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This paper presents the investigation results of spatial chaotization of an optical field scattered by
liquid crystals during phase transition liquid–liquid crystal under an electric field. Two stochastic
parameters of the field, namely, Lyapunov’s maximal index and correlation exponent were chosen
for this study. It has been established that maximum variances of phase inhomogeneities of
the nematic liquid crystal correspond to maximum fluctuations of an order parameter under
the temperature of phase transition liquid–liquid crystal. It has been found that the analysis of
the radiation field scattered during the phase transition process in the liquid–liquid crystal allows
to accurately determine the phase transition temperature and voltage of forming Williams’s
domains. 
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1. Introduction
In liquid crystals can occur large-scale mass flow emerges, which are accompanied by
highly dynamical collective swirling and swarming motions of active particles [1, 2].
The nematic state of active matter is of particular interest, where genuine giant number
fluctuations are predicted by theory and verified in experiment on driven rods [3, 4].

If you place a nematic liquid crystal (NLC) between the conductive plates then
the ordered state of molecules of liquid crystal can be destroyed by voltage between
the plates. This electro-optical effect was independently discovered by several exper-
imenters, but the group of HEILMEIER understood the practical value of this discovery
first [5].

The practical value of this effect is in the destruction of order placement NLC mol-
ecules, which leads to strong diffuse scattering of light and chaotization of the radiation
field scattered by the liquid crystal. The general explanation for this effect is proposed
by HELFRIH [6]. He explained the appearance of convective instabilities in NLC under
the influence of applied field and temperature on the liquid crystal. The mechanism of
formation and the evolution of spatially modulated structures are still far from under-
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standing. Therefore, an important task is the investigation of the influence of temper-
ature and applied voltage on the dynamic properties of NLC and spatial chaotization
of the scattered field.

In NLC by increasing the electric field applied to the liquid crystal cell are observed
crystal modes, Williams’s domains and dynamic light scattering. Crystal modes are
forming at low voltages (typically voltage ~1 V), molecules are oriented parallel to
the electric field and liquid crystal is similar to a single crystal on its properties.
Williams’s domains are observed when the voltage increases to a certain critical value
(about 9 V). This periodic deformation arrangement of molecules was observed by
WILLIAMS [7] and was investigated by TEANEY and MIGLIORI more detailed [8]. They
explained the appearance of Williams’s domains by electrohydrodynamic convection
in NLC under the influence of the applied field on the liquid crystal. An increase in
applied voltage causes transition to a new regime. In this case Williams’s domains be-
come disordered and moving, flows of the liquid crystal become turbulent and long-
-range order of NLC molecules becomes completely destroyed. At the macroscopic
scale, this mode leads to dynamic light scattering and the spatial chaotization of scat-
tered radiation [9].

Electrohydrodynamic (EHD) convection in NLC has a number of properties
which distinguishes it from other convective instabilities like the thermally driven
Rayleigh–Bernard convection in simple fluids [10], which has been studied more in-
tensively. Firstly, the relaxation times of such system are short owing to the small thick-
ness of the layers in EHD convection (usually 5–200 μm). Secondly, in addition to
the amplitude of the applied voltage one has the frequency and temperature as easily
accessible external control parameters. This, together with the facts that the material
couples strongly to an additional magnetic field and that a vast variety of NLC with
different material constants are available, provides for very rich scenarios. 

Theoretical models were successfully created by BODENSCHATZ et al. [11]. They
presented essentially the full three-dimensional linear stability analysis of the basic
state and a major part of the weakly-nonlinear theory of the convective state. However,
the weakly-nonlinear theory is not suitable for a dynamic light scattering regime, and
the influence of temperature on the process was not taken into account. The change in
temperature causes the phase transition in a liquid crystal. Phase transition liquid–liq-
uid crystal is limited in time and it belongs to the class of transition processes, which
can be described by the theory of chaotic and stochastic oscillations. The coherent optical
radiation scattered by a liquid crystal during phase transition also becomes chaotic [12].

In the present paper, we investigate of the influence of temperature and applied
voltage on the dynamic properties of NLC and spatial chaotization of a scattered field. 

2. Basic relations

The layer of NLC is the phase-inhomogeneous object, which described by the model
of random phase screen (RPS) [13]. Such model assumes: infinite extension of the ob-
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ject, smoothness of inhomogeneities, and phase variance less than unity. We can write
the phase correlation function of NLC as

(1)

where σ 2 is the phase variance, and K(ρ) is the phase correlation coefficient.
If the phase fluctuations are statistically homogeneous and obey the Gaussian sta-

tistics, then there exists the following interrelation between the correlation character-
istics of an RPS and the transverse coherence function of the field Γ (ρ) [14, 15]:

(2)

Scattering of coherent radiation on liquid crystals by the action of temperature and
voltage leads to time and spatial chaotization of the optical field. The theory of sto-
chastic and chaotic oscillations [16] provides a considerable extension of conventional
light-scattering techniques. We choose for this study two stochastic parameters of
the field, namely, Lyapunov’s maximal index λ1 and correlation exponent ν. For ex-
perimental data, obtained at observing dynamic systems, the availability of the positive
Lyapunov exponent λ1 can be the proof of chaos existence in the system. The correlation
exponent ν characterizes the complexity of such systems and determines the number
of harmonics with incommensurable periods describing the subject of the study [16].

Lyapunov exponents play an important role in studying dynamic systems. They
characterize the average velocity of exponential divergence of close phase trajectories.
If d0 is the initial distance between two initial points of phase trajectories, the distance
between trajectories, coming off these points, in time t will be as follows:

(3)

The value λ is called Lyapunov exponent [17]. Each dynamic system is characterized
by Lyapunov exponents spectrum λi (i = 1, 2, …, n), where n is the number of differ-
ential equations which are necessary for system description. Generally speaking, a cha-
otic system is characterized by the divergence of phase trajectories in the similar
directions and their convergence in others, i.e. there are both positive and negative
Lyapunov exponents in the chaotic system. The sum of all the indices is negative, i.e.,
the trajectory convergence degree exceeds that of divergence. If this condition is not
fulfilled, the dynamic system is instable, and the behavior of such a system is recog-
nized easily. Thus, in most cases, it is sufficient to calculate the largest Lyapunov ex-
ponent only. The positive value of the largest Lyapunov exponent gives the possibility
of chaos existence in the system, and the value of this index characterizes chaosity in-
tensity. We determined the largest Lyapunov exponent in optical fields using the analog
interference method for measurement of the transverse correlation function [18].

ψ ρ( ) σ 2K ρ( )=
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To calculate the correlation dimension ν for a single generalized coordinate, name-
ly for the object field’s intensity I(r), we construct the dynamic systems so that

(4)

where Ii are the field intensities at the points xi. 
Then, the correlation integrals of the form

(5)

are evaluated. Here Θ  is the Heaviside step function, N is the total number of points,
Cm(ε) gives the relative number of the pairs of points separated by less than ε, and m is
the number of sampling points, while the numerical “distances” are given by

(6)

For small ε, the correlation integral becomes  Hence, the correlation di-
mension is given by 

(7)

where m is to be increased until the slopes of Cm(ε) versus ln(ε ) curves saturate [19].

3. Experiment
We investigated spatial chaotization of an optical field scattered by a liquid crystal N8
during the phase transition liquid–liquid crystal under the action of an electric field.
N8 is an eutectic mixture of MBBA and EBBA, whose structural formulas are shown
in Fig. 1. Thermodynamic properties of N8 are well investigated in the temperature
range of the existence of a mesomorphic phase (from 263 up to 326 K at atmospheric
pressure) [20]. The layer of a liquid crystal of thickness 20 μm was placed between
two glass plates with ITO. 

The correlation function of the phase inhomogeneous of liquid crystal ψ (ρ ),
Lyapunov’s maximal index λ1 and correlation exponent ν, coherent optical radiation
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Fig. 1. The structural formulas of MBBA (a) and EBBA (b).
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scattered by liquid crystal were determined from measurements of the transverse func-
tion of the coherence of field [18, 19]. 

The advantage of this approach for characterization of the liquid crystal is that
the maximum value of the correlation function is determined by the variance of phase
fluctuations (characterized by scattering ability NLC) and the half-width of the corre-
lation function depends on the transverse scale of phase fluctuations of the liquid crys-
tal. As for the importance of the stochastic field parameters, then λ1 is a criterion of
chaos, and ν determines the complexity of diffused field.

The scheme of the experiment for measurement of the transverse function of
the coherence of the field is shown in Figure 2. A single-mode He-Ne laser 1 (λ1 =
= 0.6328 μm) is used as the source of coherent optical radiation. The telescopic system
2 forms a plane wave incident on the cell 3 with NLC. Radiation scattered by the object
is divided into two components of equal amplitudes by using a polarization interfer-
ometer 4. Then, the relative transversal shift of these components and collinear mixing
of them at the interferometer output are provided. The objective 5 images any cross-sec-
tion of the scattered field into the field-of-view diaphragm 6 and photodetector 7.
The signal from the photodetector is sent through the analog to a digital converter and
then to the computer 9 for further processing. 

The optical scheme of the polarization interferometer 4 is shown in Fig. 3. It con-
sists of two identical wedges 3 and 4, which form a plane-parallel plate and are situated

1 2 3 4 5 6 7 8 9

Fig. 2. Optical scheme for measurement of the transverse function of coherence of field: 1 – He-Ne laser,
2 – telescope, 3 – cell with nematic liquid crystal, 4 – transverse shear interferometer, 5 – lens, 6 – aperture,
7 – photodetector, 8 – analog-to-digital converter, 9 – personal computer.
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Fig. 3. Bundles path in an experimental setup interferometer.
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between crossed polarizers 1 and 5. Principal optical axes of wedges 3 and 4 are parallel
and form 45° angles with plane of polarization of polarizers 1 and 5. Sample 2 is
situated between the polarizer 1 and the wedge 3. In Fig. 3, ordinary (o) and extraor-
dinary (e) bundles paths in such optical scheme are shown. Space division of bundles
happens on the way out from the first wedge 3.

At normal incoming bundle incidence on the wedge 3 surface, refraction angles of
ordinary ψo and extraordinary ψe bundles could be written as:

(8)

where ϕ  – incident angle, which is equal to a prism angle; no and ne – refractive indexes
of ordinary and extraordinary bundles accordingly; n – refractive index of surrounding
medium.

Transverse displacement between bundles ρ is assigned by the distance between
wedges h and depends on the wedge angle and birefringent properties of wedge ma-
terial. From the geometrical construction in Fig. 3, we can get

(9)

As you see, ρ is linearly dependent only on h (parameters ϕ, ψo, ψe are constant for
specific scheme realization). So, for a transverse displacement definition, it is necessary
to know the dependence ρ = f (h) = ah. 

In the scheme in Fig. 3, the transverse displacement ρ is accompanied by the lon-
gitudinal  which is defined from by the following equation:

(10)

The longitudinal displacement between bundles in the interferometer causes
the modulation of total field intensity, which dependence, while changing the distance
between wedges from zero till the defined value, is represented in Fig. 3. As the lon-
gitudinal displacement between bundles is linearly bound with transverse, it is con-
venient to calibrate the transverse displacement with extreme values of total field
intensity for longitudinal displacements (Fig. 4). The distance between extremes (max-
imum and minimum) amounts to λ/2. Such calibration could be provided in case of
substantial scale excess of longitudinal field modulation over the transverse modula-
tion scale. 

So, even for irregular changes in the distance between wedges (Fig. 4), a transverse
displacement value is known by extremes of total field intensity at the output of the inter-
ferometer. In our experiment, the distance between neighboring extremes corresponded
to the transverse displacement in 3.36 μm. 
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From Fig. 4, the visibility of the interference pattern V  was determined:

(11)

Here, Imax and Imin are the intensities of the resulting field for optical path differences
of the mixed components 2mλ /2 and 2(m + 1)λ /2 (m is the integer), respectively. If
the interfering beams are of equal intensities, the visibility equals to the coherence de-
gree of the resulting field. The dependence Γ (ρ ) obtained in such a manner is used
for determining a phase variance σ 2 and the phase correlation coefficient K(ρ ).

Two stochastic parameters of the field, namely, Lyapunov’s maximal index λ1, and
correlation exponent ν, we determined from the intensity structure function DI (ρ ) [18,
19, 21], which was connected with transverse coherent functions Γ⊥(ρ ) by relation 

(12)

where Γ⊥(0) is the transverse coherent function for zero displacement.

4. Results and discussion

As a result of the experiment, the transverse correlation functions of phase fluctuations
of the NLC depending on the temperature (the dependences for voltages 0, 6, 9 and
12 V are shown in Fig. 5) were obtained. Correlation functions show the structure dy-
namics of the NLC during phase transition as well as for different voltages applied to
the liquid crystal cell.

When applied voltage is equal to zero, the maximal values of the correlation func-
tions correspond to the phase transition temperature of the liquid–liquid crystal (Fig. 5).
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Fig. 4. Intensity changes, measured by longitudinal displacements of interferometer wedges.
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This is due to the fact that the light scattering is mainly caused by fluctuations of
the orientation in NLC.

If the temperature of NLC is close to the phase transition temperature Tc , the am-
plitude of fluctuation increases according to the law (T – Tc)–1. It leads to the destruc-
tion of the liquid crystal structure and chaotization of scattered radiation [22]. Voltage
applied to the liquid crystal leads to convective instability and after a certain value (for
our case, 9 V) to dynamic light scattering. It is shown in the form of correlation func-
tions.

The intensity of phase fluctuations in NLC was evaluated by their variances of
phase σ 2 (the maximum value of the correlation function of the phase) – Fig. 6.
The variance of phase inhomogeneities in the NLC σ 2 does not change with an increase
in temperature up to 45°C for voltages less than 12 V. Before the temperature of phase
transition, the variances of phase inhomogeneities σ 2 sharply increase to maximum
and then decrease to zero. This indicates that the maximum variance of phase inho-
mogeneities in the NLC corresponds to maximal fluctuations of the order parameter
of the NLC and the temperature of the phase transition liquid–liquid crystal. For volt-
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Fig. 5. The temperature dependence of the correlation function of phase at applied voltage: 0 V (a),
6 V (b), 9 V (c), and 15 V (d). 
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Fig. 6. The dependences of the variance of phase inhomogeneities in the nematic liquid crystal on
temperature (a) and voltage (b).
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Fig. 7. The temperature dependence of Lyapunov’s maximal indexes of the spatial distribution of
the scattered field (a) and the spatial distribution of phase inhomogeneities in the nematic liquid crystal (b)
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ages higher than 12 V, the dependence of the variance phase on the temperature does
not have maximum.

Lyapunov’s maximal indexes (Figs. 7, 8) and correlation exponents (Figs. 9, 10)
from the structure functions were calculated by the known technique [17, 18]. All tem-
perature dependences of Lyapunov’s maximal index and the correlation exponent of
coordinate distributions of the scattered intensity tend to zero abruptly at the temper-
ature of phase transition NLC–liquid. This is due to the fact that the radius of correla-
tions decreases at the temperature phase transition, which increases the homogeneity
of the near field of NLC. The radius of correlations of the isotropic phase of the liquid
crystal is rc = r0[Tc / (T – Tc)]1/2, where r0 – intermolecular distance. Its value is about
5–7 Å at the isotropic phase and 50–100 Å at the point of phase transition. In the iso-
tropic state, the threshold field is homogeneous and therefore randomness and com-
plexity of the field go to zero.
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Fig. 9. The temperature dependence of the correlation exponent of the spatial distribution of the scattered
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The dependences of Lyapunov’s maximal index have minimum at the voltage 9 V,
which causes the Williams’s domains formation. Williams’s domains look like bands
with spatial frequency approximately equal to the thickness of the NLC. The spatial
periodicity of NLC causes reduction of the spatial chaotization in the near field. Cor-
relation exponent does not have similar minimum. This suggests that the formation of
Williams’s domains does not lead to a decrease in the complexity of the scattered field.
The temperature dependence of Lyapunov’s maximal index and correlation exponent
of the spatial distribution of phase inhomogeneities has a maximum at the temperature
of phase transition (Figs. 7, 9) and the dependences of the intensity distribution of
the scattered field (Figs. 9, 10) do not have a maximum.

5. Conclusions 

Based on the results, we can conclude that an increase in thermal motion of molecules
causes destruction of the structure of  NLC at the temperature of phase transition,
which is due to a decrease in the order parameter (increasing chaotization of orientation
of NLC domain). In turn, this leads to greater complexity and randomization of
the near field. The scattered field is a result of the coherent summation of rays from
all points of NLC. As a result of the averaging of all work area of NLC, the spatial
chaotization and complexity of the scattered field at the temperature of phase transition
are not rising.

Thus, the analysis of the radiation field scattered during the phase transition process
in the liquid–liquid crystal allows to accurately determine the phase transition temper-
ature and voltage of forming Williams’s domains. Also, the temperature of the phase
transition can be determined most effectively by the maximum value of variance of
phase inhomogeneities in NLC, and formation of Williams’s domains is better deter-
mined by the stochastic parameters of the scattered field. 
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