
monograph. The reader can notice that the calculated solutions slightly differ from 
each other and from the analytical solution near the plot ends. This is caused by a 
rather crude approximation of the sphere surface within the model applied.

Fig. 8.1. The field along the axis of incidence inside the dielectric sphere; 
Er = 36, koa = 0.408 (Ref. [105], ©2000 IEEE)

The field distributions for a layered sphere are presented in Fig. 8.2. The comparison 
data were again taken from [178]. The calculations have been performed for two grids. 
The solutions 1 and 2 denote respectively 8 and 16 squares per outer radius of the 
sphere. Solution 1 gives some error in the vicinity of the boundary between the materi­
als. This is caused by the fact that the model of the inner sphere was not precise. Solu­
tion 2 gives a very good field prediction. It proves the improvement of accuracy when 
the body under investigation is modeled using smaller volume elements. Note that the 
jump in the component Ex calculated along the x-axis is predicted perfectly. This is be-

’> In [178], wrong data have been given in the caption of the corresponding figure. Here, we use the 
correct data supplied by the authors.
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cause the correct behavior at media interfaces is built into the basis function in a way 
similar to that given in [178], It is also worth mentioning that even in the case of solu­
tion 1 the resolution of the model is about twice that of a tetrahedron (full 3D) model 
[178]. However, thanks to the rotational symmetry the number of unknowns is only 216, 
compared to 1088 in the tetrahedron model. In solution 2, where the resolution is dou­
bled in comparison to solution 1 we have 828 unknowns, which is still less than in the 
3D case.

(b) (c)

x/a xia

Fig. 8.2. Fields inside an inhomogeneous sphere; £ri = 36, = 0.3738, £r2 = 9, koaz = 0.8168.
(a) Relative magnitude of Ex along the z-axis. (b) Relative magnitude of Ex along the x-axis.

(c) Relative magnitude of E, along the x-axis (Ref. [105], ©2000 IEEE)
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8.1.1.2. Dielectric cylinder

Calculations similar to the above were performed for a homogeneous dielectric 
cylinder. The results are presented in Fig. 8.3. One can see that the agreement of the 
results obtained using different techniques is excellent.

(c)

Fig. 8.3. The electric field distributions inside a homogeneous dielectric cylinder; 
Er = 36, kod = 0.8377, a = d/2. The symbols denote the BOR-VIE solution, 

the solid line denotes the 3D-SIE solution 
(CONCEPT II). (Ref. [106])
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8.1.2. Scattering calculations

Because of the difficulties to measure fields inside dielectric bodies, and because 
of the practical importance of this value, the main parameter calculated and published 
in literature is the radar cross-section defined in section 7.2. In this work, we com­
puted the radar cross-section of a thin dielectric rod and compared it with the results 
of Richmond [171], Wang and Papanicolopulos [210] and Shaubert, Wilton and Glis­
son [178]. The BOR model consists of a single column of rectangular cells (in the 
transverse plane). The results are presented in Fig. 8.4, where the agreement is excel­
lent again.

Fig. 8.4. Radar cross-section of a thin dielectric rod; a = 0.16 cm = 0.052q, £r = 2.54 
(Ref. [105], ©2000 IEEE)

Next, the bistatic radar cross-section of a dielectric cylinder has been calculated 
and compared with data given by Mautz and Harrington [123], The comparison has 
been done in Fig. 8.5.

Finally, some calculations of resonant frequencies of dielectric spheres and cylin­
ders have been performed and compared to the analytical and numerical results given 
by Barber, Owen and Chang [8], In all cases the resonant frequencies predicted with 
the present method were within 0.5 percent of those of Barber et al. Note that in con­
trast to the data given in the next section the resonant frequencies were found as the 
maximum in the RCS versus frequency plots.
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Fig. 8.5. Plane wave scattering patterns for a dielectric cylinder with a radius a and height 2a. 
a = O.25%o> £r = 4. (a) ^polarization. (b) 00-polarization (Ref. [105], ©2000 IEEE)

8.1.3. Resonances in heterogeneous dielectric bodies 
with rotational symmetry*’

In this section, we provide examples investigating the resonance phenomena in di­
electric bodies placed in free-space. The calculations have been performed according 
to the procedures given in section 5.3. As explained in section 5.3, we use the fol-

*’ [104,106], 
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lowing notation throughout this monograph, which is convenient for cylindrical 
structures: first, the resonance is identified according to the behavior of fields as be­
longing to the TE, TM or HEM type (see section 4.3). Then two subscripts are used: 
the first one denotes the azimuthal mode and the second one corresponds to the reso­
nance number along the frequency axis.

8.I.3.I. Resonant frequencies and quality factors

First, the resonant frequencies and quality factors of the homogeneous cylindrical 
resonator DRD105UD046 have been calculated. The process of finding and identifying 
the resonances is illustrated in Fig. 8.6. This figure shows the determinant of the imped­
ance matrix calculated from modal EFIE for m = 1. Consequently, the minima found 
within the complex frequency plane correspond to the modes denoted by HEMi„. Start­
ing with the lower frequencies the first resonance is found around 6.37 GHz, and we

Log(Det)

a/2ti [GHz]

Fig. 8.6. Determinant of the impedance matrix for m = 1 in a complex frequency plane 
for a cylindrical resonator with er= 38, a = 5.25 mm, h = 4.6 mm. (Ref. [106])
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describe it as a HEMn mode. The next one, seen in the plot, (HEM12) is found around 
6.66 GHz. Note that due to the relatively low Q-factors the resonance values lie some 
distance away from the imaginary axis. Some of them could be easily overlooked if the 
search was done along the frequency axis only, without referring to the idea of complex 
frequencies. In Fig. 8.6, this is the case of the HEMn resonance.

A comparison of more precise numerical results for a few of the modes is given in 
Table 8.1 (resonant frequencies) and Table 8.2 (Q-factors). The agreement of the re­
sults with the previously reported values seems to be excellent for the resonant fre­
quency values. The result differences for the Q-factors are greater, however it should 
be remembered that values given in the references also differ much from each other as 
well as from the actual measured results.

Table 8.1. Comparison of computed and measured resonant frequency results for a resonator 
with radius a = 5.25 mm, height h = 4.6 mm, and £r = 38. (Ref. [104], ©2000 IEEE)

Mode
Frequency [GHz]

Computed
Present method

Computed 
MoM [84] Measured [44]

Computed
T-matrix [225]

TE01 4.861 4.829 4.85 4.9604

TM01 7.594 7.524 7.60 7.5384

HEMn 6.373 6.333 - 6.3450

HEM 12 6.657 6.638 6.64 6.6520

hem21 7.784 7.752 7.81 7.7621

Table 8.2. Comparison of the computed and measured Q-factor results for a resonator 
with radius a = 5.25 mm, height h = 4.6 mm, and £r = 38. (Ref. [104], ©2000 IEEE)

Mode
Q

Computed
Present method

Computed
MoM [84]

Measured 
(Transmission 
method) [44]

Computed
T-matrix [225]

TEqi 40.7 45.8 51 40.819

TMO| 73.7 76.8 86 76.921

HEMn 30.4 30.7 - 30.853

hem12 49.5 52.1 64 50.316

HEM2i 329.8 327.1 204 337.66

The next test concerns an inhomogeneous dielectric resonator with a cylindrical 
dielectric plug. The dielectric constant of the outer ring is equal to 38, whilst the di­
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electric constant of the plug was being changed between 1 (ring resonator) and 100. 
The results are given in Fig. 8.7. The black circles included in the plots correspond to 
values reported by Zheng [225], Again, a very good agreement of results has been 
obtained.

(b)

Fig. 8.7. Resonance frequencies and quality factors of five lower modes of a dielectric 
inhomogeneous resonator versus the permittivity of the inner part.

Dimensions: a = 5.25 mm, h = 4.6 mm, radius of the plug at = er = 38.
The circles represent values given in [225]. (a) Resonant frequencies.

(b) Quality factors (Ref. [104], ©2000 IEEE)



8.1.3.2. Modal field distributions

When the complex resonant frequency is found with a satisfactory degree of accu­
racy, the modal field distributions may be easily found using equation (5.48), within 
the multiplicative constant. For N unknowns in the system we simply assume one of 
the unknown field coefficients at a certain constant value (say “1”). Then we can 
solve (5.48) as a set of linear equations with the remaining N - 1 unknowns. Some 
difficulties are associated with the graphical presentation of the results, because the 
coefficients obtained (field values) are in general complex numbers. Following [83, 
84], we recover the suppressed eimt dependence for the presentation and plot the field 
amplitudes at some chosen time values, ignoring at the same time the decaying nature 
of the field. In Fig. 8.8, the field distribution for the simplest TEO| mode is shown and 
compared with literature data. In the next figures, the electric field distributions in the 
representative cut-planes are shown for several TM and HEM modes. The reader can 
compare this data with plots given, for example, in [83, 84].

Fig. 8.8. Electric field inside the isolated resonator versus radial distance, mode TEq,. 
Solid line - present solution; broken line - Kajfez et al. [84].
Dimensions: a = 5.25 mm, h = 4.6 mm, £r = 38. (Ref. [106])

K x * f f x *

, f i 14 I I i » 
. / f 1 M 4 K x 
, „ x f f * n x »

Fig. 8.9. Electric field inside the homogeneous dielectric resonator; 
TMqi mode; E-field in the meridian plane 0 = 0
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Fig. 8.10. Electric field inside the homogeneous dielectric resonator;
HEM,) mode; E-field in a plane parallel to the equatorial plane offset by 2.15 mm 

(upper figure) and E-field in the meridian plane 0=0 (bottom figure)

Fig. 8.11. Electric field inside the homogeneous dielectric resonator; 
HEM12 mode; E-field in the equatorial plane (upper figure) and 

E-field in the meridian plane 0 = 0 (bottom figure)
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Fig. 8.12. Electric field inside a homogeneous dielectric resonator;
HEM2] mode; E-field in the plane parallel to the equatorial plane offset by 2.15 mm 

(upper figure) and £-field in the meridian plane 0=0 (bottom figure)

As seen in Table 8.1, the resonant modes in the dielectric resonators in some cases 
have their natural frequencies very close to each other. In fact, for certain geometry 
the resonant frequencies may even become identical (the so-called degenerate pairs 
[82]). This fact can be considered a desirable feature, for example, when designing 
dual-mode band-pass filters. On the other hand, when investigating dielectric resona­
tor antennas (see the next section), small frequency separation of some modes results 
in the fact that when one of the modes is a desired mode of operation the other one 
creates spurious resonance nearby. This problem can be eliminated for instance by 
changing the resonator proportions (radius/height ratio). In certain cases, however, 
this method fails, because the frequency ratio of two modes may be insensitive to 
such changes (see the universal mode chart [83, p. 284]). We outline an alternative 
way of overcoming this problem below, using non-homogeneous resonators.

Let us focus our interest on two mode pairs: HEMn-HEMl2 and TM0i-HEM2i, for 
the resonator and parameters used in the previous examples.

For a HEMii-HEMi2 pair the difference in resonant frequencies is less than 5 per­
cent. However, it can be easily noticed that in the case of a HEMh mode the electric 
field is concentrated near the resonator surface [84], whilst in a HEM|2 mode the field 
is concentrated in the inner part. This suggests that changing the dielectric permittiv­
ity independently for the inner and outer part of the resonator we probably could 
change the relative position of the resonances in the complex frequency plane. This
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Fig. 8.13. Position change of complex roots associated with HEMh and HEM12 modes caused 
by a decrease of dielectric permittivity of the inner part of the resonator.

Dimensions: a = 5.25 mm, h = 4.6 mm, inner part: = 2.625 mm, hi = 2.3 mm. Er = 38.
(Ref. [104], ©2000 IEEE)

Fig. 8.14. Electric field inside a non-homogeneous dielectric resonator, outer part: 
a = 5.25 mm, h = 4.6 mm, £r = 38, inner part: = 2.625 mm, hi = 2.3 mm, Eri = 1.

(a) HEMn mode. E-field in a plane parallel to the equatorial plane offset by 2.15 mm 
(upper figure) and E-field in the meridian plane 0=0 (bottom figure), 

(b) HEM12 mode. E-field in an equatorial plane (upper figure) and E-field 
in the meridian plane 0=0 (bottom figure). (Ref. [104], ©2000 IEEE)
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possibility has been tested in a configuration shown in the upper left corner of Fig. 
8.13. The dielectric constant of the outer part has been left unchanged (Er = 38), whilst 
the inner part was being changed between 38 and 1. Based on Fig. 8.13 it can be no­
ticed that whilst the resonant frequency of a HEMu mode is almost unchanged, the 
resonant frequency of a HEM12 mode is moving towards the upper values. For a case 
of eh = 1 the resonant frequency of HEM12 is about 18 percent higher than that of 
HEMu mode. The electric field distributions for both modes have been illustrated in 
Fig. 8.14.

Fig. 8.15. Change of the position of complex roots associated with TM0| and HEM2i modes 
caused by a decrease of dielectric permittivity of the inner ring

For the TM0i-HEM2i pair the difference in resonant frequencies is only 2.5 per­
cent. In this case, based on the source field distributions shown earlier we see that the 
electric field of TMOi mode is very weak near the horizontal plane of symmetry 
(equatorial plane) at the radial distance of about 0.6+0.7 of the resonator radius. On 
the other hand, the electric field of a HEM2] mode is rather strong in this region 
(however, we must bear in mind that it also depends on the azimuthal position). This 
suggests that any changes to the dielectric constant in the region of interest should 
have much stronger influence on the HEM2i than on the TMoi mode. A possible con­
figuration with a ring having a different dielectric constant embedded within the reso­
nator is depicted in the smaller picture in Fig. 8.15. A rectangular cross-section of the 
ring is chosen quite arbitrarily, merely to simplify the numerical analysis. Changes in 
the complex resonant frequencies of the modes of interest are shown in Fig. 8.15. It 
can be observed that for a dielectric constant of the ring equal to 1 (“air ring”) the 
resonant frequencies of TMoi and HEM2i modes differ by as much as 9.3 percent.
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The corresponding field distributions are shown in Figs. 8.16 and 8.17.

Fig. 8.16. Electric field inside an inhomogeneous dielectric resonator;
TMqi mode; £-field in the meridian plane 0 = 0

0=0

X x X X
X x X

/ Z Z x /
I' fl x fl

Fig. 8.17. Electric field inside an inhomogeneous dielectric resonator; HEM2i mode; 
£-field in the plane parallel to the equatorial plane offset by 2.15 mm 
(upper figure) and E-field in the meridian plane 0 = 0 (bottom figure)

X * X 
XX * \

The last solution may be considered impractical from the technological point of 
view. However, one must bear in mind that in practical situations (see also the next 
point) the free-space resonator is replaced with a half-volume resonator over metal 
ground. In this case one does not have to make a ring inside the resonator volume 
(Fig. 8.18).
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Fig. 8.18. Inhomogeneous dielectric resonator with an “air ring” 
(a) in free space and (b) half-split, over a metal ground plane

8.I.3.3. Resonant dielectric antennas

Recently, open dielectric resonators have been used as so-called dielectric reso­
nator antennas [117, 93]. The most popular applications employ the HEMn mode 
because it has a low Q-factor (which indicates that it can act as a good radiator) and 
because this mode offers a broadside radiation pattern. The typical use consists in 
placing the DRA over a metal ground plane (which may be a part of the case includ­
ing a transmitter/receiver). For computation purposes, this ground plane is often as­
sumed to be of infinite lateral extent. The analysis of such a case can be carried out 
twofold. First we may analyze the resonator with a doubled volume, using the well 
known mirror principle (Fig. 8.19).

Fig. 8.19. Dielectric resonator over a PEC plate (a) and its equivalent in frcc-space (b)

Considering this, we can directly apply the free-space code in order to characterize 
the problem. The cost of this solution is that in general the number of unknowns is 
approximately twice as that of the original problem. An alternative way is to leave the 
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problem in the original configuration as depicted in Fig. 8.19(a). This requires a proper 
modification of the kernels of the governing equations. We may either modify the 
kernels according to the well-known mirror rules for vertical and horizontal currents 
over a PEC infinite ground, or (the author’s preferred choice), treat the situation as 
a simple case of stratified media, where we may now directly apply the formulas 
given in this monograph. We only have to calculate the transmission line Green’s 
functions for a simple transmission line shortened at one end. Of course, both formu­
lations are formally identical. The details concerning the transmission line analysis as 
well as further computations are shown later for a less trivial case. Here we only state 
that the methods outlined (i.e., the mirror method and the kernel modification method) 
have been both tested for the case of a simple cylindrical DRA and the results were 
undistinguishable.

In Fig. 8.20, simple DRA radiation patterns are given along with a comparison to 
the results given by Long et al. [117]. For a better understanding, we have also in­
cluded the pseudo-3D plot of the radiation pattern (Fig. 8.21).

Fig. 8.20. Far-field radiation patterns of cylindrical DRA with a = 0.5 cm, h = 0.3 cm, £r = 8.9.
(1) Author’s method; (2) Long et al. [117]. HEMn mode resonant frequency - 10.3 GHz.

(Ref. [106])

Note that if the body-of-revolution technique is used for dielectric antenna analy­
sis, some trouble arises due to the modelling of excitation, which in general intro­
duces a break in the rotational symmetry of the problem. One of the solutions is to use 
an infinitesimal electric dipole, of which the field properly decomposed into azi­
muthal modes may be used to obtain the right hand “incident field” parts of the equa­
tions. This approach, first proposed in [93] is to some extent equivalent to electric 
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probe excitation and may be used for the radiation pattern calculations or testing the 
influence of the probe position on the presence of unwanted mode excitation. How­
ever, neither the physical structure of the probe nor the coupling phenomena are mod­
eled rigorously. Consequently, the infinitesimal dipole model cannot be used for input 
impedance calculations. In addition, the DRA characteristics including the resonant 
frequency, Q-factor or field distributions are taken as in an unloaded structure. It is 
also obvious that more sophisticated excitations (for example, slot excitation) cannot 
be considered in this purely BOR scheme.

Fig. 8.21. Radiation pattern of DRA with the HEMh mode of operation. (Ref. [106])

The situation where a real physical structure excitation is modeled is much more 
complicated because it requires completing the body-of-revolution model with the 
parts that do not possess the rotational symmetry. This causes, in general, that the 
main advantage of the method presented, i.e., the independent mode-by-mode solution 
process, is no longer present. Fortunately, it can be shown [78, 179] that even in this 
situation the matrix describing the case can be inverted part-by-part and that at each 
step of the solution process one has to invert only relatively small sub-matrices corre­
sponding to the particular modes. The presentation of these techniques is however 
beyond the scope of this study.

8.2. Stratified media

The problem of electromagnetic scattering in a multilayer environment will be 
illustrated for the case of BOR immersed in one of the layers, as shown in Fig. 8.22. 
As was described in the previous chapters, there are two major problems, which 
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should be addressed and which had not appeared in the free-space configurations. The 
first one concerns the transmission line analysis for the media stratification consid­
ered. The general formulas for such analysis are listed in Appendix 2. In the next sec­
tions, these formulas are specialized for the situation at hand. The second problem is 
related to the Sommerfeld integrals present in the formulations. Those improper inte­
grals are difficult for numerical operations because their kernels, incorporating Bessel 
functions, are highly oscillatory and divergent [140], The problems are also related to 
singularities occurring near the integration path in the complex kp-plane. An important 
observation is that some of those singularities, which consist of poles and branch 
points, in the lossless case appear on the real axis. Therefore, the integration path has 
to be indented into the first quadrant [140] in order to avoid them. Several methods of 
integration have been proposed in literature, with some of them comprising the de­
formation of the integration path into complex plane [17, 132], Sometimes, however, 
it may be preferred to use real-axis integration methods [76, 159]. So far, there is no 
unified elegant method enabling an automatic treatment of all possible situations 
[144], Different approaches are needed depending on the media configuration (which 
determines the TLGFs under the integral sign) and on the source and observation 
point locations. It is important to overcome the difficulty arising from the singularities 
associated with terms of the moment matrix, when the observation point lies within 
the source region. This situation usually requires tedious preliminary treatment of the 
kernels in order to make the Sommerfeld integrals convergent [141]. To speed up 
further computations some additional techniques are usually also applied [23, 136], In 
this work instead of the numerical integrations, a semi-analytic method of solution has 
been chosen [2, 29, 138, 139]. This method referred to as the discrete complex images 
method (DCIM) is a very flexible tool, particularly when source and observation 
points belong to the same layer in stratified environment, which is the case in the ex­
amples provided below. The drawback of this method is that it does not have built-in 
accuracy testing capabilities, and that the overall accuracy can only be evaluated by 
referring to the classical methods of integration [139]. As noted in [23, 87] the 
method is not fully general and various practical situations need special treatment. 
However, recently an automated solution for these problems has been given in 
[115], Nevertheless, the method is useful for the purpose of validation of the for­
mulations given in this monograph. Some computational details will be outlined in 
the next section.

8.2.1. Computation of Sommerfeld integrals

For illustrative purposes, we will consider the modal Sommerfeld integrals intro­
duced in Chapter 4 (eq. (4.46)). First, let us consider the integral:
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Smo{}=^dkpkpjJkpp)j^

Based on (4.42) taken for n = 0, we obtain (see Fig. 4.3 for notation):

(8.1)

j m ypy (v')=j h - 0').
-n

(8.2)

Bearing in mind that the function inside the Sommerfeld operator {•} depends only 
on (z, z'), we can rewrite (8.1) as:

1 It OO
3m0 {■}=-r f 40 - <i>'yjm^[ dkpkpj0

4^ v J-n 0

(8.3)

Now, the essential element in the solution is the approximation of the function un­
der the operator as a sum of exponentials, in the form:

i Jkz
(8-4)

where I denotes the (not known a priori) number of exponential coefficients needed 
for the approximation, is the complex amplitude, hi is the complex distance and kz 
is defined by (3.72). Using the Sommerfeld identity [185, p. 242]:

where

7 e-ik-A[kpJ0{kp^ dk p = ,
J0 Jkz Rl

(8.5)

R, = yj p2 + p'2 ~2pp' cos(<t) - hf , (8.6)

we finally arrive at

SUF A j- #7 
i 471 J K./ -n ‘

(8.7)

Because, in general, hi may be complex, the square root branch with the positive 
real part in (8.6) should be taken [138].

Note that in certain cases (8.7) exhibits the 1/R singularity. This singularity, how­
ever, in this formulation is exactly of the same form as in the free-space case. There­
fore, it is also treated in exactly the same manner (see Appendix 1 for details).
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The second integral that must be considered is 

^mA}=^-]dkpk2pJm+l(kpp)jm(kpp'){}. (8.8)

Again, based on (4.42) with n = 1 we have

Jm+i (kpPK (kpP')=^7> - 0'). (8.9)

-71

Differentiating both sides of Sommerfeld identity (8.5) with respect to £ we get

00 . < ~jk-hl -jkRl
\k2pJ{[kp^-—dkp ^-—(Y + jkRX (8.10)
o A Ri

Assuming again the approximation (8.4) and substituting (8.9) and (8.10) into 
(8.8) we finally obtain the formula

1 71 -JkR,
+ jkR,^  ̂ (8.11)

i 47T J K,i -ji i

which upon using the geometrical relations from Fig. 4.3 may be further transformed into:

3mi {}= JA> 7T j(p - P'cos(0 - 0')

I ^t7l

+ jp'sin(0 - 0'))—— 0 + JkRi )e 0
Ri

(8.12)

Thus, we can replace the Sommerfeld integrals with formulas similar to the free- 
space expressions, assuming that we are able to perform approximations of the form 
(8.4). These approximations can be made after some preprocessing using the so-called 
pencil-of-function method (POFM), which is outlined in Appendix 3.

Some comment should be given to the problem of Sommerfeld integral computations 
for finding resonance. In this case, as outlined in section 5.3, the frequency is a complex 
number [143]. Consequently, even in a lossless case the wave number k becomes also 
complex, which causes the integration path to begin within the improper Riemann 
sheet*’. As reported in [41], in this case the deformed integration path in the complex kp-

’ In the case of media considered in the examples presented, where the environment is backed with 
a perfect electric conductor ground plane, we deal with a two-sheeted Riemann surface [143]. When the two 
dielectric half-spaces are taken into account we have to consider a four-sheeted Riemann surface [41].
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plane (see Appendix 3) may capture a number of so-called “leaky-wave” poles, which 
normally belong to the improper Riemann surface. The details of generalizing DCIM to 
incorporate complex frequencies in both lossless and lossy media are given in [41],

8.2.2. Dielectric resonators in a MIC environment*’

Our first example of a dielectric body in a multilayer structure is a cylindrical di­
electric resonator in a microwave integrated circuit (MIC) environment (Fig. 8.22).

Fig. 8.22. A DR mounted on a grounded dielectric substrate and under a tuning plate

The typical mode of operation in a structure like this is the TEOi mode. To analyze 
this mode we use equation (4.52) together with a simple pulse basis function. Thus, 
we have to calculate the kernel L\t which (see eq. (4.44)) is given as:

L‘ =4-S10{v/}. (8.13)

First, we have to calculate the proper TLGF, V* for the configuration in Fig. 8.22.
The corresponding transmission line configuration is shown in Fig. 8.23.

Fig. 8.23. Transmission line circuit for the computation of V-' for a source point 
above a grounded substrate and under a tuning plate

[100].
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Because we assume that the resonator is placed on a grounded substrate, the 
source point in the figure is in the second section of the line, corresponding to the 
region between the substrate and the tuning plate.

According to formulas (3.72), the n-th section has the propagation constant:

n=1’2’ (8-14)

and the characteristic impedance Z^ (for TE waves) given as:

Zhn=^. (8.15)
kzn

The TLGF can now be easily obtained with the formulas given in Appendix 2. 
After some transformations we get:

V? (z, Z> Lm - gr - f(s_ - S+)], (8.16)

where

gd = , gr = , (8.17)

r Z^l-rJ-Z^l + r,)
J i+n2 ’ zai-fihz^i + fi)’ 

n=l,2, (8.19)

2 4
S_^^e^k^k , , (8.20)

t=l k=3

with

Yi =2d2 + (z-z'), y2=2d2-(z-z), (8.21)

y3 =4d2-(z +z'), /4=(z + z/)- (8-22)

The essential element in DCIM is now representing f appearing in (8.16) in terms 
of the approximation (see [1]):

f = ^Ale-jk^'. (8.23)

As already mentioned, the coefficients {A,} and {/i(} may be found using the pencil- 
of-function method (Appendix 3). Now, (8.16) can be rewritten in the general form:
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v»(z.z-)=W«
2

(8.24)

where the coefficients as and cs take into account the direct and reflected rays (gd and 
gr) as well as the complex images. In view of the formulas given in the preceding 
section, we can now transform (8.13) to:

4 J" 2 £ as--------
R,

(8.25)

where

with

4tt

Rs = ^P2 + P'2 -2pp'cos(p-0')+c; .

(8.26)

(8.27)

Upon application of the method-of-moments and using the procedure from section 
5.3, we can now calculate the resonant frequencies.

Table 8.3 presents the numerical results for the TEOi mode, obtained for four types 
of resonator structures in comparison with values given by other authors.

Table 8.3. Resonant frequencies of the TEOi mode for the various resonator parameters. 
(Ref. [100], ©1999 John Wiley & Sons)

Specifications

Ref. [150]

Resonant frequency [GHz]

Ref. [223]
Other 

methods 
[Ref.]

Present 
method£r £rs

a 
[mm]

h 
[mm]

4i 
[mm] [mm]

34.19 9.6 7.49 7.48 0.70 8.20 4.34 4.35 4.35 [120] 4.36
34.21 9.6 7.00 6.95 0.70 8.20 4.51 4.53 4.52 [120] 4.53
36.2 1.0 2.03 5.15 2.93 8.08 10.37 10.86 10.5 [73] 10.52
36.2 1.0 4.00 2.14 4.43 6.57 7.69 8.37 7.76 [73] 7.75

The results are found to be in good agreement.
The second test concerns the calculation of the TEoi mode resonance frequency of 

the resonator with a = 3.85 mm, h = 3.41 mm, Er = 37.7, £„ = 2.54, d\ = 0.254 mm, 
versus the distance t between the resonator and the tuning plate. Results of the com­
putation are compared with those given in [223] (GIBC method) and [83] (variational 
method) in Fig. 8.24.
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Fig. 8.24. The resonant frequency versus the distance t - comparison of results. 
(Ref. [100], ©1999 John Wiley & Sons)

The third example concerns an inhomogeneous dielectric body. We consider 
a structure (a DR with a dielectric tuning device) as shown in Fig. 8.25. For mod­
eling purposes we assume that we deal with the dielectric BOR composed of four 
parts: the DR itself, the air gap between the DR and the upper dielectric, the tun­
ing dielectric, and the metal screw. The screw is rigorously modeled as a lossy 
dielectric with a high conductivity cr. Figure 8.26 shows the resonance frequency 
of the structure versus the distance t, with the thickness g as the parameter. The 
comparison with the results given in [52] proves the present formulation to be 
correct.

Fig. 8.25. A DR with a dielectric tuning device
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Fig. 8.26. Resonant frequency for the DR with a dielectric tuning device. 
(a = 5 mm, di = 2 mm, d2 - 12 mm, h = 4 mm, <4 = 5 mm, Er = e, = 38, E„ = 1, 

and <7 = 5.33 6-107 S/m).
(Ref. [100], ©1999 John Wiley & Sons)

8.2.3. Dielectric bodies over a grounded dielectric substrate^

In this section, we give examples of calculations for the configuration shown in 
Fig. 8.27, where the cylindrical body (either homogeneous or not) is placed in an en­
vironment typical of microstrip antennas, i.e., on a grounded dielectric substrate.

Fig. 8.27. A DR mounted on a grounded dielectric substrate

*’ [101, 103],
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This time we will focus our attention on HEM and TM modes, so we need to cal­
culate all of the Sommerfeld integrals appearing in the general formulation given by 
formulas (4.44) and (4.45). For brevity, we will present as an example, the method of 
calculating the scalar potential kernel.

= ~j^m0
v- -v-

k- Kp
(8.28)

A transmission line for the computation of Vf for a given media configuration 
is depicted in Fig. 8.28. Considering our assumption that the resonator is placed on 
a grounded substrate, the source point in the figure is within the second section of the 
line, corresponding to the air region above the substrate.

Fig. 8.28. Transmission line circuit for computation of V/ 
for a source point above the grounded substrate

The n-th section has a propagation constant kzn and a characteristic impedance Z‘ 

(for TM waves) and Z* (for TE waves) given as:

7 e _ 'Hn^zn 7 h 
n k ’ " k

^zn

where ?]„ denotes the intrinsic impedance of layer n.
Using the formulas from Appendix 2, after some transformations we obtain the 

following expression for the spectral scalar potential kernel:

where:

k^ ~khre

zhi-o+z^i+d'
t = e~j2k^. (8.31)
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We note that, despite its appearance,/0 is bounded as kp —> 0 , which is important

for later development. When kp goes to infinity/0 approaches the value:

Er
Q = ——E +1

(8.32)

This asymptotic part can be subtracted from /0 thus enabling the application of 
DCIM. The “reminder” function is then approximated in terms of the expansion:

1=1

(8.33)

The coefficients {A,} and {h,} may again be found using the POF method. Now, 

(8.30) can be rewritten in the form:

V/’-Vf- j e~jk^ 

kp 2ms0L^^ jkz2
(8.34)

where coefficients as and cs this time take into account the direct ray, the asymptotic 
(quasi-static) part and the complex images. Following the procedure given in section 
8.2.1 we may now calculate (8.28):

e~jklR1
Rs

(8.35)

where

(8.36)

with

Rs = + c; . (8.37)

0

In a similar way we can easily evaluate the kernels forming magnetic potential dy­
adic Green’s function. It has to be noted that in the case of Fig. 8.27 Lt, = -L.,, there­
fore only three sets of complex images have to be found. It is also worth mentioning 
that in the process of applying DCIM we do not extract the surface wave terms from 
the kernel functions, which is often the case when analyzing for example microstrip 
structures. A step like this is in general possible, but if applied it introduces residues 
that depend both on z and z, which means that the extraction must be repeated for 
each z, z' combination. If we do not extract the surface wave terms we need more 
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complex images to make the method sufficiently accurate, but the sets of complex 
images can be found once for each of the layer configurations as well as for each fre­
quency [138], Some inaccuracies may also appear in the far-field computations near 
the horizon, if the surface wave contribution is strong. This is in general caused by the 
fact that the surface waves behave in the manner of cylindrical waves and it is physi­
cally inappropriate to approximate them with spherical ones [115], However, if the 
body of interest is not electrically large and we are not interested in the radiation 
along the media interfaces, the procedure without extraction of surface waves is much 
more efficient.

Computational examples for the above formulation are given in the next sec­
tions.

8.2.3.1. Resonant frequencies and quality factors

HEM modes
Table 8.4 gives a comparison of the computed HEMu resonant frequencies 

using the present method for three DRs with the results given by Kishk et al. 
[93], The comparison data concerns the measured results as well as results of 
computation using the surface current model (with finite size of the ground plane 
and the dielectric substrate). In the computations we have considered a substrate 
with £„ = 2.35 and thickness d = 0.795 mm. The relative dielectric constant of the 
resonators is er = 22.

Table 8.4. Measured and computed resonant frequencies of the HEMu mode. 
(Ref. [101], ©1999 John Wiley & Sons)

Resonator dimensions Resonant frequency [GHz]

Computed [93]
Computed

Present methoda [mm] h [mm] Measured [93]

5.2 10.4 5.20 5.189 5.160
11.3 4.51 4.39 4.336 4.347
7.8 3.0 6.58 6.567 6.502

The results are found to be in good agreement, the largest difference being 1.2%.
The second test concerns the calculation of the HEMu mode resonance frequency 

and the quality factor of a resonator with a = 6.5 mm, h = 5 mm versus the dielectric 
constant of the resonator. Results of the computation are compared with those given 
in [93] in Fig. 8.29.

The third example concerns an inhomogeneous dielectric body. The evaluated 
structure (stacked dielectric resonator antenna similar to that proposed in [91]) is 



157

shown in Fig. 8.30. Figure 8.31 shows the resonance frequency of the structure versus 
the dielectric constant of the upper part of the antenna, for several values of the di­
electric constant of the lower part. The comparison with the results obtained with the 
surface current model [182] (finite size of the substrate) proves the present formula­
tion to be correct.

Fig. 8.29. The resonant frequency and radiation Q-factor 
of a dielectric disk antenna versus dielectric constant of the disk; 

a = 6.5 mm, h = 5 mm, d = 0.795 mm, £n = 2.35.
(Ref. [101], ©1999 John Wiley & Sons)

Fig. 8.30. A stacked dielectric resonator mounted 
on a grounded dielectric substrate
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Fig. 8.31. The resonant frequency of a stacked dielectric disk antenna. 
a, = 7 mm, = 4 mm, a2 = 3.5 mm, 

h2 = 2.4 mm, d = 0.795 mm, E„ = 2.35. 
(Ref. [101], ©1999 John Wiley & Sons)

Finally, the coated dielectric resonator similar to that proposed in [26] has been 
analyzed (Fig. 8.32). Figure 8.33 shows the structure discretization for the purpose of 
SIE modelling. The results of resonant frequency computations are shown in Fig. 
8.34.

Fig. 8.32. Coated dielectric resonator 
on a grounded dielectric substrate
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Fig. 8.33. An example of the structure discretization for computation using 
the CONCEPT II code. Half of the structure is shown.

The metal ground plane with z = 0 is not shown in the picture

Fig. 8.34. The resonant frequency of a coated dielectric disk antenna 
«i = 5 mm, = 4 mm, a2 = 4 mm, hi = 3 mm, ci = 0.795 mm, E„ = 2.35 

(Ref. [106])

TM modes
First, a simple homogeneous resonator (Fig. 8.27) with the relative dielectric con­

stant er = 36 has been analyzed. The TMOi mode resonant frequencies computed with 
the present method have been compared with results obtained from the surface current 
model with finite lateral size of the substrate. The resonator is placed on the substrate 
with £„ = 2.35 and thickness d = 0.795 mm. Figure 8.35 shows the calculated resonant 
frequencies against the resonator height. There is a good agreement of results, with 
the largest difference being 1.7%.



160

Fig. 8.35. The TMoi resonant frequency of a dielectric ring resonator versus the resonator height; 
a = 7 mm, d = 0.795 mm, £r = 36, £„ = 2.35 

(Ref. [103], ©2000 John Wiley & Sons)

The second test concerns the calculation of the TMOi mode resonance fre­
quency and the quality factor of the ring resonator (Fig. 8.36) with a = 7 mm, h = 
6 mm, b/a - 0.2 versus the dielectric constant of the resonator. The resonator has 
been modeled as an inhomogeneous BOR consisting of the ring itself and the air 
region inside modeled as a dielectric with Er = 1. Results of computation of the reso­
nant frequency are compared with results obtained with the surface currents model in 
Fig. 8.37. The results for Q-factor are also included in the figure.

Fig. 8.36. A ring DR mounted on a grounded dielectric substrate
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Fig. 8.37. The resonant frequency and radiation Q-factor of a dielectric ring antenna 
versus the dielectric constant of the resonator; a = 7 mm, h = 6 mm, b = 1.4 mm, 

d = 0.795 mm, e„ = 2.35 (Ref. [103], ©2000 John Wiley & Sons)

8.2.3.2. Internal electric field distributions*’

In the preceding sections, we have given a number of examples concerning 
resonant frequency and quality factor computations. All of the examples include 
comparison data, thus validating the computational procedures developed by the 
author. However, for such computations we need to calculate only the impedance 
matrix for a given problem. The convenient aspect of these examples is that the 
formulas obtained for different mode types have been validated separately. In 
scattering problems, which are the main subject of this monograph we use all or 
some of the procedures at the same time, depending on the modal decomposition 
of the excitation.

In this section, we give computation examples for the electric fields inside di­
electric bodies due to plane wave excitation. Based on the comparison given be­
low we are able to prove the correctness of the impressed field formulas provided 
for layered media in Chapter 6. The configuration used for computations is pre­
sented in Fig. 8.27.

First, we have computed the electric field inside a homogeneous dielectric cyl­
inder of moderate size residing on a grounded substrate. The cylinder has been il­
luminated by a plane wave arriving at an angle f?, = 45°. Two polarizations of

’’ [107].
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Fig. 8.38. The field along a line parallel to the x-axis at z = 2.5 mm inside a homogeneous dielectric 
cylinder with Er = 36, placed in layered media. a = 1 mm, h = 5 mm, d = 0.795, E„ = 2.35. Angle of 

incidence t9/= 45°, koa = 0.733. Symbols denote the present solution, lines represent the SIE solution, 
(a) Parallel polarization, (b) Perpendicular polarization. (Ref. [107], ©2001 IEEE)
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Fig. 8.39. An inhomogeneous CDR in a layered environment

Fig. 8.40. The field along a line parallel to the x-axis at z = 2.5 mm inside an inhomogeneous dielectric 
cylinder, placed in layered media. a = 1 mm, b = 3.5 mm, h = 5 mm, d = 0.795, 

with £rl = 10, = 36, £„= 2.35, koa = 1.026. Symbols denote the present solution,
lines represent the SIE solution, (a) Normalized magnitude of the Ex component, 

(b) Normalized magnitude of the E, component. (Ref. [107], ©2001 IEEE)

the incident wave have been considered in order to test the various modal decompositions 
of the problem. Sample results are given in Fig. 8.38. The agreement of the results ob­
tained using the method herein with the CONCEPT II calculations is again very good.
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Next, the inhomogeneous dielectric cylinder shown in Fig. 8.39 has been taken 
into account. This time we have assumed an axial field incidence. The internal elec­
tric field distributions are shown in Fig. 8.40. One can notice the perfect prediction of 
the jump in the electric field component perpendicular to the boundary between the 
two dielectrics. This again is caused by the appropriate boundary condition being 
directly built into the basis function definitions.

8.2.3.3. RCS computations^

Being satisfied with the results of internal field distributions, we can now calculate the 
radar cross-sections. This will allow us to validate the last building block in the computa­
tional scheme, namely the far-field formulas given in Chapter 7. Figure 8.41 shows the bi­

Fig. 8.41. Bi-static RCS of a homogeneous dielectric resonator placed on a grounded dielectric 
substrate. £r = 36, a = 7 mm, h = 5 mm, d = 0.795, £„ = 2.35, k^a = 0.44.

Angle of incidence t9;= 45°. The symbols denote a SIE solution, 
dotted and solid lines correspond respectively to the present exact and approximate solutions

static radar cross-section of a homogeneous dielectric cylinder from the first example pro­
vided in the previous section. As indicated in the picture, the RCS has been calculated 
twice using the present method. One of the curves corresponds to simple formulas pre­
sented in Chapter 7, the second one has been obtained using a full rigorous field formula 
(3.170). The agreement between these results as well as in comparison with CONCEPT 
data is very good with the exception of angles near the horizon, where as was mentioned at 
the end of Chapter 7, the approximate formulas loose validity.

’’ [107],



165

Frequency [GHz]

Fig. 8.42. RCS of a homogeneous dielectric resonator 
placed on a grounded dielectric substrate.

Er= 36, a = 7 mm, h = 5 mm, d = 0.795, e„ = 2.35.
The symbols denote the present solution, the solid line represents a SIE solution, 

(a) Angle of incidence 17, = 0°. (b) Angle of incidence 17, = 45°.
(Ref. [107], ©2001 IEEE)
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As the last example, the monostatic RCS of the dielectric cylinder from Fig. 8.27 
has been calculated as a function of frequency. The results for two different arrival 
directions of the incident wave are given in Fig. 8.42.

It should be mentioned that (following [137]) the RCS results presented above 
do not include the field reflected from the layered structure (physical optics). It 
may also be of interest for CONCEPT II users that the scattered field necessary 
for RCS computations was calculated using the near field routines of this pro­
gram. It was obtained by subtracting from the total fields the incident ones com­
puted in the absence of the dielectric body (however taking into account the finite 
dielectric substrate).

8.3. Other examples

The examples given in the previous sections included either some canonical 
problems (scattering by dielectric spheres or cylinders), dielectric resonator 
problems (resonant frequency and quality factors), or dielectric antenna problems 
(radiation patterns, radar cross-sections). However, the application possibili­
ties for the theory presented are much wider. Below, we present just two exam­
ples: the calculation of fields induced by external fields in a human body and (the 
example from a completely different branch) the calculation of EM scattering 
by rain particles, which is an important aspect in propagation models. Other pos­
sible applications include underground sensing [40], or thin-films technology 
[201],

8.3.1. Electric fields induced in a body-of-revolution model 
of a human head*)

In this example, the free space version of the VIE-BOR method has been used 
to calculate the electric field inside a simple human-head model presented in Fig. 
8.43(a). Step discontinuities of particular borders result from the simple rectan­
gular basis function used in this case. The object is illuminated by a plane wave 
with a unit amplitude and frequency of 450 MHz coming from the right. The cal­
culated field distribution inside the head model is presented in Fig. 8.43(b).

’’ [98],
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(b)

0.0 1.8 V/m

Fig. 8.43. Simplified model of a human head (a)
and the computed field distribution inside the model (b). (Ref. [98])

8.3.2. Electromagnetic scattering by hydrometeors 
in a resonant frequency region^

The problem of predicting the electromagnetic field attenuation and scattering due 
to propagation through hydrometeors plays an extremely important role in the per­
formance of both satellite and terrestrial microwave radio links. The scattering phe­
nomena depend very strongly on the frequency range of the electromagnetic waves.

There are three main frequency regions that are usually defined when considering 
scattering by rain particles:

1) Rayleigh-scattering region, when rain particles can be considered as electrically 
small, and where the phase shifts across the particles are small;

2) optical-scattering region, when the incident wavelength is much less than the 
diameter of the scattering particle; larger raindrops approach this condition at 
100 GHz or above;

3) resonance region, which lies between the above Rayleigh and optical re­
gions.

*’ [99, 108],
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(a) (b)

a = 0.5 mm

a = 1.0 mm

Fig. 8.44. Bi-static radar cross-sections of raindrops at 20 GHz (a) 00 polarization, 
(b) 00 polarization. Solid lines - SIE formulation, dashed lines - VIE formulation. 

a denotes the raindrop radius. Scale in dB, incident wave along the z-axis. (Ref. [108])



169

Fig. 8.45. Three dimensional view of the bi-static radar cross-section characteristics. 
Raindrop radius 1 mm, frequency 20 GHz, incident field along the z-axis, 

field vector parallel to the x-axis. (Ref. [108])

Fig. 8.46. Normalized radar cross-section of the raindrop for three raindrop sizes. 
a denotes the raindrop radius. (Ref. [108])

In both Rayleigh and optical regions there are well proven asymptotic solu­
tions: at low frequencies there are relatively simple formulas describing the scat­
tering phenomenon and at high frequencies the situation may be described by ray 
models.
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In the resonance region there are no simple asymptotic techniques that could be 
used to describe the field-rain interactions. In fact, the description of the scattering 
problem requires a rigorous solution of Maxwell’s equations. Unfortunately, when 
investigating for example the 20-30 GHz frequency band, which is becoming impor­
tant in contemporary solutions, this third approach must be used.

The analytical or semi-analytical solutions exist only for simple shapes of scatter- 
ers. For example, for spheres we can apply the Mie theory. For shapes that are more 
irregular we have to use purely numerical techniques, like the ones presented in this 
monograph.

In this example, two numerical methods have been applied to predict the 
scattering by hydrometeors within the resonance region and compared to each 
other: the VIE-BOR method developed by the author and the SIE-3D method 
(CONCEPT code).

The scattering by rain particles has been considered in two aspects. First, an an­
gular dependence of rain scatter at 20 GHz has been given. Figure 8.44 shows the bi­
static scattering cross-section of raindrops for various raindrop sizes. Based on data 
such as presented in Fig. 8.44, concerning the scattering by a single raindrop we can 
obtain the bi-static cross-section per unit volume and then also the power scattered by 
a rain region using the raindrop-size distribution [56], In Figure 8.45, a three- 
dimensional view of bi-static scattering characteristics has been shown. Next, the 
radar cross-sections versus frequency for various drop diameters have been given in 
Fig. 8.46.



Chapter 9. Conclusions

The objective of this study was to develop reliable methods for analysis of electromag­
netic wave scattering by general dielectric bodies embedded in various environments. Dif­
ferent forms of the equivalence principles suitable for analysis of homogeneous, partially 
homogeneous or heterogeneous bodies have been discussed. The equivalence principles 
allow one to formulate the integral equations describing the problem of interest. In con­
junction with the idea of Green’s functions, the integral equations method is applicable to 
various related problems of electromagnetics, where the representative examples include 
scattering by dielectrics in free-space or in general multilayer environments. Among the 
various formulation possibilities, particular attention has been devoted to those exploiting 
the so-called mixed-potential forms of the equations.

The computational methods described usually make extensive use of computer 
resources. In view of this, every reduction of the problem complexity allows us to 
treat situations that are not solvable using standard approaches. An important example 
is the case of bodies characterized by the rotational symmetry, presented in this 
monograph. The equations based on the volume equivalence approach have been pre­
sented and solved using the well-known method-of-moments, both for the case of free- 
space and for layered media configurations. In the solution we have applied a spe­
cially developed basis function set, which allowed further optimization of the proce­
dure.

This monograph also includes examples concerning scattering calculations and 
resonance phenomena inside dielectric objects. All procedures have been carefully 
validated using data published in literature or by comparison with other computational 
methods.

The author’s contribution includes the following items:
• A systematized discussion of the various types of the equivalence principle.
• An introduction of a promising volume-surface integral formulation.
• A unified discussion of problems associated with singularities inherent in the 

surface integral equation formulations.
• A formulation of the volume integral equation for inhomogeneous bodies of 

revolution for the case of free-space.
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• The development of a new class of mixed-domain, divergenceless basis functions 
suitable for representation of electric flux density. The basis functions enable a con­
siderable reduction in the number of unknowns characterizing the problem of interest.

• The formulation of specialized forms of the general equation, suitable for char­
acterizing different azimuthal field modes inside the cylindrical dielectric bodies. 
Separate equations have been presented for TE, TM and HEM modes.

• Generalization of the above items into the case of a multilayer environment.
• Development of modal decomposition formulas for the incident plane wave in 

layered media.
• Development of far-field approximate modal formulas for the case of layered 

media unbounded from the top.
All of the new formulas presented in the monograph have been carefully validated. 

The computer codes have been prepared by the author and the results have been com­
pared with measured and computed data available in literature, as well as with the 
results of computation performed using commercially available software.

Apart from the canonical problems suitable for validation purposes, some of the 
results given are of practical importance. The methods developed enable a particularly 
easy identification of resonance phenomena within cylindrical inhomogeneous di­
electric resonators. Thanks to that knowledge, new types of dielectric resonators with 
enhanced mode separation have been proposed. The radar cross-section computations 
of dielectric resonator antennas backed with layered structures have been given for 
the first time.

It is to be noted that although the given computational examples concern mainly an­
tenna problems (DRA - dielectric resonator antennas), which become important in con­
temporary microwave-frequency applications, the methods presented are totally generic. 
It has also been demonstrated how these methods could be applied in the field of mi­
crowave propagation in rainy regions or in human-body/electromagnetic-field interac­
tions. Other possible applications include geoscience, underground sensing, etc.

According to the author, future developments in this area could concern:
• Focusing on Sommerfeld integrals to develop algorithms suitable for general 

multilayer configurations, enabling treatment of parts belonging to different layers. 
A promising approach in this direction is the use of classical numerical integration 
schemes [136], possibly combined with the singularity cancellation technique out­
lined in Appendix 1, which eliminates the need of treatment of particularly tedious 
special cases in the computations of Sommerfeld integrals. An alternative way could 
be the recently enhanced DCIM procedure [115],

• Closer investigation of the volume-surface formulation proposed, which is ex­
pected to enhance the efficiency of VIE solution in the case of layered environment.

• A step towards hybrid techniques joining the SIE approach with the mesh meth­
ods [36, 66] for layered media.
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• The development of algorithms combining the VIE-BOR scheme with non-BOR 
geometry [179].

• Combining the SIE or VIE approaches for layered media with the DBOR ap­
proach outlined in Section 4.4.

• Specializing the given procedures to new application areas, such as underground 
sensing (buried dielectric bodies), or investigating the influence of imperfections in 
dielectric substrates on the performance of microstrip structures

• Application of the computational algorithms to environments characterized by 
Green’s functions other than the ones presented in this monograph (for example, 
scattering by dielectric obstacles within waveguides).



Appendix 1. Integration of singular integrals

In the computation of MoM impedance matrices, we have to calculate matrix ele­
ments associated with situations where the observation (field) point lies in the source 
region*’. This causes the necessity of performing spatial integrations of singular func­
tions. In the MPIE formulations preferred in this monograph the singularity order is (as 
was indicated many times) 1/R, where R = |r -r'| is the distance between the observa­

tion and source (primed) points. In free-space the integrals that arise are of the type:

(A.1.1)

(A. 1.2)

where the latter corresponds to a linear basis function used in the MPIE schemes 
(symbol A(r') denotes a linear vector function of source coordinates). Note that in 
BOR geometry the same types of singularities are present during the calculation of the 
modal Green’s functions, when the source and field points coincide in the transverse 
plane of the body (in the case of volume formulations) and on the generating arc (in 
the case of surface integrals).

The method of integration through singularities, which has been used in the examples 
presented in Chapter 8, is based on the so-called singularity extraction technique, and will 
be illustrated for the case of formula (A.1.1). First, we note that as r approaches r, the 
kernel approaches l/|r - r'|. This is evident if we expand the exponential term into 

Maclaurin series around the observation point r, and retain only the first two terms:

1- _ 1
Ir-rl |r —r'| J (A.1.3)

*’ The presence of singularity is in fact not limited to self-terms in the impedance matrix, because the 
spatial domains of basis functions may overlap.
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We can subtract the singular term from (A. 1.1) and then add it back in the form of 
a separate integral to get:

r e r' — 1 r 1
Zi = —।------- dD + ।------ -dD. (A.1.4)

The first integral in (A.1.4) is now bounded and may be computed with the typical 
numerical integration methods, using quadratures suitable for the integration domains 
[49]. Alternatively [125], if sufficiently small integration domain is chosen, just 
around the singularity, the first integral may be approximated with the second term of 
the expansion (A. 1.3) as: 

where the right hand integral is simply the surface or volume of the domain D
The second integral in (A.1.4) may be computed analytically. The formulas for cal­

culation of this integral when the domain D is either a polygonal surface or a polyhedral 
volume are given in [49, 214], In particular, in VIE-BOR formulation with a rectangular 
basis function we need to calculate the singular integral over domains of the type shown 
in Fig. A.1.1.

Fig. A.1.1. The elementary integration domains associated with VIE-BOR formulation 
in the case of a rectangular basis function. V denotes the elementary volume element, 

S denotes the elementary surface element (one of the faces of V)

Again assuming sufficiently subtle segmentation, we can approximate V using 
a cuboid with properly adjusted dimensions. The singular part of the integral /i (when 
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D is a cuboid with dimensions 2a1 x 2a2 x 2a3 and the observation vector points into 
its center of symmetry) is then given by:

a\ a1 a3 ।
lc = J J J / 2 2 2 ^dydz

-a,-a2-a,^X +y + Z

j^k

k*i

arctan
ajak 

a? + + S

a:ak dSc+ai

2 Sc - a j

c I 2 . 2 . 2
ij q — ^3 • (A. 1.6)

Similarly, we can replace the faces with rectangles. The singular part of the inte­
gral I\ (when D is a rectangle with dimensions 2a{ x 2a2 and the observation vector 
points into its center of symmetry) is given by:

IR dxdy = 2 ai In 
i,j=H 
i*j

$R

SR=4aT^l- (A-1-7)

A similar procedure may be developed for integral (A.1.2) [49, 214], An alterna­
tive way is to approximate the linear function in (A.1.2) with a number of pulse (step) 
functions and then use the procedures obtained for integral (A. 1.1). The approach 
where the triangle functions have been replaced with four-pulse approximations has 
been introduced by Mautz and Harrington [125] and then followed by a number of 
researchers*’. This is particularly justified in the BOR case (which was the original 
Mautz and Harrington application), in view of Up terms appearing in front of the 
typical linear basis function (see section 5.1.3).

The singularity extraction approach outlined above is also suitable for the case of 
the multilayer media Green’s functions, if the DCIM approach is applied. In this ap­
proach the closed form spatial Green’s functions are obtained, consisting of a number 
of terms similar to the free-space scalar Green’s function integrated in (A.1.1) and 
(A.1.2). Therefore, the treatment of possible singularities (which arise when the ob­
servation point coincides with the source point in a direct ray or when the observation 
point meets the location of the image term) is exactly the same as described for the

’’ The linear functions are approximated by pulse functions only for performing integrations. When 
the derivatives of base functions are needed, we remain within the original linear formulation, which 
causes that the derivatives also have a “pulse” nature.
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free-space situation. Unfortunately, this approach fails when we use the classical 
treatment of Sommerfeld integrals, since dealing here with singularities becomes 
a very tedious process depending on the particular layers/sources configuration [144].

A promising alternative that becomes popular in recent developments is the can­
cellation of singularity [212] by means of a special transformation of coordinates. 
This approach may be outlined as follows.

Let us assume that we deal with the polygonal integration domain, to which the 
observation point belongs (Fig. A. 1.2). We divide the polygon into triangular parts, 
such that a singular point lies in the vertex of each triangle. Integration over each of 
the triangles is then performed separately. Next, the elementary triangle is mapped 
into a local coordinate system depicted in Fig. A. 1.3(a). The figure also shows the 
location of the singular point. The mapping may be described in a vector form [168]:

r = rl(l-<^l-^2)+r2^+r3^2, (A.1.8)

where r indicates the point in Cartesian coordinates, vectors r, indicate triangle verti­
ces P^

Fig. A. 1.2. Subdivision of the polygonal domain into triangles

We see that using transformation (A.1.8) we map point Pi into point (0, 0), P2 into 
(1, 0) and P3 into (0, 1). We are interested in calculating an integral of the form:

(A. 1.9)

where we assume, according to Fig. A. 1.3, that the singular point is placed in vertex 
P2. It can be easily shown [168] that after coordinate transformation, (A. 1.9) be­
comes:



178

(A. 1.10)

where T is the area of the triangle.

Fig. A. 1.3. Elementary triangle mapping (a) into a local coordinate system, 
(b) into a unit square [212]

Now we make a change of variables [33]:

£2 =(WiR (A.1.11)

which transforms the “intermediate” triangle into a unit square (Fig. A. 1.3(b)), in such 
a way that the singular point (1, 0) is mapped into the line (1, 0)-(l, 1). After this 
transformation the integral becomes:

du . (A.1.12)
0 0

The kernel of (A.1.12) is now a well-behaved function and may be integrated with stan­
dard numerical integration techniques. It may be of interest that the above method easily ex­
tends into integration over curvilinear sub-domains, by introducing the proper mapping be­
tween the original curvilinear triangular patch and the intermediate triangle [33].

The singularity cancellation method may be generalized into volume integrals by 
introducing the mapping of the elementary tetrahedron into a unit cube [113], where 
the singular point is mapped into one of the cube faces.

It should be noted that the coordinate transformation method presented here is only one 
of a wide set of purely numerical methods suitable for the integration of singular integrals. 
A detailed description and comparison of those methods lies beyond the scope of this 
study. A starting point for an interested reader may for example be reference [94],



Appendix 2. Transmission line Green’s functions^

In the formulation of the layered media problems throughout this monograph, 
we have expressed the kernels in terms of so-called transmission line Green’s func­
tions (TLGFs). These TLGFs relate voltages and currents in the transmission line 
along the layered medium to their sources, according to the telegrapher equations to 
which the Maxwell’s equations reduce in the spectral domain (see section 3.1.1, eq. 
(3.73)). In order to specialize the equations for the particular configuration of layers 
we need explicit formulas for calculation of V/(z|z'), Ip(z\z'), and

Ip (z | z.'), p = e,h. Note that the DGF formulas presented in Section 3.1.2 are valid 
for arbitrary media stratification (see the discussion after eq. (3.102)). The case that 
is important from the practical viewpoint concerns media with parameters that are 
piecewise constant along the z-axis, although other situations are sometimes found 
in literature [10],

The transmission line analog of the layered medium consists in our case of a cas­
cade connection of uniform transmission line sections. Let us use n to denote pa­
rameters associated with layer n with the boundaries zn and zn+i- The corresponding 
section n of the transmission line has terminals at zn and zn+I, a propagation constant 
kzn and the characteristic impedance Zp (Fig. A.2.1).

Fig. A.2.1. A transmission line section with voltage and current point sources [140]

'' [140, 137, 134],
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In order to find the TLGF’s, we excite the transmission line network using unit­
strength voltage and current sources at z' in section n and compute the voltage and 
current at z in section m. As in the main body of the monograph, we assume that the 
primed media parameters are associated with the source layer n, while the unprimed 
ones are those of layer m. In Fig. A.2.1, f p and rp are the voltage reflection 
coefficients looking respectively to the left and right from the terminals of section 
n. These coefficients can be obtained for each line junction using the recursive re­
lations:

where

Zf -Zf p p — ___ —
ij Zp + Zf ’

/ — P /7 —7 — 7
*n ’ n ^-n+l *

(A.2.1)

(A.2.2)

(A.2.3)

(A.2.4)

One should apply (A.2.1) and (A.2.2) starting, respectively, from the left and right 
ends of the transmission line network.

For the case where the observation point lies in the source layer, m = n, we can 
obtain Vp (z | z') from (3.78) as:

V/Gdz') (A.2.5)

where

Dp=l~rprptn, (A.2.6)

rp — pPAnl 1 n ’

rp - rp

RP - pP - TP TP 
nn3 An4 1 n 1 n ’

(A.2.7)
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Ynl = 2Z„+| ~(z+z') 
y„2 = (z + z')~2z„, 

Yn3=2d„ + (z~z')> 

ho =2<> -(z-z').

(A.2.8)

The first term in (A.2.5) represents the direct ray between the source and the ob­
servation point. Note that if the above formulas are applied to free space, which was 
the case when for example checking whether the “layered” formulas reduce properly 
to their free-space counterparts in sections 6.3 and 7.3, this “direct” term is the only 
one that remains in the solution. The remaining TLGF’s may be obtained from (A.2.5) 
using (3.78)-(3.80). Thus, we get:

(A.2.9)

where the upper and lower signs pertain to z > z and z < z , respectively. The formulas 
for If (z | z') and If (z | z') may be easily obtained respectively from (A.2.5) and (A.2.9), 
using the duality of (3.78) and (3.79). Consequently, we should replace the impedances by 
admittances, which also changes the signs of the reflection coefficients. The discontinuous 
terms that appear in Vp (z | z') and If (z | z') cancel out in formulas (4.34)—(4.37).

When the observation (field) point z is located in a source free section m of the trans­
mission line network, we can get the voltage Vp(z) and current Ip(z) in terms of the 

voltage Vp(z0) across one of the terminal pairs of the source section. Here, z0 = z„ or 
z0 = Zn+1, depending on whether z is located respectively to the left or to the right of the 
line section n. Using the homogeneous form of transmission line equations (3.73) for 
m < n we get:

(A.2.10)

where

fP = vp^) (i + rp)e-jk^ 
k vp(zk+l) ! + rptk
^(z)=[l + ^’7Uz^

(A.2.11)

(A.2.12)
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K ^ = -Y,pn [1 - (A.2.13)

The product in (A.2.10) is equal to one if the lower limit exceeds the upper limit. 
Note that in the above formulas we have dropped the subscripts v and i, because it 
makes no difference by what type of source the voltage V p (z0 = z„) is produced. Also 

the dependence z' has been dropped from the argument, because (A.2.10) only implicitly 
depends on the source location, which is outside the section m. Hence, if section n is 
excited by a unit-strength current source at z, then Vp (z„ )- Vp (zn | z'), thus Vp (z) 

and Ip(z) represent V/(z| z') and 7/(z| z'), respectively. If the section is excited by 

a unit-strength voltage source at z, then Vp(zn }=Vp(zn I zx)> thus Vp(z) and Ip (z) 

represent Vp (z | z') and Ip (z | z), respectively. For the case of m > n (z > z') we may 
obtain analogous formulas. Alternatively, we may apply the reciprocity theorems (3.80). 
For example, Vp (z | z) may be computed as - Ip (z' | z) •



Appendix 3. Discrete complex images 
and the Pencil-of-Function method }

The essential step in closed form computation of Sommerfeld integrals described 
in section 8.2.1 is an approximation of the spectral integrand in the form:

m
f(kp)=^aie-jk^, (A.3.1)

1=1

where {a,} and fa } are the complex coefficients to be found.

(b)

Fig. A.3.1. Paths corresponding to (A.3.2). (a) k.„ plane, (b) k plane [139]

The coefficients can be extracted using parameterization:

(A.3.2)

[138, 139, 67], see also [2, 177],
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in terms of a real variable t, where To is a suitably selected parameter. (A.3.2) defines 
a straight line in the fourth quadrant of the plane k,n (see Fig. A.3.1(a)). When mapped 
into the plane k, this segment corresponds to a bow-shaped path in the first quadrant 

(Fig. A.3.2(b)). After substituting (A.3.2) into (A.3.1) we get the representation of the 
form:

(A.3.3)
i=l

The parameterization (A.3.3) is performed in terms of the real variable t. Coeffi­
cients {bi} and {s;} may be obtained with the following algorithm. First, we sample 
the left side of (A.3.3) using a large number (say N) of equidistant points t over an 
interval (0, To). This results in:

yk =/fep(^50] M
\A i S:k8tLbie > (A.3.4)

where k = 0,1, 2,..., N -1; St denotes the sampling interval. Next, we introduce the 
notation

z, = e (A.3.5)

where z, are the poles in the Z-plane.
We also introduce vectors y0, y 1,y L defined as

y, = b,, z+i . yi+N-L-\ K ■ (A.3.6)

Moreover, we define the matrices and Y2 as

Fi JT-i]
f2 =b1,y2,...,yj.

(A.3.7)

(A.3.8)

It can be shown that if M < L< N - M the poles (A.3.5) are the generalized ei­
genvalues of the matrix pencil Y2 - zY{. The algorithm for computing the generalized 
eigenvalues is given in [67], Here we note that for L = M (classical Pencil-of- 
Function method), {z^i = 1,M} are the eigenvalues of the MxM matrix

, which can be shown to have the form:
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where

1 “Ci

(A.3.9)

(A.3.10)

In order to find the eigenvalues of (A.3.9) the standard methods of linear algebra 
can be applied.

Once poles z; are found, the complex amplitudes b, are easily found as:

b = (A.3.11)
_^-i_

where

fcMU'}. j = —yw-iK- (A.3.12)

Finally,

ot
(A.3.13)

Coefficients {a,} and {£,} may then be readily recovered from {b:} and {s,} as

SjTp
ai =bieik“^. (A.3.14)

In order to illustrate the above technique, let us go back to the example presented
in section 8.2.3. Namely, we will consider the decomposition (8.33):

M

i=i

(A.3.15)

After performing the steps described in this Appendix, for a substrate thickness of 
0.795 mm, permittivity Er - 2.35 and a frequency of 7 GHz we find the coefficients 

as given in Table A.3.1.
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Table A.3.1. Complex image coefficients of decomposition/^ +q for the case of Fig. A.3.2 
with M = 4, To = 15. A = 50.

i bj Si cq §
1 0.00038453 + >0.00004919 -2.12678339 +>3.1062148 -0.01189697->0.00101645 0.015839671 ->0.0201192

2 0.10023884 + jO. 18491748 -0.29901025 +j0.1136908 0.043951832+ >0.2266961 0.002080789 ->0.0006363

3 -0.69499190 ->0.02595681 -0.22956824 + >0.0003331 -0.661106142 ->0.1800556 0.001558204+>0.0001016

4 -0.00626253->0.05672312 -0.35315219->0.15973994 0.010887732->0.0462860 0.002324528 + >0.0012439

To illustrate the approximation process, the magnitude and phase plots of 
f = f0 + q along the DCIM path are shown in Fig. A.3.2 (solid lines). Their complex 
image approximations are shown using dashed lines.

Fig. A.3.2. Magnitude (a) and phase (b) plots of / = /*' + q (solid lines) 
and the complex image approximation (dashed lines) along the DCIM path 

for the case of d = 0.795 mm, = 2.35 - and a frequency of 7 GHz

Note that the accuracy of the approximation depends on the choice of To, N and M. 
In particular, To should be selected so that the paths in Fig. A.3.1 do not pass too close 
to the surface wave poles which f(kp) may possess (indicted by ‘x’ in the figure).
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Rozpraszanie fal elektromagnetycznych 
przez obiekty dielektryczne

1. Wprowadzenie

Zagadnienie rozpraszania fal elektromagnetycznych przez obiekty dielektryczne 
jest przedmiotem zainteresowania badaczy niemal od pocz^tku rozwoju elektrodyna- 
miki. Przelom w analizie tego typu problemow nast^pil wraz z rozwojem metod nu- 
merycznych, stymulowanym wykorzystaniem komputerow o coraz wi?kszej mocy 
obliczeniowej. Zwrocmy uwag?, ze pod poj?ciem „rozwi^zania” zagadnienia z dzie- 
dziny elektromagnetyzmu powszechnie rozumie si? znalezienie rozwi^zania rownan 
Maxwella dla zadanych warunkow poczqtkowych i brzegowych.

W pracy skoncentrowano si? na rozwazaniu funkcji harmonicznych (zalozono, ze 
zaleznosc wszystkich wielkosci od czasu wyraza si? funkcji e""'). Do analizy wybra- 
no metod? rownan calkowych, rozwiqzywanych przy uzyciu tzw. metody momentow. 
Przedmiotem rozwazah jest rozpraszanie fal eiektromagnetycznych przez obiekty 
czysto dielektryczne, aczkolwiek rozszerzenie opisanych metod na konfiguracje 
obejmujqce struktury przewodz^ce nie nastr?cza zasadniczych problemow. Analizo- 
wane obiekty dielektryczne mogq. bye zbudowane z materialow stratnych (o skoriczo- 
nej przewodnosci). Szczegolnq, uwag? poswi?cono mozliwosci modelowania obiek­
tow niejednorodnych, znajduj^cych coraz szersze zastosowanie w praktyce.

Z zagadnieniem rozpraszania fal elektromagnetycznych jest blisko zwi^zany pro­
blem tzw. rezonansow wlasnych obiektow. Metodom poszukiwania cz?stotliwosci 
rezonansowych obiektow dielektrycznych, obliczania tzw. dobroci wlasnej oraz sto- 
warzyszonych rozkladow przestrzennych pola elektromagnetyeznego poswi?cono 
w pracy stosunkowo duzo miejsea.

Glowny dorobek autora stanowiq. metody analizy obiektow charakteryzuj^cych si? 
symetri^ obrotow^ (ang. BOR - Bodies-of-Revolution). Wyprowadzono nowe klasy 
tzw. obj?tosciowych rownan calkowych, opisuj^cych zagadnienie rozpraszania fal 
elektromagnetycznych. Przedstawiono takze skuteezne metody numeryeznego, przy- 
blizonego rozwi^zywania tych rownan dla dwoch, waznych z praktyeznego punktu 
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widzenia, srodowisk: tzw. swobodnej przestrzeni oraz osrodkow warstwowych o po- 
ziomej stratyfikacji.

2. Rownania calkowe

W zagadnieniach elektromagnetyzmu dotyczqcych bryl dielektrycznych, formulo- 
wanych za pomoc^rownah calkowych, wyroznia si? dwie podstawowe klasy: przypa- 
dek bryl dielektrycznych jednorodnych (ewentualnie - partiami jednorodnych), 
w ktorych model matematyczny konstruuje si? na podstawie tzw. powierzchniowego 
rownania calkowego, oraz przypadek cial silnie niejednorodnych o przenikalnosci 
dielektrycznej zaleznej od wspolrz?dnych punktu wewn^trz bryly, dla ktorych stosuje 
si? opis wykorzystuj^cy obj^tosciowe rownanie calkowe. Obydwa modele konstruuje 
si?, wykorzystuj^c zasady rownowaznosci, ktore, w najbardziej ogolnej postaci, 
stwierdzaj^ ze rozne konfiguracje zrodel mog^w okreslonym obszarze generowac ten 
sam przestrzenny rozklad pola elektrycznego i magnetycznego.

W przypadku bryl jednorodnych sytuacj? oryginaln^ zast?puje si? dwiema sytu- 
acjami rownowaznymi, konstruowanymi z myslq. o obliczaniu pola elektromagne- 
tycznego wewnqtrz lub na zewnqtrz analizowanej bryly. W obszarze dopelniaj^cym 
postuluje si? rozklady pola wygodne do prowadzenia obliczen. Zwrocmy uwag?, 
ze przy takim podejsciu w ogolnosci wprowadzamy nieciqglosc skladowych stycz- 
nych pola elektrycznego i magnetycznego na powierzchni bryly. Spelnienie warun- 
kow brzegowych wymaga wtedy wprowadzenia fikcyjnych prqdow elektrycznego 
i magnetycznego. Fikcyjne (zast?pcze) prq_dy okreslajq. rozklad pola elektroma- 
gnetycznego w interesuj^cym nas obszarze, zagadnienie rozpraszania fal elektro- 
magnetycznych sprowadza si? zatem do znalezienia rozkladu tych zast?pczych po- 
wierzchniowych zrodel pola.

Dla bryl niejednorodnych wygodnie jest zast^pic cialo dielektryczne zast?pczym 
obj^tosciowym rozkladem prqdu, promieniuj^cym w srodowisku, z ktorego obiekt 
niejednorodny zostal usuni?ty. W przypadku bryl czysto dielektrycznych, czyli ta- 
kich, w ktorych przenikalnosc magnetyczna nie rozni si? od przenikalnosci srodo- 
wiska, wystarczy poslugiwac si? zastqpczym prqdem elektrycznym zdefiniowanym 
zaleznosci^,

j(r)= jCo(£(r)-Eo)^(r), (1)

gdzie r jest wektorem wskazuj^cym punkt wewnqtrz bryly, e(f) oznacza zalezn^ od 
polozenia przenikalnosc ciala dielektrycznego, Eo oznacza przenikalnosc dielektrycz- 
n^osrodka, a E(r) jest wektorem pola elektrycznego w punkcie r.
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Zast?pczy pr^d (1) jest w calej przestrzeni zrodlem „rozproszonego” pola elek- 
trycznego Es, co przy zadanym polu „padajqcym” E‘ pozwala skonstruowac rowna- 
nie calkowe

e\v=[e‘+e-(j))\v, (2)

gdzie symbol | v oznacza, ze dziedzin^ dzialania operatorow s^ punkty lezace we- 
wnqtrz obj?tosci bryly.

Rownan ie (2) stanowi podstaw? konstrukcji szeregu specjalizowanych rownan 
calkowych wyprowadzonych przez autora, dlatego zostalo explicite podane w niniej- 
szym streszczeniu.

Interesuj^c^ alternatyw^ jest zastosowanie w zagadnieniach, w ktorych niejedno- 
rodna bryla dielektryczna zostala zanurzona w nietrywialnym srodowisku, rownania 
obj?tosciowo-powierzchniowego. W podejsciu takim pola na zewn^trz bryly s^ obli- 
czane z uzyciem calek powierzchniowych i wlasciwych dla danego srodowiska funk- 
cji Greena, podczas gdy klopotliwe z punktu widzenia efektywnosci obliczen calki 
obj?tosciowe s^obliczane tylko dla srodowiska jednorodnego.

3. Obliczanie pol elektromagnetycznych 
dla zadanego rozkladu zrodel

Streszczone w poprzednim punkcie zasady konstruowania rownan calkowych wy- 
magaj^ umiej?tnosci obliczania pola elektrycznego i magnetycznego w dowolnym 
punkcie przestrzeni dla zadanego ukladu zrodel pola (pr^dow i ladunkow). Takie ob- 
liczenia prowadzi si? zwykle, wykorzystuj^c poj?cie tzw. funkcji Greena. Wyrazajq. 
one zwi^zek poz^danej wielkosci (np. pola elektrycznego lub magnetycznego) z ele- 
mentamym zrodlem pola (np. dipolem elektrycznym, magnetycznym, ladunkiem, 
itp.). Jesli dla danego srodowiska s^ znane odpowiednie funkcje Greena, to pola 
w punkcie obserwacji oblicza si?, wykorzystuj^c zasad? superpozycji, sumuj^c (cat- 
kuj^c) pola pochodz^ce od zrodel elementarnych. Przykladowo pole elektryczne od 
zadanego rozkladu pr^du elektrycznego znajdujemy z zaleznosci

(3)

gdzie symbol oznacza calk? iloczynu dwoch funkcji oddzielonych przecinkiem 
we wspolnej dziedzinie przestrzennej, podczas gdy kropka nad przecinkiem oznacza 
iloczyn skalarny. Notacji GPQ uzyto dla oznaczenia diadowej funkcji Greena wi^z^- 
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cej wielkosc polow^typu P (tutaj: pole elektryczne) w punkcie obserwacji z prqdem 
typu Q (tu: elektrycznym) w punkcie zrodlowym. Odpowiednie funkcje Greena dla 
swobodnej przestrzeni i osrodkow warstwowych zostaty szczegolowo omowione.

Aby otrzymac przyblizone rozwi^zanie zagadnieh elektromagnetyzmu metod^ mo- 
mentow, nalezy obliczyc pola elektromagnetyczne dla punktow obserwacji polozonych 
w obszarach zrodlowych. Funkcje Greena charakteryzuj^ si? wtedy osobliwosciami 
roznych rz?dow, a obliczanie calek w rodzaju (3) wymaga specjalnych krokow. Jednq. 
z mozliwosci jest wyodr?bnienie z procesu calkowania bezposredniego s^siedztwa 
punktu osobliwego i obliczanie pozostalej calki w sensie wartosci glownej Cauchy’ego. 
Metoda alternatywna, preferowana w pracy, polega na zredukowaniu osobliwosci jqder 
calkowania przez zapisanie rownan polowych z wykorzystaniem potencjalow miesza- 
nych. Przykladowo zamiast rownania (3) mozemy zapisac

gdzie A i oznaczaj^odpowiednio potencjal wektorowy i skalarny, a symbol „prim” 
przy operatorze nabla wskazuje, ze rozniczkowanie odbywa si? wzgl?dem wspo!rz?d- 
nych punktu zrodlowego. Mozna wykazac, ze funkcje podcalkowe w (4) charaktery- 
zujq. si? osobliwosciami calkowalnymi.

Rownanie dwupotencjalowe (4) charakteryzuje si? ponadto nast?puj^cymi wla- 
sciwosciami:

a) wyst?puje w nim operator rozniczkowania (gradient) na zewnqtrz drugiej z ca­
lek, operator ten moznajednak zneutralizowac podczas algebraizacji rownania calko- 
wego, przenosz^c jego dzialanie na tzw. funkcje wagowe (testowe);

b) drugi operator rozniczkowania oddzialuje na rozklad pr^du - wynika stqd, ze 
funkcje uzyte do aproksymacji rozkladu pr^du (tzw. funkcje bazowe) powinny bye 
rozniczkowalne.

Zwrocmy uwag?, ze znalezienie funkeji Greena dla potenejalu wektorowego 
i skalarnego dla nietrywialnych srodowisk nie jest zadaniem prostym. W monografii 
pokazano sposob konstruowania (jednego z wielu mozliwych) rownania dwupoten- 
cjalowego dla osrodka warstwowego o dowolnej stratyfikaeji. Omowiono takze 
szczegolowe aspekty zastosowania rownan takiego typu w modelach wykorzystuj^- 
cych pr^dy powierzehniowe i obj?tosciowe.

4. Bryly o symetrii obrotowej

W wielu sytuacjach praktycznych liezba wspotezynnikow aproksymacji poszuki- 
wanych podczas rozwi^zywania rownan calkowych stanowi powazne ograniczenie 
efektywnosci modeli numerycznych. Liezba ta moze bye znaeznie zmniejszona, jezeli 
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interesuj^cy nas problem (w przypadku zagadnieh poruszanych w monografli - bryla 
dielektryczna) charakteryzuje si? pewnymi rodzajami symetrii. Jednym z takich ro- 
dzajow jest symetria obrotowa - ciala charakteryzujqce si? takq, symetrty w literaturze 
angloj?zycznej okresla si? terminem Bodies-of-Revolution.

Rownania dotyczqce bryl obrotowych wygodnie jest zapisywac w biegunowym 
ukladzie wspolrz?dnych (p,z,(/)), ktorego os pokrywa si? z osi^ symetrii bryly. 
Poniewaz parametry bryly nie zalezq. od wspolrz?dnej azymutalnej 0, wi?c mozna 
rozlozyc wszystkie zmienne (pr^dy, ladunki, potencjaly, nat?zenia pol) w szereg 
Fouriera wzgl?dem 0 . J^dra rownah rozkladaj^ si? z kolei w szereg Fouriera 
wzgl?dem roznicy wspolrz?dnych azymutalnych punktu obserwacji i punktu zrod- 
lowego 0-(/)'. Mozna dowiesc, ze jezeli takze pobudzenie (pole padaj^ce) daje si? 
rozlozyc w szereg Fouriera, to rownania calkowe dla poszczegolnych rodzajdw 
azymutalnych pola (odpowiadaj^cych poszczegolnym skladnikom w wykladniczym 
szeregu Fouriera) rozdzielaj^ si?, up. w miejsce rownania (2) otrzymujemy szereg 
rownah postaci

E,„(p, z)=E'm(p,z)+Esm(p, z), (5)

gdzie indeks m oznacza numer rodzaju.
Zwrocmy uwag?, ze w rownaniu (5) zostal zredukowany rzad problemu, gdyz 

w miejsce trzech wspolrz?dnych przestrzennych (p, z, 0) poslugujemy si? wytycznie 
wspolrz?dnymi (p, z). W praktyce oznacza to, ze w sformulowaniu problemu calki 
obj?tosciowe redukuj^ si? do calek powierzchniowych, a calki powierzchniowe - do 
liniowych. Uwazny czytelnik zwroci uwag?, ze kosztem, jaki placimy za t? redukcj?, 
jest teoretycznie koniecznosc rozwtyzywania nieskohczonej liczby rownah (5). Mozna 
jednak udowodnic, ze w rzeczywistosci rodzaje pola o odpowiednio duzych war- 
tosciach indeksu m wnoszq. do wypadkowego rozwtyzania pomijalnie maty wklad 
i w praktyce nie muszq_byc uwzgl?dniane.

J^dra rownah typu rownania (5) maj^zwykle duzo bardziej skomplikowan  ̂postac 
niz ich „trojwymiarowe” odpowiedniki (obecne np. w rownaniu (4)), up. dla przypad­
ku srodowiska warstwowego j^dro stowarzyszone z potencjalem wektorowym ma 
postac

rm-\ . rWl+1 rm-1 ■ r 771+1

2 2 2j

II

J*n~\ _

2

r/n+1 . rm-l

____ u_____ ic
rrn-1 . r 771+1

2j 2

(6)
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gdzie

T m _ Pn n 
^zz “ '>mO‘

kl
kt

l'". = I--I' 
ki

v* - v; 
kp

ajqdro potencjalu skalarnego wyraza si? wzorem

(8)

W powyzszych formulach zakladamy, ze wspolrz?dna z jest w warstwie j, a z' - 
w warstwie n. Vf, VJ’, If1, Vf, gdzie p = e lub h oznaczaj^ odpowiednie funkcje Greena 
zastqpczych linii transmisyjnych, E i p oznaczaj^ odpowiednio przenikalnosc dielek- 

tryczn^ i magnetycznq, kzn -Jk^ -kp , gdzie k„ jest stal^ propagacj i warstwy n. Ope­

rator S oznacza modalnq. calk? Sommerfelda

^nA}=^dkpk^Jm+v(kpp)jm(kpp'){}, 

Ln o
(9)

a Jm jest funkcjq. Bessela rz?du m.
Rownanie (5) odznacza si? ciekawymi wlasciwosciami dla przypadku m = 0. 

Rownania charakteryzuj^ce rozne skladowe pola ulegaj^ wtedy dalszemu rozdziele- 
niu, co umozliwia wyodr?bnienie i analiz? pewnych charakterystycznych rodzajow 
pola.

5. Rozwi^zywanie rownan calkowych 
- metoda momentow

Znanym i typowym sposobem rozwi^zywania rownan calkowych jest ich algebra- 
izacja, czyli sprowadzenie do rozwi^zania ukladu rownan liniowych za pomoc^tzw. 
metody momentow. W metodzie tej definiuje si? na wst?pie dwa zestawy funkcji 
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pomocniczych. Tak zwane funkcje bazowe sa podstawa skutecznej aproksymacji po- 
szukiwanej wielkosci (rozkladu prq.du, pola), natomiast funkcji testowych (wago- 
wych) uzywa si? wraz z odpowiednio zdefiniowanym iloczynem skalarnym do alge- 
braizacji rownan. Szczegolnym rodzajem metody momentow jest tzw. schemat 
Galerkina, w ktorym zbiory funkcji bazowych i wagowych identyczne. Wariant ten 
szczegolnie dobrze nadaje si? do rownan konstruowanych na podstawie metody po- 
tencjalow mieszanych, pozwala bowiem wyeliminowac obliczanie gradientu poten- 
cjalu skalarnego w rownaniach typu (4).

W pracy omowiono szereg znanych w literaturze funkcji bazowych (wagowych), 
przydatnych zarowno w rownaniach typu powierzchniowego, jak i obj?tosciowego. 
Dodatkowo autor zaproponowal now^ klas? funkcji bazowych przydatnq. w rozwiE[- 
zywaniu rownan obj?tosciowych dotycz^cych bryl obrotowych (rownanie (5)). Funk­
cje te zostaly skonstruowane z mysl^o aproksymacji indukcji elektrycznej D. Dzi?ki 
„wbudowaniu” w deflnicje funkcji prawa Gaussa uzyskano znaczn^ redukcj? (rz?du 
2/3) liczby niewiadomych wspolczynnikow aproksymacji poszukiwanych w procesie 
rozwi^zywania rownan.

W wyniku zastosowania metody momentow rozwi^zanie rownania calkowego (np. 
(5)) sprowadza si? do rozwi^zania rownania macierzowego

s|z))=|e;), (io)

gdzie S jest macierz^ momentow, D jest wektorem nieznanych wspolczynnikow 
charakteryzuj^cych poszukiwan^ wielkosc (tu: indukcj? elektryczn^), a E' ozna- 
cza wektor pobudzenia zalezny od pola padaj^cego. Zwrocmy uwag?, ze rowna­
nie (10) mozna w prosty sposob wykorzystac do poszukiwania tzw. rezonansow 
wlasnych struktury. Zjawiska takie definiuje si? jako potencjaln^ mozliwosc ist- 
nienia w obiekcie niezerowych pol elektromagnetycznych, gdy brak pobudzenia. 
W zapisie rownania (10) oznacza to mozliwosc niezerowych rozwi^zah przy zalo- 
zeniu, ze prawa strona (10) (wektor pobudzenia) jest zerowa. Sytuacja taka za- 
chodzi, gdy

det(s)=O. (H)

Pierwiastkow rownania (11) poszukujemy na plaszczyznie cz?stotliwosci zespolo- 
nych. Oznacza to, ze w rownaniach kazde (ju)) zast?pujemy zmienn^ zespolon^ s. 
Gdy znajdziemy zarowno cz?sc rzeczywist^ jak i urojonq. pierwiastka, otrzymujemy 
informacj? o cz?stotliwosci rezonansowej oraz stowarzyszonej dobroci wlasnej 
struktury. Jesli polozenie pierwiastka na plaszczyznie zespolonej jest okreslone z wy- 
starczaj^c^. dokladnosci^ to rownanie (11) moze posluzyc do okreslenia, z dokladno- 
sci$. do stalej, rozkladu pola zwi^zanego z danym rezonansem.

Widzimy wi?c, ze mi?dzy zagadnieniem rozpraszania fal elektromagnetycznych 
a poszukiwaniem rezonansow wlasnych obiektow istnieje scisly zwi^zek.
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6. Pola padaj^ce

W zagadnieniach rozpraszania fal elektromagnetycznych typowym rozwazanym po- 
budzeniem jest fala plaska o okreslonym kierunku propagacji i okreslonej polaryzacji. 
O ile matematyczny zapis pola elektrycznego i magnetycznego fali plaskiej dla przypad- 
ku swobodnej przestrzeni nie nastr?cza trudnosci, o tyle sytuacja zmienia si?, gdy 
rozwazamy przypadek srodowiska warstwowego. W pracy opisano metod? okreslania 
pol wzbudzanych w osrodku warstwowym pod wplywem fali plaskiej padajqcej 
z gornej polprzestrzeni (zalozono dla uproszczenia, ze obszar ten jest wypelniony po- 
wietrzem).

Pokazano, ze dzi?ki odpowiedniemu rozdzieleniu zmiennych problem poszukiwa- 
nia pol wzbudzonych w dowolnym punkcie srodowiska warstwowego moze bye 
sprowadzony do problemu poszukiwania napi?c i pradow w rownowaznych liniach 
transmisyjnych pobudzanych napi?ciem zaleznym od pola padaj^cego.

W zagadnieniach dotycz^cych bryl obrotowych interesuje nas rozklad pola pada- 
j^cego na poszczegolne rodzaje azymutalne. W monografii zaproponowano prost^ 
i eleganckq. metod? uzyskania takiego rozkladu dla fali plaskiej zarowno w swobodnej 
przestrzeni (rozklad taki jest opisany w literaturze), jak i w srodowisku warstwowym 
(tu rozklad taki zaprezentowano po raz pierwszy).

7. Pole dalekie

W wielu sytuacjach praktycznych interesuje nas rozproszone (wtorne) pole elek- 
tromagnetyezne okreslane w duzej odleglosci od analizowanego obiektu. Obliczenia 
takiego pola (tzw. pola dalekiego) s^zwykle duzo prostsze niz obliczenia pola w stre- 
fie bliskiej dzi?ki mozliwosci skorzystania z pewnych znanych a priori wlasciwosci. 
Rozpatrzmy przypadek okreslenia pola elektrycznego wytwarzanego przez znany 
rozklad prqdow elektrycznych. Okazuje si?, ze aby okreslic nat?zenie pola, wystarczy 
znalezc w odleglym punkcie dwie skladowe potenejalu wektorowego prostopadle do 
kierunku wyznaczonego przez wektor Iqcz^cy punkt wewnqtrz analizowanego obiektu 
z punktem obserwaeji. W strefie dalekiej skladowa radialna pola zanika, co wynika ze 
znoszenia si? skladowej radialnej pochodz^cej od potenejalu wektorowego i sklado- 
wej pola zwiqzanej z potencjalem skalarnym. Tak wi?c dla swobodnej przestrzeni 
mozemy zapisac, ze w strefie dalekiej

E(r)= jeor x (f x A(rJ). (12)

Pole magnetyezne mozemy obliczyc, korzystaj^c ze znanej zaleznosci
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H(r) = —rxE(r) (13)

gdzie 1]O =^/i0/e0 jest impedancj^. swobodnej przestrzeni, a f oznacza wektor jed- 
nostkowy skierowany od punktu zrodlowego do punktu obserwacji.

W przypadku srodowiska warstwowego sposob obliczania pola dalekiego zalezy 
od kierunku propagacji fali wzgl?dem srodowiska. W zagadnieniach antenowych 
rozwaza si? przypadek srodowiska nieograniczonego od gory, tzn. takiego, gdzie gor- 
na warstwa jest jednorodn^ polprzestrzeni^ (zwykle wypelnionq. powietrzem). W mo- 
nografii podano przyblizone wzory opisuj^ce pola w strefie dalekiej, zakladaj^c, ze 
nie interesuje nas propagacja wzdhiz granicy warstw (pozioma). W tym ostatnim 
przypadku propagacja jest zdominowana przez tzw. fale powierzchniowe i wymaga 
osobnego rozwazenia - zagadnienie to opisano w literaturze.

W przypadku bryl dielektrycznych nalezy znac formufy opisuj^ce pole dalekie od 
poszczegolnych rodzajow azymutalnych. W pracy podano odpowiednie wzory zarow- 
no dla przypadku swobodnej przestrzeni, jak i srodowiska warstwowego. Wzory dla 
tego ostatniego przypadku nie byly dot^d, wedlug wiedzy autora, publikowane 
w ogolnie dost?pnej literaturze swiatowej.

Z zagadnieniem rozpraszania fali plaskiej wiqze si? uzyteczna miara rozproszenia, jaka 
jest tzw. przekroj radarowy definiowany jako 

(14)

gdzie jednostkowy wektor k okresla kierunek propagacji plaskiej fali padaj^cej, cha- 
rakteryzuj^cej si? nat?zeniem pola elektrycznego E"nc, a jednostkowy wektor r defi- 
niuje kierunek obserwacji. Zwrocmy uwag?, ze w swietle definicji (14) pole elek- 
tryczne okreslamy w strefie dalekiej.

8. Przyklady obliczeniowe

W monografii zaprezentowano szereg przykladow, na podstawie ktorych zweiyfiko- 
wano poprawnosc teorii przedstawionej wczesniej. Wyniki obliczeh porownano z danymi 
doswiadczalnymi i obliczeniowymi dost?pnymi w literaturze. W niektorych przypadkach, 
gdy w dost?pnych zrodlach nie znaleziono odpowiednich przykladow, wyniki obliczen 
metod^ wlasn^ autor porownal z wynikami obliczen uzyskanych z uzyciem komercyjnego 
pakietu oprogramowania CONCEPT n opracowanego na politechnice w Hamburgu.
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Przyklady obejmuj^nast^pujqce zagadnienia:
1. Obliczenia rozkladow pola wewn^trz jednorodnych i niejednorodnych bryl die­

lektrycznych oswietlonych falq plasktp
2. Obliczenia przekrojow radarowych bryl dielektrycznych.
3. Okreslenie cz^stotliwosci rezonansowych, stowarzyszonych wspolczynnikow 

dobroci wlasnej oraz rozkladow pola elektromagnetycznego cylindrycznych rezonato- 
row dielektrycznych.

Rys. 1. Pole elektryczne wewn^trz niejednorodnej sfery: £ri = 36, koa\ = 0,3738, £r2 = 9, k^ - 0,8168. 
(a) Wzgl^dna wartosc Ex wzdluz osi z. (b) Wzgl^dna wartosc Ex wzdluz osi x.

(c) Wzgl^dna wartosc Ez wzdluz osi x. ([105], ©2000 IEEE)
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Obliczenia prowadzono dla bryl umieszczonych w swobodnej przestrzeni oraz 
w przykladowych srodowiskach warstwowych. Dla tych ostatnich podano tez szcze- 
golow^ metod^ obliczania calek Sommerfelda (por. wzor (9)) z wykorzystaniem tzw. 
metody dyskretnych obrazow zespolonych (ang. DCIM - Discrete Complex Images 
Method).

Jako przyklady poglq.dowe przytoczmy tu wyniki obliczen pola elcktrycznego 
wewn^trz niejednorodnej kuli oswietlonej fal^ plaskq_ (rys. 1), obliczone cz^sto- 
tliwosci rezonansowe i wspokzynniki dobroci wlasnej odosobnionego rezonatora 
dielektrycznego (tabele 1 i 2) oraz przekroj radarowy rezonatora dielektrycznego 
umieszczonego na ekranowanej od spodu warstwie dielektrycznej (rys. 2).

Te oraz szereg innych przykladow podanych w pracy wskazujq. na znakomit^ 
wr^cz zgodnosc wynikow uzyskiwanych metodami rozwini^tymi przez autora z wyni- 
kami pomiarow i wynikami obliczen autorow innych prac.

Tabela 1. Porownanie obliczonych i zmierzonych czijstotliwosci rezonansowych rezonatora 
o promieniu a = 5,25 mm, wysokosci h = 4.6 mm i Er = 38. ([104], ©2000 IEEE)

Rodzaj pola
Cz?stotliwosc [GHz]

Obliczona - 
metoda autora

Obliczona
MoM [84]

Zmierzona 
[44]

Obliczona
T-matrix [225]

TEOi 4,861 4,829 4,85 4,9604
TM01 7,594 7,524 7,60 7,5384

HEMn 6,373 6,333 - 6,3450
hem12 6,657 6,638 6,64 6,6520

hem2. 7,784 7,752 7,81 7,7621

Tabela 2. Porownanie obliczonych i zmierzonych wspolczynnikow dobroci rezonatora 
o promieniu a = 5,25 mm, wysokosci h =4,6 mm i Er = 38. ([104], ©2000 IEEE)

Rodzaj pola
Q

Obliczona - 
metoda autora

Obliczona
MoM [84]

Zmierzona 
[44]

Obliczona
T-matrix [225]

TE01 40,7 45,8 51 40,819

TMO| 73,7 76,8 86 76,921

HEM H 30,4 30,7 - 30,853

hem12 49,5 52.1 64 50,316

hem2I 329,8 327,1 204 337,66
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Rys. 2. Przekroj radarowy jednorodnego rezonatora dielektrycznego 
umieszczonego na uziemionym podlozu dielektrycznym:

£r = 36, a = 7 mm, h = 5 mm, d = 0,795, £„= 2,35, koa = 0,44. K^t padania = 45°

Rozdzial poswi^cony obliczeniom uzupefniono dwoma przykladami wskazuj^cy- 
mi na mozliwosc zastosowania opracowanych metod w zagadnieniach innych niz 
technika antenowa. W uproszczonym modelu glowy ludzkiej obliczono rozklad pola 
elektrycznego wytwarzanego pod wplywem plaskiej fali padaj^cej z boku. Omowiono 
tez zagadnienie rozpraszania fali elektromagnetycznej przez krople deszczu, co jest 
istotne w projektowaniu mikrofalowych l^czy radiowych.

9. Podsumowanie

Celem niniejszej pracy bylo opracowanie wiarygodnych metod analizy rozprasza­
nia fal elektromagnetycznych przez obiekty dielektryczne umieszczone w roznych 
srodowiskach. Omowiono rozne formy zasad rownowaznosci przydatne w analizie 
cialjednorodnych, partiami jednorodnych oraz niejednorodnych. Pokazano, ze w po- 
l^czeniu z ide^funkcji Greena metoda rownan calkowych nadaje si^ do analizy wielu 
zagadnien elektromagnetyzmu, czego reprezentatywnymi przykladami sq. zagadnienia 
rozpraszania fal w tzw. swobodnej przestrzeni oraz w osrodkach warstwowych. Spe- 
cjaln^ uwag£ poswi^cono metodom wykorzystujqcym rownanie skonstruowane na 
bazie tzw. potencjalow mieszanych.

Metody numeryczne omowione w pracy wymagajq. zwykle znacznej mocy obli- 
czeniowej i/lub pami^ci wykorzystywanych komputerow. Dlatego tez pozq.dana jest 
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kazda mozliwa redukcja zlozonosci zagadnienia. Waznym przykladem mozliwosci 
takiej redukcji s^ zagadnienia dotyczqce bryl o symetrii obrotowej. Poswi^cono im 
w pracy szczegolnie duzo uwagi.

Za swe glowne osia^gni^cia autor uwaza:
• systematyczne przedstawienie roznych form zasady rownowaznosci;
• zaproponowanie nowego obj^tosciowo-powierzchniowego rownania calkowego;
• ujednolicone przedstawienie zagadnieh zwi^zanych z osobliwosciami w rowna- 

niach catkowych;
• sformutowanie nowego rownania calkowego opisuj^cego zagadnienie rozpra- 

szania fal elektromagnetycznych przez niejednorodne bryty dielektryczne o symetrii 
obrotowej;

* wprowadzenie nowej klasy bezdywergencyjnych funkcji bazowych przydatnych 
w aproksymacji indukcji elektrycznej -funkcje te umozliwiajq, znaczn^redukcja licz- 
by wspolczynnikow charakteryzuj^cych problem;

• sformulowanie specjalizowanych form ogolnego rownania calkowego przydat­
nych w opisie rodzajow azymutalnych w brylach obrotowych;

• uogolnienie omowionych wyzej aspektow dla przypadku srodowisk warstwo- 
wych;

• wyprowadzenie formul opisuj^cych rozklad plaskiej fali padajqcej na rodzaje 
azymutalne w srodowisku warstwowym;

• wyprowadzenie wzorow definiuj^cych tzw. pole dalekie dla poszczegolnych ro­
dzajow azymutalnych w srodowisku warstwowym.

Wszystkie nowe wzory zaprezentowane w monografii zostaly starannie zweryfi- 
kowane. Autor opracowal wlasne programy komputerowe, a uzyskane wyniki porow- 
nal z danymi pomiarowymi i obliczeniowymi dost^pnymi w literaturze, a takze z wy- 
nikami otrzymanymi z uzyciem oprogramowania komercyjnego.

Oprocz problemow kanonicznych, przydatnych do weryfikacji metod obliczenio- 
wych, podano tez wyniki o znaczeniu praktycznym. Przedstawione metody umozli- 
wiajq szczegolnie latw$ identyfikacj^ zjawisk rezonansowych w brylach dielektrycz- 
nych o symetrii obrotowej. Wykorzystanie tej wlasciwosci pozwolilo zaproponowac 
nowe typy rezonatorow dielektrycznych o zwi^kszonej cz^stotliwosciowej separacji 
rodzajow. Po raz pierwszy zaprezentowano takze wyniki obliczeh przekrojow rada- 
rowych dielektrycznych anten rezonatorowych umieszczonych na uziemionym podlo- 
zu dielektrycznym.

Nalezy zauwazyc, ze choc zaprezentowane przyklady dotycz^ glownie anten 
dielektrycznych, to opracowane metody s^. w pelni ogolne. Mozna je zastosowac 
w wielu innych dziedzinach, jak np. propagacja fal radiowych przez kolumny 
deszczowe, interakcje pola elektromagnetycznego z cialem czlowieka, wykrywa- 
nie obiektow znajduj^cych si^ pod powierzchni  ̂ziemi i prawdopodobnie w wielu 
innych.
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Wedlug autora dalsze badania w tej dziedzinie powinny dotyczyc:
• opracowania efektywnych algorytmow obliczania calek Sommerfelda dla roz- 

nych konfiguracji srodowiska i umieszczenia w nim analizowanych obiektow;
• rozwini^cia koncepcji rownan obj^tosciowo-powierzchniowych;
• rozwini^cia koncepcji hybrydowych, l^czqcych melody rownan calkowych z me- 

todami siatkowymi;
• opracowania algorytmow pozwalajqcych efektywnie analizowac obiekty, kto­

rych fragmenty s^brylami o symetrii obrotowej;
• uogolnienia dla przypadku osrodkow warstwowych technik dotycz^cych bryl o in- 

nych rodzajach symetrii, np. tzw. dyskretnych bryl obrotowyclr,
• przystosowania omowionych technik do innych niz zaprezentowane zastosowah;
• zastosowania algorytmow obliczeniowych do innych srodowisk przez wykorzy- 

stanie odpowiednich funkcji Greena.
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